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PREFACE 


This volume is the fifth in a series of contribution to the Non¬ 
linear Oscillations published by the Annals of Mathematics Studies. As 
usual there are quite a variety of topics covered. The first paper by 
LaSalle is on a central problem on optimal control — a problem which is 
agitating mathematicians both in the United States and in the Soviet 
Union. This is followed by a contribution from HamHc and Kurzwell on a 
generaLlized differential equation depending on a parameter. This is a 
continuation of a series of papers published on the topic by Kurzwell. 

We have next an elegant paper by Jane Cronin on the i)erturbation theorem 
of Poincar^. This is followed by two jjapers by Hale and one by Cesari. 

The first paijer concerns a discussion of the critical points for a linear 
system with periodic coefficients. The second paper of Halo deals with 
the important question of the stability of periodic solutions of periodic 
and autonomous differential systems. Slnple criteria for stability are 
proved by the use of a convergent process of successive approximations. 

The paper by Cesari gives existence theorems for periodic solutions of 
periodic and autonomous differential systems satisfying a Lipschltz con¬ 
dition. These theorems are proved by application of fixed point theorems 
in functional ajjaces and from this ai^roach an interpretation is given of 
the method of successive approximations used in the paper by Hale. Stokes, 
in his pai)er, applies a fixed point theorem in linear spaces to the study 
of certain stability and boundedness properties of the solutions of differ¬ 
ential equations, ^y the use of such methods he is able to reduce the 
study of systems to that of related first order eqiiations. The next paper 
by Markus deals with a curious application of abstract algebra to the 
classification of linear differential systems. The paper by Reeb deals 
with a property of the totality of bounded solutions of certain dynamic€G. 
systems. Mendelson*s contribution deals with the stable motions in a 
neighborhood of critical points In topological dynamics. It is connected 
with a topological method introduced and promoted by Wazewski. The Joint 
paper by Andrfi and Seibert deals with piecewise continuous differentleO. 
equations. It is part of the noteworthy work.done by those authors In 


V 



organizing the earlier work of Mrs. Flugge-Lotz. Coleman's paper is a 
study of asymptotic stahlllty of a 3-dimensional system where the leading 
terms are a homogeneous function of degree m. In the final pai)er of this 
volume Piguei3?edo studies the self-sustained oscillations of a second 
order system. 

All hut the papers by Jane Cronin, Jamik and Kurzweil, Reeb, 
and Pigueiredo were carried out at BIAS and supported in part by contract 
number AP ii-9(638)-382. 

The work by J. Cronin and A. Stokes was supported in part by the 
Office of Naval Research. 


Editors 

L. Cesarl 
J. P. LaSalle 
S. Lefschetz 


Vi 
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I. THE TIME OPTIMAL CONTROL PROBLEM 


J. P. La Salle 


§1. INTRODUCTION 


It has been an intuitive assiimptlon for some time that if a con¬ 
trol system is being oi)erated from a limited source of power and if one 

wishes to have the system change from one state to another in minimum 
time, then this can be done by at all times utilizing properly all of the 
power available. This hypothesis is called "the bang-bang principle." 
Bushaw accepted this hypothesis and in 1952 in [2] showed for some simple 
systems with one degree of freedom that of al.1 bang-bang systems (that is, 

systems which at all times utilize maximum power) there is one that is 

optimal. In 1953 I made the observation in [7] that the best of all 
bang-bang systems, if it exists, is then the best of all systems operating 
from the same power source. More recently, more genereG. res\ilts have been 
obtained by Bellman, Grllcksberg, and Gross in [i ], and later — but 
seemingly independently — by Krasovskil in [6] and Gamkrelidze in [4]* 

We confine our attention to the time optimal problem for control 
systems which are linear in the sense that the elements being controlled 
are linear and as a function of time the steering of the system enters 
linearly. The differential equation for such systems is 

(l ) x(t) « A(t)x(t) + B(t)u(t) + f(t) , 


where x and f are n-dlmensional vector functions (x(t) is the state 
of the system at time t), A is an (n x n) matrix function, and B is 
an (n X r) matrix function. The vector equation (i ) represents the sys¬ 
tem of differential equations 


dxj^(t) 

dt 


n 

I 


r 

k*l 


1 


n . 


1 
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Our ability to control the system lies in the freedom ve have to choose 
the "steering” function u. We assume that the admissible steering func¬ 
tions are piecewise continuous (or measurable) and have components less 
than 1 in absolute value (|uj^(t)| ^ O* The number 1 is selected 
for convenience. We could just as well ass-ume * ^ ^ ^ 

and b^^. are any positive numbers. Given an initial state and 

a moving particle z(t), the problem of time optimal control is to hit 
the particle in minimum time. Let x(t, u) be the solution of (i ) 
satisfying x(o) * Xq. An admissible steering function u* is optlmeO. 
if x(t*, u*) * z(t*) for some t* > o and if x(t, u) ^ z(t) for 
0 < t < t* and €□.! admissible u. 

In [1 ] Bellman, Glicksberg, and Gross consider the system 

( 2 ) x(t) = Ax(t) + Bu(t) 

and restrict themselves to the problem of starting at x^ and reaching 
the origin in minimum time. The (n x n) matrix A is constant and its 
characteristic roots are assumed to have negative real parts. B was 
assumed to be a constant non-singula r (n x n) matrix, and it is this 
restriction that is quite unrealistic. Gamkrelldze in [4] considered 
the same problem, removed the restriction that B be non-singular, and 
showed for systems which are later in this pai)er called "normal" the 
existence and uniqueness of an optimal steering function. The form of 
the optimal steering function is the same as that given in [i ], and for 
normal systems one can conclude that the optimal steering is bang-bang 
(|uj^(t)| = 1 )• Krasovskil, in [ 6 ] considers the more general control 
system (1 ) and the more general control problem of hitting a moving par¬ 
ticle. Using results of Kreln on the L-problem in abstract spaces, he 
proves the existence of an optimal steering function for, what are called 
in this paper, "proper" control systems. We prove the same existence 
theorem without restricting ourselves to proi)er systems. Krasovskil 
makes the fuirbher assertion that the optimal steering function is unique 
and simple examples show that this is not true even for proper systems. 

To date, therefore, the most general bang-bang principle has 
been proved by Gamkrelldze for normal control systems of the form (2) 
and for the special problem of reaching the origin in minimum time. We 
shall show for the genereO. control problem that if an admissible steering 
function can bring the system from one state to another in time t then 
there is a bang-bang steering function that can do the same thing in the 
same time. This extends ray result in [ 7 ] and at the same time extends 
the bang-bang principle. This does not mean that all optimal steering 
functions are bang-bang. Even for proi>er control systems there are 
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examples where the objective can be reached in minimum time using a 
steering function which during part of the time has some zero components. 
As in the special case considered by Gamkrelidze, it is shown that noni»l 
systems have unique optimal steering functions and for such systems 
there Is a true bang-bang principle: the only way to reach the objective 
in minimum time is by bang-bang steering. In Theorem 5 a result is 
established that should be of some practiceO. Importeuice in the synthesis 
problem, which is the problem of determining the optimal steering u* 
as a function of the state of the system. This result shows that for 
some control systems optimal steering can be determined by what amounts 
to running the system backwards. In Section U wo discuss the con¬ 
trollability properties of proper control systems. The examples have 
been given at the end of the pai)er in Section and they serve to 
Illustrate the ideas and the application of the theory. 

§2. THE GENERAL PROBLEM 

The problem, described in the Introduction, for the system (l) 
of reaching a moving particle in minimum time will be called the general 
problem . For the control system (i ) the state x(t, u) of the system 
at time t is given by 

^ r 

(3) x(t, u) » X(t)xQ + X(t) J Y(T)u(T)dT + X(t) J X"^(T)f(T)dT 

o o 

X(t) is the principal matrix solution of X(t) - A(t)X(t), and 
Y(t) - X“^(t)B(t). We want at some time t to have x(t, u) - z(t); 
that is, to have 

t 

(4) w(t) « J Y(T)u(T)dT , 

o 

where 

t 

w(t) - X"’(t)z(t) - Xq - j X”’(T)f(T)dT . 

o 

We assume throughout that A(t), B(t), f(t) and z(t) are continuous for 
0 ^ t < ». The proof of the following lemma was pointed out to me by L. 
Pukanszky. 

LEMMA 1. Let M be the set of all real-valued 
measurable fiinctlons a(t) on [0, 1] with 
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|a(t)| ^ 1. Let M® be the subset of functions 
in M with |a(t)l - 1. Lot y(t) be any 
n-dlmenslonal function In L^ ([ o, i] ). Define 

1 

K • ct(t)y(t)dt; a e mJ* 

CLnd 

K° - Iy' a°(t)y(t)clt; o° e M°j- . 

^ o 

Then K° Is closed and K = K°. 

PROOF. For each meas'urable set E In [O, 1 ] define 


^(E) = J j(t)dt . 

E 

Let R denote the range of this vector measure. Let o^Ct) be the 
cheucacterlstlo function of E, and let of^(t) * 2Cg(t) - 1. Then 
a®(t) € VP, and each a°(t) € vP can be so represented. Then clearly 
K® - 2R^ - f, where 

1 

y - y' y(t)dt . 
o 


By Llapounov's Theorem ([8], [5]) la closed and convex, and therefore 

Is closed and convex. Let 

1 

z « y a(t)y(t)dt 
o 

be any n-vector In K. What we wish to show Is that z Is a limit of 
vectors In yP, and hence Is In . It'will then follow that kP * K. 
Let e(t) - i(ot(t) + 1 ) and z « i(z + y). Note that o ^ e(t) ^ 1 
£Lnd 

1 

z • J' P(t)y(t)dt . 
o 


Define 





y(t)dt 
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where 


m m 1 

“ I / G ■ ^ill ■ if 

n*=1 ^A E. O 


Then 


>1 j=l 

which shows that z^ -^> z as m-^> «. Letting 

m 

Pj = U % 


I'j 


we obtain 


Ul 

^ ” 5 I / 


J -1 


Since R^ is convex, it follows that ^ ^ therefore 

Zjjj = 2z^ - y € K^ and -^> z as m-^> », This completes the proof. 

For our purposes here we wish to restate this lemma in the 
following more general fashion. 


LEMMA 2. Let n be the set of all r-dlmenslonal 
vector functions u(t) measurable on [o, t] with 
1 ui(t)| ^ 1. Let be the subset of functions 

u°(t) with |u°(t)| = 1. Let Y(t) be any 
(n X r) matrix function in L^([0, t]). Define 


and 


A(t) 



U € fi 


} 


t 

A^(t) * y Y(T)u°(T)dT; 
o 



Then A°(t) is closed and A(t) = A°(t). 


PROOF. Let y^(T), y^(T), ..., y^Cx) be the column vectors in 
Y(t), and define 
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t 

Aj(t) ^ y*^(‘r)uj(T)dT; u € ft j- 

^ o 

and t 

PP^it) - I J yJ(T)u5(t)dT; 6 ftO I 

^ o 

Since 

t r t 

y' Y(T)u(T)dT« Yj I ^ 

° j.t ° 

ve see that 

A(t) = A^(t) + A 2 (t) + ... + A^(t) 
and 

A^(t) = A'^(t) + A^(t) + ... + A^Ct) . 

By Lemma 1 Aj(t) « Aj(t) for each j ® ..., r, and hence A(t) * A°(t). 

Each Aj(t) is hounded, and It follows from Lemma i that each Aj(t) 
is compact. Therefore A°(t) is closed, and this completes the proof. 

It is convenient to point out also two elementeuTy properties of convex 
sets that we will use later. 

LEMMA 3« Consider sets A(t) of E^, t ^ t*, with 
the following properties: 

a. Each A(t) is convex, 
h. Corresponding to each e > o there is a 
6 > 0 such that d(p, A(t)) < e for each p € A(t*) 
and all t* - 8 < t < t*. [d(p, A(t)) is the 
distance of p from A(t).] 

Then, if qt is in the interior of A(t*), there 
is a t^ < t* such that q is an interior point 
of A(t^ ). 

PROOF. Let q he in the interior of A(t*), and let N he a 
neighborhood of q of radius e > o inside A(t*). Suppose for each 
t < t* that q is not an interior point of A(t). Then for each t < t* 
there is a support plane P^ through q such that there are no points 
of A(t) on one side of P^ ([S])- Because of the neighborhood N 
about q that lies In A(t*) we see that for each t < t* there is a 



TIME OPTIMAL CONTROL 


7 


point p in A(t*) whose distance from A(t) is at least e. This 

contradicts (b). 

LEMMA 4. Let M be a convex set in E^^ containing 

the origin with the property: given any number K 
and any non-zero vector t] in E^^ there is a 
vector y in M such that (t), y) > K. Then 

M = E^. 

PROOF. Suppose that M is not E^. Then there is some non¬ 
zero [i that is not in M, and hence an is a boundary point of M 
for some a > o. Then an has a support plane P ([3])* Let t) be a 

non-zero vector normal to P and directed toward the side of P that 
contains no points of M. Then (n, y) is bounded above for y in 
M — a contradiction. Therefore M = E^^. 

Turning o\ir attention back to the control problem, we see that 
the set n in Lemma 2 is the set of admissible steering functions and 

is the set of bang-bang steering functions. The set A(t) is related 
by equation 4 to the set of states that can be reached in time t by the 
admissible steering functions, and A®(t) is similarly related to the 
set of states that can be reached in time t by the bang-bang steering 
functions. Lemma 2 then states that anything that can be done by an 
admissible steering function can also be done by a bang-bang function. 
Suppose that there is a steering function u c ft such that x(t^, u) » 
z(t^ ); the particle is then hit at time t^, and 

w(t^ ) = J Y(t)u(t )dT . 
o 

The lemma then states that there will be a u° € ft® with the property 
that x(t^, u®) = z(t^)j bang-bang steering can accomplish the same 
thing in the same time. As a direct consequence of this we obtain the 
following pair of theorems. 

THEOREM 1. If of all bang-bang steering functions 
there is an optimal one relative to ft®, then it 
is optimal (relative to ft). 

THEOREM 2. If there is an optimal steering function, 
then there is always a bang-bang steering function 
that is optimal. 
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The first of these theorems extends the res\ilt in [71/ and the 
second Is a general bang-bang principle. Althovigh we did not state the 
intuitive hypothesis this way, the feeling actually is that not only 
should there always be bang-bang steering that is optimal but no other 
type of steering should be optimal. If at some time all of the available 
power is not being used, then It ahoiild be possible to improve the i)er- 
formance by using, properly, the additional power that is available. Per¬ 
haps this is true in some more general sense, but under our restriction 
on the amplitude of each component of the steering function this Is not 
true without placing further restrictions on the control system. We 
return to this question In the next section. 

We can now extend the results that have been obtained previously 
on the existence of gCnd the form of optimal steering. The set A(t) Is, 
as we have said, related by equation (4) to the set of all states of the 
system that can be reached In time t. The existence is a simple conse¬ 
quence of the fact that A(t) Is a closed set, and the form (5) below 
for optimal steering follows from the convexity of A(t). [For 
r-dlmenslonal vectors a and b, a = sgn b means that a^ = sgn b^, 

1 « 1, r; sgn bj = 1 If bj > o, sgn bj * -1 If b^ < o, and Is 

considered to be undetermined if bj = o. In using this notation a is 
edways a column vector and b Is a row vector.] 

THEOREM 3. If for the general problem there Is a 
steering function u in such that x(t, u) = 
z(t) for some t > 0, then there Is an optimal 
steering function in n. Moreover, all optimal 
steering functions u* are of the form 

(5) u*(t) = sgn [T)Y(t)] 

where t) is some non-zero n-dlmenslonal vector. 

PROOF. Our assumption that x(t, u) = z(t) for some t > 0 
and some u e n is equivalent to assuming that w(t) e A(t) for some 
t > 0. Let t* be the greatest lower bound Of all positive t's with 
this property. Let 

t 

y(t, u) « y' Y(T)u(T)dT . 
o 

Then there is a non-increasing sequence t^^ converging to t* and 
Uj^ € n such that w(tj^) - y(t^, vl^) c A(tj^). Now for some number K 
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it Is easy to see that 

Therefore w(t*) la the limit of points In A(t*), and since A(t*) Is 
closed, w(t*) Is in A(t*). This proves the existence of a steering 
function u* in n such that w(t*) = y(t*, u*). By the definition of 
t*, u* Is optimal. 

We now want to show that u* is of the form (5)« In order to 
do this we note first that w(t*) cannot be an Interior point of A(t^) 
for 0 < t^ < t*. Suppose this were true. Let N be a neighborhood 
of w(t*) contained in A(t^ ). Then, since A(t^ ) C A(t) for all 
t^ < t, is contained in A(t) for all t > t^. The trajectory w(t) 
Is continuous and this implies wCtg) e A(t^) for some t^ < t*. This 
contradicts the definition of t*, and therefore, w(t*) cannot be an 
Interior point of A(t^ ) for t^ < t*. It then follows from Lemma 3 
that w(t*) is not an interior point of A(t*). Therefore w(t*) is a 
boundary point of the convex set A(t*). There is then a support plane 
P through w(t*) (see [3])« Let t) be a non-zero vector normal to P 
and directed to the side which contains no points of A(t*). Therefore 
for each y(t*, u) in A(t*) 

(ti, y(t*, u) - w(t*)) 0 . 


w(t*) = y(t*, u*) = J Y(T)u*(T)dT , 
o 

and this inequality implies 

t* t* 

^ (ti, Y(T)u(T))dT^ J (tJ, Y(T)U*(T))dT 

o o 

for all u € SI. Let v(t) = nY(T). Then 

t* r t* r t* 

J (n, Y(T)U*(T))dT ^ ^ J |Vj(T)|dT ‘ L J SgnVj(T)dt . 

° J-1 ° j“l ° 

Hence we see that on any Interval of positive length where vj(t) / o It 
must be that nj(T) » sgn Vj(t). This completes the proof. 
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The form (5) for an optimal steering function enables us to 
state a uniqueness criterion. Let y‘^(t) be the column vector of 
Y(t). The control system (i) is said to be normal if for each 
j * 1 , r the functions y^(t), are linearly (func¬ 

tionally) independent on each interval of positive length. This is 
equivalent to saying that no component of TiY(t), 7 ^ o, is identically 
zero on an Interval of positive length. Therefore u*(t) is uniquely 
determined by ( 5 ), and for normal control systems there is at most one 
optimal steering function, and if there is one> it is bang-bang . Thus, 
for normal control systems, the only way of reaching the objective in 
minimum time is by bang-bang steering of the form (5). For other con¬ 
trol systems the most that can be said is that if it is possible to 
reach the objective in finite time then there is a bang-bang steering 
function that is optimal. The optimal steering will be of the form (5) 
but there may be an infinity of optimal steering functions, some of 
which will not be bang-bang steering. 

§ 3 . THE SPECIAL PROBLEM 
The control problem for the system 

(6) x(t) = A(t)x(t) + B(t)u(t) 

where the objective is to start at an initial state x^ at times t = 0 
and to reach the origin (the equilibrium state) in minimum time will be 
called the special problem . The objective in the special problem is to 
have [see equation (ii-)] for some t > 0 

t 

(7) - Xq = J' Y(T)u(T)dT . 

o 

For this special problem we can show that if there is a steering function 
of the form ( 5 ) that brings the system from the initial state x^ to the 
origin in finite time then it is an optimal steering function. 

THEOREM 5 . If for some t > 0 and some n-vector 
T) there is a solution u * u of ( 7 ) of the form 

u(t) = sgn [tiY(t)] , 

and if t|Y(t) ^ 0 on an interval of positive length, 
then it is an optimal steering function for the special 
problem. 


(5) 
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PROOF. By Theorem 3 the existence of a u and a t > 0 

satisfying 


t 

- Xq = y(t, u) » J Y(t)u(t)dt 
o 


implies the existence of an optimal u* and a minimal time t* ^ t. But 
then y(t*, u*) » - x^, and 

t* 

(ri, y(t, u) - y(t*, u*)) = J TiY(t)[u(t) - u*(t)]dt 

o 

t 

+ J T)Y(t)u(t)dt = 0 . 

t* 


Since u is of the form ( 5 ), we can conclude that 


TlY(t) = 0 on [t*, t] 

and that Uj(t) = Uj(t) on [o, t*] wherever the component of 
T)Y(t) ^ 0. Therefore, by the assiamption that T)Y(t)^ 0 on an interval 
of positive length, it follows that t* » t. Hence u is an optimal 
steering function. This raises in a quite natural way the concept of a 
"proper" control system which is discussed in the next section. 

Although the above result is quite elementary, it is of con¬ 
siderable practical significance and does offer a means of solving the 
synthesis problem. It has been mathematically convenient up to now to 
treat the steering function u as though it were a function of time. 
What one actually wants, is to know the optimal steering function u* 
as a function of the state x of the system, and this is the "synthesis 
problem". If the control system is autonomous (equation 2), then we can 
replace t by - t in equation 2, use a steering function of the form 
( 5 ), start at the origin, and look at the solution. Theorem 5 states 
that the particular steering function used is optimal for all states of 
the system through which the solution passes. The time at which the 
solution passes thro\jgh a state of the system is then the minimal time 
for the system to go from that state to the origin. For normal sys¬ 
tems the optimal steering is unique, and this procedure of reversing the 
system determines the optimal steering as a function of the state of the 
system. It is even true for some systems which are not normal that the 
synthesis problem can be solved in this way. This procedure leads to 
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the determination of the switching surfaces, which are surfaces where 
certain of the components change sign. This method is illustrated in 
Section 5, and the switching surfaces (curves in the examples considered) 
are easily obtained by quite elementary reasoning. In Example 3 .of Section 
5 the synthesis problem is solved for a system that is not normal. 

§4. PROPER CONTROL SYSTEMS AND CONTROLLABILITY 

In this section we introduce the concept of a proper control 
system and establish some controllability properties of such systems. We 
say that a control system is proper if T^Y(t) = O on an interval of 
positive length implies t) = o. This is equivalent to saying that the 
row vectors ..., y^(t) of Y(t) are linearly Independent 

functions on each interval of positive length. It is clear that every 
normal system is proper. If the steering function has only one component 
(r = 1), then the concepts of proper and normal are equivalent. How¬ 
ever, it is not in general true that every proper system is normal, as 
is shown by Example 3 in Section 5. It is a direct consequence of Theo¬ 
rem 3 that in proper control systems optimal steering u* has the 
property that at any given time some component of u* assumes an extreme 
value . 

Think now of removing all of the constraints on the admissible 
control functions, and consider any two states x.| and x^ and any 
two times t^ and t^• If for each pair of states and pair of times 
there is a steering function such that starting at x^ at time t.j the 
system is brought to the state x^ at time t^, then the system is said 
to be completely controllable . 

THEOREM 6. Proper control systems are completely 

controllable. 

PROOF. We may certainly assume that t^ = o and > o. From 
(4) we see that complete controllability is equivalent to the property 
that for each t > 0 the set M^ of all vectors 

t 

I" Y(T)u(T)dT , 
o 

using all possible steering functions u, is the whole phase space 
Let v(t) = t)Y(t), and define 
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t 

3gn v(T)dT 
o 

Then 

r t 

(ti> " Yj f * 

j = i ° 

Since the control system is proper, 

r t 

Z f ° 

j = l ° 

if r\ ^ 0, Therefore corresponding to each direction there is a 
vector y in such that (t), y) > o. is obviously a linear 

manifold, and therefore [It is of interest to note that the 

theorem is also a consequence of the fact that for proper control sys¬ 
tems the linear transformation P on E^^ defined by 

t 

F(t|) = J Y(T)Y'(T)l)'dT 
o 


is non-singular for each t > o. The prime denotes the transpose. Thus 
the system is completely controllable with steering functions restricted 
to those of the form u(t) = 

Complete controllability assumes that there is no restriction on 
the admissible control functions, and if unlimited power is available to 
a proper control system the above theorem says that it is always possible 
to move the system from any one state to any other state as quickly as 
we please. For each r-vector v define |lv|| = |v^ 1 + \v^\ + ... + |v^|. 
If we replace the concept of being proper by the requirement that 


J llT)Y(T)||dT > 0 

o 

for each r] ^ o, then it is easily seen that with no constraints on the 
steering functions there is a time T > o such that the system can be 
started at any state at time t = o and can be steered to any other 

state in time T. This fact does not appear to be of any particiilar 
Importance, and for autonomous systems this condition is equivalent to 



14 


LA SALLE 


the condition that the system be proper. We wish now to return to the 
assumption that the system has limited power and to the special problem. 
We shall say that a control system is asymptotically proper if 


J l|T]Y(T)||dT = 00 

o 

for each oo y o. For the special problem we are Interested in systems 
with the property that given any initial state there is a steering 
function in ft that brings the system to the origin in finite time. We 
shall say that such a system is controllable . Of course, by Theorem 3 
we know that if a system is controllable then for each initial state x^ 
there is a steering function in ft that is optimal for the special 
problem. 


THEOREM 7. Asymptotically proper control systems 
of the form (6) are controllable. 

PROOF. For systems of the form-(6) we know from (4) that the 
system is controllable if corresponding to each x^ in E^^ there is a 
u in ft with the property that 


t 

- Xq = y(t, u) = y' y(T)u(T)dT 
o 

for some t > o. Let A = {y(t, u); u € ft, t > 0). Clearly A is a 
convex set, euid what we wish to show is that A = E^. 

Taking u(t) = 3gn[TiY(t)], we have 

t 

y(t, u)) = y" ||riY(T)||dT 
' O 

Since the system is asymptotically proper, we know that (t), y(t, u)) —» 

as t -» for each t) 0. By Lemma 4, A = E^^ and the system is 

controllable. 

We now examine some special properties of autonomous control 
systems (equation 2). Let cp(x) = det(A + \I) = 4^ + c^x.^’^ + ... + c^; 

9 (- 4) is the characteristic polynomial of A, and we know that 

9 (- A) = 0. Hence v(t) = nY(t) = satisfies the n^^ order linear 

differential equation with constant coefficients 
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v^^^(t) + + ... + Cj^v(t) « 0_ , 

where v^^^(t) Is the derivative. Thus v(t) s o on an interval of 
positive length is equivalent to v(o) « = 0, v'(o) * - tjAB * 0, 

v^^“^^(o) = (- 1 = 0. It then follows that an autonomous 

control system is proper if and only if one of the following hold 
(M * B(Ep) is the range of B and ..., are the column vectors 

of B): 

1. For each non-zero vector t] ^ there is an Integer 
0 k ^ n - 1, such that tjA^B ^ o. 

2. M + A(M) + ... + A^^“‘'^(M) = 

3. The set of vectors bS •••> b^, Ab^, ..., Ab^, ..., 

^(n-l)i^i^ . A^^“^ V contains a set of n linearly independent 

vectors . 

The requirement that a system be normal is, in general, much 
stronger. The system is normal if and only if no component of 
v(t) = TiY(t) is identically zero on an interval of positive length. 
Therefore an autonomous system is normal if ^d only if for each integer 
j, 0 < j ^ r, the vectors b^, Ab^, ^b^ are lineai^ 

independent . 

Let us now assume that an autonomous control system is both 
proper and stable [the characteristic roots of A have non-positive real 

parts]. For ^ 7^ o we know that one component of v(t) = T)Y(t) = iie'^^^B 

is not identically ^ero. We may suppose that v^(t) ^ 0. Then 


V-, (t) 


z 


Pj(t)e 


a^t 


COS(Pjt 


oij > 0 and Pj(t) are polynomials. Hence for t sufficiently large, 
say t ^ a, 

|v,(t)| ^ |p(t) + q(t)| , 

where p(t) Is almost periodic, la not Identically zero, and |q(t)| < 
It then follows that 

T ^ 

11m If |p(t) + q(t)|®dt = lira i / |p(t ) l^dt - 2o > 0 . 

a a 


Wi-p 
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Consequently, for T sufficiently large, 

Qi ip m 

J |v, (t) Idt > J |p(t) 4- q(t) |dt ^ J |p(t) + q(t) |^dt > cT^ 

a a a 

Therefore 

00 

J |v^ (t ) |dt = 00 , 

O 

and the system Is asymptotically proper. What we have shown Is that: 

If an autonomous system Is both stable and proper , 
then It Is asymptotically proper and therefore 
controllable . 

Let us now see what can be said about the existence of a solution 
and the determination of optimal steering for the general problem of 
starting at at time t = o and hitting a moving particle z(t). 

The control system Is 

(1 ) x(t) = A(t)x(t) + B(t)u(t) + f(t) . 

We wish to know whether or not there Is a u e n and a t^ > o such 
that (equation (^)] 

w(t, ) = J Y(T)u(T)d 

o 

where 

w(t,) - X"’(t,)z(t,) 

that l3, whether or not w(t, ) e A(t,) for some t, > o. Think for the 
moment that t^ Is fixed and ask whether or not, for some t > o, 
w(t^ ) € A(t). This Is then the special problem for the control system 

( 6) x(t) = A(t)x(t) + B(t)u(t) 

of starting at - w(t,) and reaching the origin in finite time. Suppose 
that the synthesis problem for this special problem can be solved. Then 


- *0 -/ 


X"’ (T)f(T)(it 
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for each point - w (t^ ) of the curve - w(t), we would know the optimal 
steering function u and the minimum time t^ for starting at - w(t^ ) 
and reaching the origin. If t^ ^ t^, then 

w(t^ ) € ) C A(t^ ) , 

and we would know by Theorem 3 that the general problem has an optimal 
steering function u* and a minimum time t*; we would know also that 
t* ^ t^. Thus, we have the following relation between the general prob¬ 
lem £ind the special problem: 

The general problem x(o, u) = x(t, u) = z(t) 
has a solution if and only if in the special prob ¬ 
lem it is possible, starting at some point - w(t^) 
of the curve 

t 

- w(t) = - X“^(t)z(t) + + J (t )f (t )dT , 

o 

to reach the origin in time tg ^ t^. 

For proper control systems we can say a bit more. Suppose that 
the general problem has a solution. Let u* be the optimal steering 
function and let t* be the minimum time. Let u* be the optimal 
steering for the special problem of starting at - w(t*) and reaching 
the origin. Let I* be the minimum time. Then t* < t*. Now, using 
the steering function u* during the time interval [O, t*] and 
coasting (u(t) = 0) during the interval [t*, t*], we hit the particle 
at time t*. But we know for proper systems that optimal steering is 
never Identically zero on an interval of positive length, and therefore 
it must be that t* » t*. Thus, we have shown that 

For proper systems, if u* is optimal steering 
for the general problem and t* is the minimum 
time, then u* is optimal for the special prob ¬ 
lem of starting at - w(t*) and reaching the 
origin; t* is the minimum time for doing this . 

Thus, if the system is proper and if the synthesis problem for 
the special problem can be solved, one can move along the trajectory 
~ w(t), t > 0, use optimal steering from each point, and locate the 
first point where one can go from - w(t) to the origin in time t. The 
steering function that does this would then be optimal steering for the 
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general problem* Let m(x) be the minimum time to go from the initial 
state X to the origin. What we wish to find is the smallest t > 0 
satisfying m(- w(t)) » t. 

§ 5 . EXAMPLES 

The purpose of these examples is to illustrate the concepts 
that have been introduced and to indicate how the theory can be applied 
to solve the synthesis problem. Although similar examples have been 
given before, the more complete theory simplifies the reasoning and the 
computation leading to a solution. We had pointed out previously that 
the restriction \u^\ < l was a matter of convenience and that this can 
be replaced by the more general condition “ > o, bj|^ > o. 

This is Illustrated in Example i. 

Example 2 was solved in [ 1 ], and we consider the same example 
to show how a more complete theory leads to a simpler solution. 

In Example 3 a system which is proper but not normal is con¬ 
sidered. The optimal steering is not \inique, not necessarily bang-bang, 
but yet the synthesis problem, which is to define optimal steering 
uniquely as a function of the state of the system, can be solved. 

EXAMPLE 1. The differential equation of a controlled, undamped 
harmonic oscillator is 


X + X = u. 

We consider the constraint - a^u^b, a>0 , b>0 . An equivalent 
system is 


X = y 

y « - X + u . 


A - (. ? i). B =• (?), X(t) 


/cos t - sin 
Vsin t cos 


1 ), Y(t) 


X"’ (t)B 


/^sln 

Vcos t J * 


T)y(t) * Tj^COS t + ^ 2 ®^^ t « A cosCt + 8) 

The system is proper, and since r = 1, is also normal. It is stable and 
is therefore controllable. We know therefore that for each initial point 
(Xq, y^) there is a unique optimal control function of the form 


/ ^ r/» ^ All r b, if A cos(t + 5 ) > 0 

u(t) •» sgn* [A cos(t + 8)] • a, if A co3(t + 8) < o 
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which brings the system to the origin in minimum time. Conversely, we 
know that any steering function of this form which brings the system to 
the origin is optimal. We replace t by - t, obtain 


dT 


- y 



and consider steering functions of the form u(t) « sgn*[A cos (6 - r)]. 
When u = c the trajectory in the phase plane is a circle with center 
at (c, o) and as t Increases (t decreases) the direction on the 
trajectory is counterclockwise. The arrows in the figures are in the 
direction of Increasing t. Thus, the trajectory can leave the origin, 
as indicated in Figure i, going counterclockwise on either the circle 


with center at (b, o) or the circle with center at (- a, o). De¬ 
pending on the choice of t), the steering function can change sign at 



FIGURE 1 
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any time before a half-revolution and cannot go past a half-revolution 
without changing sign. The switching curves are therefore the chain of 
semicircles shown in Figiire l . Above these semicircles u = - a and 
below them u = b. Thus starting in the first quadrant, as illustrated, 
optimal steering opposes the motion and does not change sign until past 
the point of majcimum displacement except at those exceptional points 
where the semicircles join. Because of the simple nature of the tra¬ 
jectories we know that there is a unique optimal trajectory through, each 
point of the phase plane. This is also a consequence of the fact that 
these are the only possible switching curves and that the system is both 
controllable and normal. 

EXAMPLE 2. This example was solved in [ 1 ] by reasoning, which 
we can now see, was more complex than is necessary. In its normalized 
form the system is 

y, = - 2 y, u, * Ug 

y-g = - Yg + Ui + aug, |u, I 1, lugl ^ 1 . 

Here 



and it is clear that the system is normal and controllable. In order to 
solve the synthesis problem we consider the solutions, starting at the 
origin of 


dT 


2y, 


U 


2 


dx 


= 72 


2U 


2 


using steering functions of the form 

u^(t) = sgn(Tj^e~^'^ + Tige”'^) 

U2(t) = sgn(T).,e’^'^ + 2Ti2e”'^) . 

Taking m + ^2 < > o, begin at the origin with 

u^ = - 1, Ug = - 1, and move out along the parabola (Figure 2) 
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a : (t ) = 


- 72 ( 1 ) = 

3(e" - 1 ) . 


Now Ug(T) changes sign at 

"'l = 

0 

1 

ro 

ro 

and then 

(T) changes 

sign at Tg = in (- Ti^/ t )2 ) • 

Hence 

T - T = in2 

. Therefore, 

starting 

at the point (yi('r^), 72 ('^1 

)) of a with 

II 

CVJ 

I 

II 

, we leave 

a along the parabola 

y, (t) 

= y,(T,)e®^ 




<M 

= y2(T,)e" - ( 

e*^ - 1 ) , 


and the shift in the sign of 

occurs at 




2; 
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This linear transformation applied to ct gives the switching curve & 
where changes sign. Starting at the origin with t)^ + Tig < o and 

T)i + Siig > 0, we have = - l, Ug = and must change sign some 

time not later than t = in2 and can change at any time along the line 
from (0, 0) to (-1,0). This is the switching curve y The 
switching curves a', p', 7’ are obtained by symmetry. These are the 
only possible switching curves, and, since the system is controllable 
and normal, the steering function is determined uniquely at each point 
of the phase plane as indicated in Figure 2. 

EXAMPLE 3. Here we consider a system which is proper and con¬ 
trollable but not normal. The difficulty is that it is not sufficient 
to determine all of the possible switching curves, since the optimal 
steering is not unique. What one wants to do is to determine a set of 
switching curves for which there is a unique optimal trajectory thro\agh 
each point. The system is 



The matrix B is non-singular, and the system is proper and controllable 
but not normal. We shall obtain a solution in which one component of the 
steering is zero in twd regions of the phase plane. Letting t = - t, 
we examine the solutions of 


dXg 

— = 2^, - U, - Ug 
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leaving the origin with steering 

u^(t) = 'sgn(Ti^e”'^ + “ 3g,n{r\^e~^'^) . 

Taking na choose Ug to he any value between - 1 and 1 

and switch values any time we please. We restrict ourselves to values 
“1,0, or 1 . 

The curve a in Figure 3 corresponds to < o, = o, and 
Ui = “ 1, Ug = 1. If we switch to Ug » o, the trajectories leaving a 
are parabolas with vertices at (- 1 , - i). The curve p corresponds to 
switching at time t = 0 , and every point between a and 3 has an 
optimal trajectory passing through it. The curve 3 corresponds to 
leaving the origin with u^ = - 1 , Ug = 0 . Switching to Ug = - 1 , we 
leave 3 at any point we please along parabolas with vertices at 
(- 1 , 1). The curve y corresponds to switdhing to Ug = - 1 at time 
t = 0 ; that is, to leaving the origin with u^ = - 1 , Ug = - i. All 
points between 3 and y can be reached in this way. Picking ^ 

and Til ^2 < that we can switch to ^ ^ at any point along 

7 we please. The trajectories leaving y are parabolas with vertices at 
(i, o), and each point between y and a can be reached in this way. 

The switching curves a’, 3 ’, and 7* are obtained by symmetry. 



FIGURE 3 
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II. CONTINUOUS DEPENEENCE ON A PARAMETER 


J. Jarnik and J. Kurzweil 


Glchman [ 1 ] was the first to show that the averaging principle 

is a consequence of a modified theorem on continuous dependence on a 

parameter (cf. also [ 2 ] and [ 3 ]). Let the solutions of 

( 1 ) ^ = f(x, t) 

be unique. In [ 4 ] it was proved that the solutions of 

( 2 ) — = k = 1 , 2 , 3 , ••• 

dt ^ 

tend uniformly to the solutions of (1 ) with k -» if 

t t 

( 3 ) f f 

O 'O 


uniformly and if the followlrjg Condition A is fulfilled, (x, f, f^ are 
n-vectors, f, are continuous for x e G, t c <o, '!>, G open. )1 

Let (t] ), (Dg (t) ) be non-decreasing for '^(n) = 

03 ^ (t] )a)2 (ti ), Ti"S(ii) non-decreasing.^ 


CONDITION A: 

to 


( 4 ) 


J f^{x, t) 


dt ^ 01 ^ (Itg - t I ) 


^ Cf. [ 4 ], Theorems 4 , 2 , 1 , which is formulated for generalized differ¬ 
ential equations. In the special case of equations (l 7 > (2) with f, 
continuous, every solution is necessarily regular (cf. Definitions 
4 , 2, 1 ). 

^ It is sufficient that \|r(Ti) be non-decreasing. This will be proved 
in a paper by J. Kurzweil, which will be published in Czechoslovaic Math. 
Journal. 
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for 

it^ 

- t,| £ 0, 1 

( 5 ) 


*2 

1 / 

for 

1 tg 

- t,! 

(6) 




i =“( ?) 


i=l 


Consider the special sequence 

^ = xk^'’“cos kt + k^“^sin kt 
(2') 

0 < a, P ^ 1 > k = 1, 2, 3 , • • • 


and the equation 


( 1 ') 


^ = 0 
dt 


(n = 1, G = E(x; |x| < 2 ). 


Then (3) is obviously fulfilled, ( 4 ) and ( 5 ) hold with 0)^(1]) = 
tOgCri) = KgTi®, y = min(a, p) (K^, Kg Independent of k) and (6) holds 
for a + 7 > 1 . Consequently the solutions of (2’) tend to the solutions 
of (1') with k - 00 if a > 7 > 1 7 i‘e., 

(7) 0! + P>i,6(>-1. 

By direct calculation it is easy to show that the solutions of ( 2 *) tend 
to the solutions of (1') precisely if a + p > 1 (cf. [ 4 ], p. 4 i 9 ). 

Our aim is to prove that condition (6) cannot be weakened even 
if w© restrict ourselves to linear equations• In the case of linear 
equations w© shall always suppose that 


00^(11) ^ ccDgCn), c > 0 


As tDgCri) are modioli of continuity (cf. ( 4 ) and ( 5 )), w© shall 
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suppose that 


(8) 




(ill ) 




THEOREM. Let (n)> ^ 1 :S ' ) be non-de- 

creasing for a positive ^{r\) = (ti )aj2 (t] )> 


( 9 ) 


D., (t] ) > 0012(11 ), 


C > 0 


I Hji) ■ 

i =1 


Then there exists a sequence of linear differential equations 
(11 ) = aj^(t)x + bj^(t) , 

(n = 1 , G = E(x; 1 x 1 < 2 )), such that ( 4 ) and ( 5 ) are fulfilled, 


J a^(T)dT -0, J bj^(t)dT - 


'> 0 


uniformly, while the sequence of solutions of* (ll) (with 

Xj^(o) = o) does not converge. 

Let us explain the r 6 le of the inequality ^ \ in ( 7 ) • 

sider the sequence 


( 2 ") 


g = a^(t)x * bi^(t) , 


where x, are n-vectors, are n x n-matrices. Suppose that 

a^(t^ )a^(t2) = a^(t2)a^(t^ ) for t^, t2 € <o, T> , k = i, 2 , 3 , • • • 
Then the solutions of (2") tend to the solutions of 


( 1 ") 


— = a(t)x + b(t) 
dt 


if 


^ r 

Aj^(t) = J aj^(T)dT -A(t) * J a(T)dT 

o 0 


Con- 


uniformly, 
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\mlformly. 


r ^ 

Bj^(t) = J bj^(T)dT -B(t) = J b(T)dT 

o o 


iBjj(tg) - B|^(ti)l ^ o),(|tg - t,|), |A5,(tg) - \{t,)| m^dtg - t,|), 

If ( 6 ) holds (with ♦ « co^oig) and if i|f(T)) la non-decreasing. This 
follows from the representation 


Xj^(t) 


exp {Aj^(t)) 


b-f 


exp 


(- A]j(T))dBjj(T)j 


where 


tends to 


t 

J exp (- A^(t ))dBj^(T ) 
o 

t 

J exp (- A(t ))dB(T ) 
o 


if is non-decreasing according to [ 4 ], Theorem 3 , 2 . (In the 

case that merely ^(ti) Is non-decreasing, cf. footnote 2 .) Let 
bj^(t) “ b(t) = 0 . Then the solutions of ( 2 **) converge to the solutions 

of (i") if (and only if) Aj^(t) - A(t). This situation specially oc 

for n = 1 . 


In the non-commutatlve case it follows from the Theorem that 
there exists such a sequence of linear homogeneous equations that (3), 
( 4 ) and ( 5 ) are fulfilled (with 0)^(1^) = 0)2(7])) ajid the sequence of 
solutions of these equations does not converge, if 


i =1 

♦gCn) “ non-decreasing, x > 0. (It suffices to take 

n - 2 and 


-- 

If Z is a matrix and are its elements, we put, for example, 

|Z| - (ZZ^j)* . 
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— - ai,(t)x, + bj^(t)X2 , 
dx 

—£ » 0 
dt 

X, 1 ,( 0 ) . 0 , Xgj^ro) = 1 , k = 1 . 2 . 3 . ... 

with a^(t), \(t) from the Theorem). This explains the appearance of 
the inequality ct > ^ in (7 )> a<s Q- general result on the continuous de¬ 
pendence on a parameter applied to the sequence ( 2 ’). 

PROOF. Let 

“k 

exp{- Aj^(t)) = C, + ^ * 

i»k 

™k 

Bk(t) - Ca X ^ ’ 

i«=k 




2 , 3 , 


where the constants C.|, Cg/ ^ 2 ' ^ 3 ' ' ™ 2 ' ^ 3 ' ’**' ™k ^ 

will be chosen later. 


(1 ) 


We shall prove 

t 

Aj^(t) - aj^(T)dT - 0 uniformly, 

o 

t 

\(t) - Bjj(o) - J bj^(T)dT - 0 uniformly with 

o 


k -oo. 


( 2 ) OrngCri ) is a modulus of continuity of Aj^(t) = = min^ -j, 

(cf. ( 9 )) - cd^(ti) is a modxaus of continuity of 

Bi^(t), k - 2 , 3 , ... . 

(3) Consequently (^) and ( 5 ) are fulfilled. (G » E(x; \x\ < 2)) 

the sequence ^ diverges for t 0. 
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Let us choose the sequence ly Let 

Lg = e[i; 1 > s; ».( ^ ^ ^ ^ (i ^ 1 ^ ’ for j - 1 op j - 2 

3 = 1 , 2 , 3 , ••• 1 = 2 , 3 , ••• , 


L . U Lg. M . Q - L , 

3=1 


where Q is the set of all natural numbers and C > 1 will be cHosen 
later. We put 


1 for i e M , 
0 for i 6 L . 


As Ti’^a)j(T)) is non-decreasing, 

1 = 1 . 2 , 3 ,... . 


Let us estimate 






i>s 




1 [■■“(' *5)] 


i-S-1 


i>s 


Let C be so large that 


i [=■'( ’•;)]<'' 


i=o 


it follows that 
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i€L, 


3 


Consequently 

t^s\( 

2 


“Hi)-1 I “Hi) ^ 


1=1 


1=1 


3=1 l€L. 


3 


1=1 


and 

( 13 ) 


I i) 

1=1 


(cf. (10)). 


We shall further prove that 


(14) 


1=1 

j = 1, 2, r = 2 , 3, ••• • 


If r € M, then 

Hi)^“‘-'Hi)U'*5] 


r- 1-1 


, 1 = 1 , 2 , 


p ^ r -1 1+1-r 

i‘iHiX"^'"/?) Z('H) 

i=i i=’ 


)<0 


If r € L (obviously 1 € M), then there exists such an r, < 
that 1 € L for r, < 1 < r* Then 
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r-1 




1-1 


i-1 


^ C(c . 1 )<o/ -1- -77 ) ^ 

o' o' 


^ C(C + 2)2"'’"'‘co/ 4- ) ^ C(C > 2)a,j( ^ ) 


(c > 1 ) (cf. (8)) and (l4) holds for r = 2 , 3, ••• 

Let us prove 1 ), 2 ), 3) • 


1 ) According to ( 12 ), 


1-1 


If 


I “jCp)< “ • 
-1 

1 > I “aC i ) ' 


1=1 


then Aj^(t) - Aj^Co.) -0, Bj^Ct) - Bj^(o) -o uniformly. 

2) Let 


“ I 
1-1 

‘^i“i( 

1 

. 2i 

^ cos 2 ^ 

ct 

II 

i h^8 

‘^l“2( 

' 

^ Sin 2^ 

for 

1 « k 

, k 

+ 1 ^ • • • 

> 0 for 

1 < k 

or 

1 > mj, 

2i*-i ^ 

1^2 “ 

ti 1 

‘ 
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Then 


r-1 




i=l 


i*r 




1=1 

^ K<0,(|t2 - t, I) 


1=0 


K = C(C + 2) + (1 - 2“^)“' 
(of. (12 ) and (14)). Similarly 


lTj^(t2) - T^(t^)| ^ Km^dtg - t,|) 
If C,, Cp are large enough, then 2) Is fulfilled. 


3) Obviously 

bi,(t) = - Cg 3ln2it , ' 


i=k 


U 

j(t) = exp{Ajj(t)) J exp(- Ajj(t ))bjj(T )dT = 
o 

“k -1 

= - [c, . /i<o,(^)3ln2H] X 


l=k 


“k 


“k 


/ [c, . £ ^ ) 3ln 2^] C, I 2i.,a>,( ± ) sin 2^. d. 


i=k 


i»k 


As 


> Z “sC n ) 


i=1 


it follows that 
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Sin 2-^ dT 




I .a.,( 'y^(l. )f sin 2^ Sin aJt dx ], 


C3 > 0 


If j y i, then 


2^ 1 F sin 2^1 sin 2^'x dx < —^-r- + -“p- 7 ^ 3 

I J |2^-2J I 2^ + 23 


Z a X( i) 1/ =“ “' 


>[!".(?)][! *»(?)] 


Consequently 


|Xjj(t)| 


^ "3 { I i »‘‘i< a) - i X ‘I’C a) 


it 

X".(i)-[X"-(p)][I"^(?)]} 


Let us choose 


in such a manner that 
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z 


i=k 


i) “> 


with k-^> ~ (of. (13)). Then |xjj(t)|-~ with k-^> » for 

t / 0 (of. (12)). 
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III. POINCARE'S PERTURBATION METHOD AND TOPOLOGICAL DEGREE 


Jane Cronin 
§1. INTRODUCTION 

We study the periodic solutions of a system of differential 

equations 

(1-1) ^ = F(x, t, n) 

where x, P are n-vectors, appropriate differentiability and periodicity 
conditions are imposed on the components of F, and ii is a real para¬ 
meter. Poincare's perturbation method is used and the results extended 
by using topological degree. The technique developed gives a general 
approach to the existence problem for the degenerate case (the case for 
which the variational equation has periodic solutions) and new existence 
theorems are obtained if the degree of degeneracy exceeds one. (In prob¬ 
lems of mechanical or electrical oscillations, the degree of degeneracy 
is frequently greater than one.) The technique consists in using topo¬ 
logical degree to make an 'in the large' study of the bifurcation system 
(Verzweigungsglelchungen) without imposing any local iinlqueness conditions 
on the solutions of the bifurcation system. The results obtained are 
generalizations and refinements of the results in a previous paper [7]^ 
(Numbers in brackets refer to the bibliography at the end of this paper.) 
although the present paper is independent-of [?]• Existence theorems are 
obtained for a wider class of equations; autonomous systems are studied; 
and it is shown that for the totally degenerate case (degree of degeneracy 
equals dimension of the system), the topological degree is a kind of lower 
bound for the number of distinct periodic solutions. 

The literature on this subject is extensive. General treatments 
are described briefly in [?]• Bass [2] has given a large bibliography 
including not only general treatments but papers on applications. The 
work of Friedrichs [8, 9, 10], Coddlngton and Levinson [3^ and 
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Lefschetz [ii, 12] are most closely related to our approach. We base our 
treatment on the results of Coddington and Levinson concerning properties 
of the bifurcation system. As in Lefschetz's work, we need not impose 
local uniqueness conditions on the solutions of the bifiircation system, 
and our results may be regarded as an extension of the criterion for the 
existence of real periodic solutions given by Lefschetz. 

In Section 2, we describe how the bifurcation system is set up. 
Periodic solutions of the original differential equation correspond to 
solutions of the bifurcation system. We study solutions of the bifurcation 
system by determining the topological degree of the mapping defined by the 
bifurcation system. By using the properties of the bifurcation system 
obtained by Coddington and Levinson [3> we show in Section 2 that the 
problem of determining the topological degree can be reduced to that of 
determining the topological degree of a mapping in Euclidean q-space where 
q is the degree of degeneracy. 

In Section 3, we apply the method to obtain some existence theo¬ 
rems for periodic solutions of non-autonomous differential equations. In 
partic\ilar we show that if the function P(x, t, n) in (i.i ) is such that 
F(x, t, n) = Ax + ^f(x, t, m) where A is a constant matrix and 
f(x, t, (i) = f 1 (x, + f 2 (t, ji) where the components of f^ (x, o) be¬ 

have like polynomials for large x, then, except for cases for which the 
topological degree is not defined, equation (l.l ) has, for sufficiently 
small n, at least one periodic solution near the initial solution. 

In Section 4, the exceptional case in which the topological 
degree is not defined is discussed. In Section 5, the case in which the 
topological degree is even is briefly considered. In Section 6, we prove 
that the topological degree is, for the totally degenerate case, a kind 
of lower bound for the number of distinct periodic solutions. Finally 
in Section 7, application of topological degree to an autonomous differ¬ 
ential equation is described. 

I am indebted to Professor S. Lefschetz for a number of ex¬ 
tremely helpful discussions of this material. 

Most of the work on this paper was done under the sponsorship 
of the Office of Naval Research contract Nonr-1 858 ( 04 ). 

§2. THE BIFURCATION SYSTEM 

In [8], Friedrichs treated the equation 


( 2.1 ) 


X = F(x, t, [i) 


(• = d/dt) 
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where x, P are n-vectors; the components of P have continuous deriva¬ 
tives with respect to x, t, eind ji; these derivatives have continuous 
derivatives with respect to x; P(x, t, u) is periodic in t with 
period T(n) where d^T/dn^ is continuous; and (2.1 ) has for « o a 
solution x^Ct) of period T(o). The problem is to determine if for 
sufficiently small n, equation (2.1 ) has a solution x(t, periodic 
of period T(ii). The classical result of Poincare ([13]> Vol. i. Chapter 
rv) states that if the variational equation x « A(t)x, where 

x=XQ(t ),n=0 

has no non-zero solutions of period T(o), then for sufficiently small 
\i, equation (2.1 ) has a unique solution x(t, |i), periodic of period 
T(^), such that 


lim x(t, n) = XQ(t) . 

|I -> o 

Here we treat the degenerate case in which the variational equation has 
q linearly independent solutions, periodic of period T(o), where 
1 ^ q ^ n. The number q is called the degree of degeneracy of the 
problem. 

Priedrichs shows that if 

?] 

^ -'x=x^(t),n=o 

then the problem can be reduced to the study of the equation 
(2.2) X * A(t)x + ^f(x, t, \x) 

and then derives a bifurcation system for ( 2 . 2 ). Coddington and Levinson 
([3]f f^])/ by imposing the further condition that A(t) is a constant 
matrix and then putting this constant matrix in a canonical form, derive 
a more explicit form for the bifurcation system. (Coddington and Levinson 
also assume that T(n) is a constant function. This is not a restriction 
in the generality because Priedrichs shows in [8] that the general case 
may be reduced to the case T(n) a constant.) 

Now we describe the bifurcation system derived by Coddington 
and Levinson. The system is obtained by using the variation of constants 
formula to describe the solution and then imposing the condition that the 
solution be periodic of period 2n (l.e., assume T(o) » 2n,) The system 
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(2.3) - E)c + ^ f n, c), s, 4])ds = 0 , 

o 


(this is eqiiation (i.i 2 ), p. 23, of [ 3 ] or equation (3.20), p. 360 of [ 4 ]) 
where E is the identity matrix, c is an n-vector such that x(t, n, c) 
is a solution of (2.2) with initial value c, i.e., x(o, \i, c) c, and 
x(t, |i, c) has period 2 n. Thus (2.3) is a system of n equations in 
the n unknowns which are the components c^, c^^ of c. The prob¬ 

lem of finding periodic solutions for (2.2) is reduced to that of solving 
(2.3) for c^, ..c^. 

In order to study the properties of (2.3 )> Coddington and 
Levinson assumed that matrix A already has the following real canonical 
form 



where the elements not shown are zeros. Each Aj, j = 1, k, is a 

matrix of (a^ even) rows and columns of the form 



where all elements are zero except Sj and Eg, and 
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where Nj is a positive Integer. A matrix Aj may have only two rows 
and coliJinns in which case Aj = Sj. Each matrix Bj has pj rows and 
coliJtnns, j ^ m, and is of the form 



where may have only one row and column in which case B. consists 

of the single element o. The inatrix C has (n - rows 

and columns and has no characteristic roots of the form iN for any 
integer N including N = 0. Matrix C need not he in canonical form. 

If (c^, c^, ..., is an n-vector, the Indices i corre¬ 

sponding to the last two rows of any Aj or to the last row of any 
are called exceptional indices. They are the Indices with the following 
form: 


i = + Og + ... + (Oj - 1 ) 


where j = 1# ..., k and 

i = Q!^ + + + + ... 

where j = i, ..., ra. The indices i corresponding to the first two rows 
of any Aj or to the first row of any Bj are called singular indices. 
They are the indices with the following form: 

i = 1, 2, + 1, 2, ..., + Og + ... + + 1, 

+ Og + ... + + 2, + ... + 4- 1 , 

^ ••• - ^ Pi ^ ^ •••> «i ^ ••• ^ Pi ^ Pm-i ' 

There are (2k + ra) exceptional Indices and (2k + m) singular Indices. 
The number q = 2k + m is the degree of degeneracy of the problem. 
Throughout our study, we assume that q > o, i.e., that there is at 
least one Aj or one Bj in the canonical form of matrix A. 

Now let (c]> (n-q)-vector whose components 

are the components (in the same order) of (c^, c^^) which have 
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non-exceptlonal indices and let (c", c^) be the q-vector whose 

components are the components of (c^, c^^) which have exceptional 

indices. Let subscript j denote a singular index and j* a non- 
singplar index. It is shown in [3] and [4] that system (2.3) can be re¬ 
placed by the system 


(2.4) 


N(c;, 


°n-q^ nMsj 


(j' ) 


2jt 

I f ^^[x(s, c), S, ^l]dsl = 0 

O -’(j) 


where N is a non-singular (n-q) x (n-q) matrix acting on vector 
(c'i> •••> c^.q) and 

2n 

r r o), 3, |i]d3]. 

^0 Uy) 


denotes the vector composed of the (n-q) components of 


{/ c), s, 

o 



which have non-singular indices. Similarly 
2k 

T f e^®’'"®^^[x(3, c), 3, ^ 1(131 

o ■'(j) 

denotes the vector composed of the q components which have singular indices. 

The left side of system (2.4) describes a continuous mapping 
(call it ) of real Euclidean n-space into itself. Let c" denote 

the vector c in which the (n-q) components with non-exceptional 
indices have been set equal to zero. Then 
2k 

r r e(2>-s)Af(gSA„..^ 3^ oxjgj. 

^ ) 

defines a continuous mapping of real q-space into itself which we denote 
tiy c4(Q^ We call the system 

/ f 3, 0]d3} 

I J J(j) 


0 
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the reduced bifurcation system. 

Friedrichs [ 8 ] and Coddington and Levinson, [ 3 ] and [ 4 ] assume 
the existence of a solution c" of the reduced bifurcation system such 
that the Jacobian of the reduced bifurcation system is non-zero at c*’. 
Prom this, the existence of a solution of (2.3) and hence of a periodic 
solution of (2.2) is obtained. We use Instead the notion of topological 
degree. 


LEMMA 2.1. For given r, there is an e > 0 such 
that if |fi| < e, the topological degree of ^ at 
the origin and relative to a solid (n-i)-sphere with 
radius r and center at the origin is equal (except 
possibly for sign) to the topological degree of 
at the origin (in q-space) and relative to a solid 
(q-1)-sphere with radius r and center at the origin. 

PROOF. The proof follows from the definition of topological 
degree and the invariance under homotopy of the topological degree, (see 
[1, Deformat ions sat z, p. I12U].) 

Lemma 2.1 shows that in order to demonstrate the existence of 
periodic solutions x(t, n, c) of (2.2) it is sufficient to show that the 
topological degree of is non-zero. For then the degree of e 4 { is 

non-zero; hence for given small system (2.3) has at least one solution 

Cq = (c^, ..., c°). This implies that (2.2) has a solution x(t, u, c^) 
of period such that x(o, n, c^) = (c^, ..., c°). From the funda¬ 

mental properties of topological degree, the initial values (c^, ..., c^^) 
are continuous in m in the following sense: if for given li^, 

(c°, ..., c°) is an isolated solution of (2.3) which has non-zero topo¬ 
logical index, then given e > 0 , there is a 5 > 0 such that if 
I )i^ - \x^\ < 8 , there is at least one periodic solution x(t, ji, c^ ) 
with initial value (cj, ..., c^^) such that |c| - c^l < e for 

i = 1, ..., n; if (c°, is not an isolated solution of (2.3), 

i.e., (c°, ..., c°) is a limit point of a set S of solutions 

{(c^, ..., c^)) of (2.3) for n = then suppose that the topological 

degree of an open set N containing S but no other solutions of (2.3) 
is different from zero. Then given e > 0, there is a 8 > 0 such that 
if In - ^Q|< 8 , then there is at least one solution x(t, u, c) with 

initial value (c^, ..., c^) such that for some (c^, ..., cj^) e S, we 

have |cj|^ - c^| < e for i = 1, ..., n. From the usual existence theo¬ 
rems for differential equations, it follows that the solutions x(t, ii, c) 
are themselves continuous in n in the same sense. 
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§3. EXISTENCE THEORIMS FOR THE NON-AUTONOMOUS CASE 

We obtain existence theorems for periodic solutions of the equa¬ 
tion 

(3.1) X = Ax + nf(x, tj ^) 

where A Is a constant matrix; n Is a real parameter; and f, ^f/3x^ 
are continuous In (x, t, n) for small |u| and all (x, t); and f has 
period 2ff In t. The periodic solutions of the variational equation 
X ® Ax correspond to the characteristic roots of A that are of the form 
IN where N Is an Integer. 

ASSUMPTION 1. Suppose that A has just one pair of character¬ 
istic roots of the form IN, - IN where we assume the Integer N Is non¬ 
zero. Then A may be put in the standard form 

0 -N 
A = N_0 

where A^ Is not necessarily canonical but is real and has no character¬ 
istic roots of the form IN. We assume that A Is in this standard form. 

ASSUMPTION 2. The components f ^ (x, t, and fgCx, t, ii) of 

f(x, t, ^i) have the fonn 

fj^(x, t, i-i) = IIj^(x^, ^ Kj^(t, |i) (1=1,2) 

where x^, ..., x^^ are the components of x, and Kj^, are functions 
of the indicated variables which have continuous second derivatives In 
these variables. The functions (t, n) and K 2 (t, n) have period 2jt 
in t. Also there exist polynomials P-,(x^, x^) and P 2 (x^, Xg) such 
that 

Hj (x-,Xp,0, ..,,o,o) 

lim -i—!—^- =1 (1 = 1, 2,) 

r -> 00 ^ 

2 2 2 
where r = x^ + x^ . 

Two real independent periodic solutions of the variational 
equation are: 

x^^ \t) = (cos Nt, sin Nt, 0, ..., o) 
x^^^(t) = (- sin Nt, cos Nt, 0, ..., o) 
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Following Coddlngton and Levinson, we may write the reduced bifurcation 
system as; 

2Jt 

(3.2) J |oo3(N3)H,[c,x^’ ^(-s) + oj 

o 

- 3ln(N3)H2(o,x^^' + 0)j-d3 + 

2>t 

+ J |cos(Ns )K^ (-S, o) - sin(Ns )K 2 (-s, o)|ds « 0 . 

o 

2« 

( 3 . 3 ) J |3in(N3)H, C,X^' ^(- 3 ) + CgX^®'(-3), 0 

o 

+ 003(N3)H2(c,X^' ^ + OgX^^^ 0 )| ds + 

2Jt . 

+ J |3in(N3)K,(-3, 0 ) + co3(Ns)K2(-s, o)|ds = o . 
o 

(Here for convenience we have not indicated the components of c.|X + 

OgX^^^ separately although H, and \ are actually functions of these 
components. We use this convention with P, and also.) Let k, 

and kg denote the constants which are the second Integrals on the left 
sides of equations (3.2) and (3‘3)- Let Cg) and /fg(o,, Cg) 

denote the first integrals on the left sides of ( 3 . 2 ) and (3.3). and let 
PAa,, Cg) and 5 ^ 2 ( 0 ,, cA denote the polynomials obt^ed if in /f, 
and /j'g, the terms (o,x^’^ + CgX ® , 0 ) and Hg(o,x + CgX , 0 ) 

are replaced by P^(c^x + OgX^^^) and Pg(c^x^ ^ + CgX ). 

A33TMPTI0N 3 . If P, and Pg are Of degrees n, and ng 

respectively in c, and Cg, let Q, and Qg be the homogeneous polynomials 
of degrees n, and ng in P, and Pg respectively. Let 

M : (c,. Cg) -(cj, op be the mapping defined by 

02) ‘ 

Qg(0,, Cg) - Og . 

We assume that the topological index at (0, 0) of M is defined. 
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From standard arguments, we have: 

LMMA3.1. Let : (c^, (c|, ) be 

defined by: 

“2^ ^ k, = C,’ 

^ 3 ( 0 ,, Cg) + kg = . 

The topological degree of mapping at ( 0 , 0 ) 

and relative to any sufficiently large circle with 
center ( 0 , 0 ) is equal to the topological index 
at ( 0 , 0 ) of M. 

THEOREM 3*1- Let Assumptions 1 , 2 , 3 be satisfied. 

Then for all sufficiently small ji. Equation ( 3.1 ) 
has at least one solution of period 2 jt. 

PROOF. Let c4(^ : (c^, Cg) -(cj, c^ be defined by: 

Og) -f k, = Oj 

^gCc^, Cg) + kg = c^ . 

It is sufficient by Lemma 2.1 to show that the topological degree of 
at (0, 0) and relative to a circle with center at ( 0 , 0 ) is different 
from zero. 

We show first that relative to any sufficiently large circle, 
the topological degrees of and o4(^ at ( 0 , 0 ) are the same. From 

Assumption 3 and the fact that and Pg are polynomials, it follows 

that given m > 0 , there exists r^ > 0 such that if c^ + Cg > r^, 
then 

rPi(c^, Cg) + + [pg(c^, Cg) + kg]2 > m . 

Further there exists e > 0 and rg > 0 such that if |t]J < £, hg| < e, 
and + Cg > rg, then 

2jt 

I ^ -|^cos(Ns) [P^ (c^x^^ ^ + CgX^^^)](i + ) 

o 

- sln(Ns)[Pg(c,x^’^ + CgX^^^)](i + 1 ) 2 )} ^3 + + 
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+ [f |3in(Ns)[P^ ^ + m ) 

o 

+ cos (Ns)[P 2 (c^x^^ ^ + CgX^^^)] (i + Ti 2 )j^ ds + k 2 j > ^ 

By Assumption 2, there exists > o such that if c^ + Cg > r^ 

Hj^(c^x^^^ + CgX^^^ 0) = (i + Tj^)P^(c^x^^ ^ + CgX^^^) 

where Iti^I < e for 1 = i, 2. Hence the homotopy h: (c^, Cg^ 
(cj(t), CgCt)) defined hy: 

27t 

c|(t) = J |cos(N3 ) [P, (c^x^^ ^ + C 2 X^^^)](l + ti)^) 


, then 


t) -> 


o 

- sln(N3)[P2(c^x^^ ^ + CgX^^hjCi + tTi2)|ds + 


2it 

c^(t) = J |3ln(N3)[P^ (c^x^^ ^ + C 2 X^^^)](l + tri^) 

o 

- cos(N3)[P2(o,x^'^ + 02X^^*))(1 + ttl2)jd3 + kg 


shows that the topological degrees of and at (o, o) and 

relative to any sufficiently large circle with center (o, o) sire the 
same. 

A trivial computation based on the fact that 
2 n 

J sln"^(x) C03^(x) dx / 0 
o 

only if m and n are even shows that and ^g are polynomials 

of odd degree in c^ and Cg. Then the topological index at (o, o) of 
M Is odd [5] and hence the topological degrees of and are 

different from zero. This completes the proof of Theorem 3*i« 

As a second example, we consider Equation (3»l ) under the 
following assumptions. 

ASSUMPTION 4. Matrix A has just one pair of characteristic 
roots iN, - iN where N is a non-zero integer and A has o as a 
characteristic root. Also A has the form 
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where is not necessarily canonical hut is real and has no character¬ 

istic roots of the form IN. 

ASSUMPTION 5. The components f^(x, t, ^), f 2 (x, t, m) and 
f 2 (x, t, n) of f(x, t, n) have the form: 

t, m) = x^, ii) + K^(t, n) (i = 1 , 2 , 3) 

where x^, are the components of x; and and are 

functions of the indicated variables and have continuous second deriva¬ 
tives in these variables; and , K^, have period 2 n in t. There 
exist polynomials x^), PgCx^, Xg, x^), P^(x^, Xg, x^) such 

that 


lim 
r —» <» 


H^(x^,X2,X3,o,...,o) 

P^U^,Xg,X3; “ ^ 


(1 = 1 , 2 , 3 ) . 


Also the degree of P^ is k, odd, and there is a term ax^ (with 
a / 0 ) in P 3 . 

Three real independent periodic solutions of the variational 
equation are: 


x^^ ^ = (cos(Nt), sin(Nt), 0, 0 ) 

x^^^ = (- sin(Nt), cos(Nt), 0, 0 ) 

x^^^ = ( 0 , 0 , 1 , 0 ). 

The reduced bifurcation system is: 

2jt 

J [cos(Ns )H^ (c^x^ ^ ^ + c^x^^^ + c^x^^\ 0 ) 
o 

- sln(Ns )H 2 (c^x^’^ + C 2 X^^^ + c^x^^^ 0 )] ds + 

2jt 

+ r [cos(N3)K^(- s, 0) - sln(N3)K2(- s, O)] ds = 0 
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J [sln(Ns)H^ + co 3 (N 3 )H 2 ] d 3 + [ 3 in(N 3 )K, + C03(N3)K2] d 3 = 0 

o ‘o 


2 Jt 

J 0 ) d3 = 0 . 

o 

Let k^, and (i = i, 2 , 3 ) be defined analogou 3 ly to their 

counterpart3 in the preceding example. 

ASSUMPTION 6 . Let M : (c^, ) -> c], Cg, be the 

mapping defined by c[ = Qj_(c^, Cg, ) for i = i, 2, 3 . We as 3 ume that 

the topological index at ( 0 , 0 ) of M is defined. 

By the same type of argument as for the preceding example, we 

obtain: 


THEOREM 3 * 2 . Let Assumptions 4, 6 be satisfied. 

Then for all s\ifficlently small Equation (3*i) 

has at least one solution of period 2 5 t. 

More complicated examples may be treated in a similar manner. 

§4. EXCEPTIONAL CASES 

By Assumption 3 , the topological index at ( 0 , 0 ) of mapping 
M is defined. Now suppose that this assumption is not satisfied, i.e., 
suppose the topological index is not defined. This means that , Qg 
have a common real factor. Hence by varying one coefficient in 
(i,e., varying H^ ) arbitrarily slightly, we obtain a mapping for which 
the topological index is defined. When such a change is made, two differ¬ 
ent cases arise. First suppose that after is changed slightly in 

some definite manner, the topological index j of the resulting mapping 
is defined and suppose that j is odd or that |j| > 2 . Then by using 
the analysis of [5, Section 3] it can be seen that regardless of how 
or Qg is changed (provided the magnitude of the change is sufficiently 
small) the topological index will be non-zero and there will be at least 
one periodic solution. 

Now suppose that after is changed slightly in some definite 

way, the index j is zero. Then no conclusion can be drawn about whether 
there is a periodic solution. Further suppose that j = 2 or - 2 . 

Then, again by using the analysis of [5, Section 3] it can be shown that 
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a different small change In will yield a mapping of index zero. Again 

no conclusion about the existence of periodic solutions can be drawn. 

Another exceptional case which may occur is this. In the first 
example of Section 3 , functions c^) or c^) maybe 

identically zero. If Cg) s o and ^ o, the bifurcation 

system is inconsistent and there are no periodic solutions with initial 
values continuous in for small If H^(c^, ^2 ^ ~ 

no immediate conclusion can be drawn. It is worth noting that if we 
consider a problem in which 



4=0 


then as is shown in [ 8 ], neither or identically zero. 

§ 5 . IF THE TOPOLOGICAL DEGREE IS EVEN 

The condition (in Assumptions 2 and 5 ) that the f^(x, t, 4) 
can be written as the sum of a term that depends only on x and 4 and 
a term that depends only on t and 4 implies that the topological 
degree is odd and therefore non-zero. If we do not impose this con¬ 
dition, the topological degree may be odd or even. By the results of [ 5 ] 
and Lemma 3 «i, if there are two equations in the reduced bifurcation 
system, the topological degree can be computed in all cases and the 
computation consists simply in approximating the real roots of certain 
polynomials. (See [ 7 ], Theorems 1 and 2 .) If there are three or more 
equations in the reduced bifurcation system, the degree can be computed 
in many special cases. 

If the topological degree is zero. Equation ( 3 *i ) may or may not 
have periodic solutions as the example in [ 7 , Section 5 ] shows. 

§ 6 . THE NUMBER OF DISTINCT PERIODIC SOLUTIONS 

.For the totally degenerate case (q = n), the topological 
degree also yields an estimate of the number of distinct periodic solu¬ 
tions. We illustrate this by considering the first example of Section 
3 with the additional hypothesis that n = q. As before, the reduced 
bifurcation system is: 


(c.,, Cg) + = 0 

^2(0^, Cg) + kg = 


0 
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LEMMA 6.1. Let M “be a continuous mapping defined 
on the closure o of an open set o C R^^ real 
EJuclldean n-space, and suppose M Is differentiable 
in 0. Suppose the topological degree of M at 
point Pq and relative to 0 is d 51^ 0. Then 
there Is a neighborhood U of p^ and a set E 
of n-dlmenslonal measure zero, ECU, such that 
If p € U - E, then M^^Cp) is a finite set con¬ 
sisting of at least |d| points. 

This lemma is proved in [ 6 , p. 213 ]* 

Now suppose that the topological degree at (0, 0) and relative 
to a solid circle S with center (0, 0) and radius r of the mapping 
defined by the reduced bifurcation system is d for all sufficiently 
large r. Let mapping be defined by c] = Cg), Cg = ^gCc^, c 

Then If r Is sufficiently large, the topological degree of at 
C- k^, -kg) and relative to S Is also equal to d. Applying this fact 
and Lemma 6.1 to the bifurcation system, we see that If k^, kg are 
changed arbitrarily slightly, there will be at least |d| distinct 
solutions of the bifurcation system. Since 

2jt 

k^ = y' |cos(Ns)K^(- s, 0) - sin(Ns)K2(s, o)| ds 


and similarly for kg, we obtain: 

THEOREM 6.1. Suppose and Kg are Independent 

of 4 and suppose the topological degree at (0, 0) 
of the mapping defined by the left side of the re¬ 
duced bifurcation system Is equal to d If the 
topological degree is taken relative to any 
siifflciently large solid circle with center at 
(0, 0). Let 4 have a fixed value, say 4 q« 

Then given n > 0, there exist functions K^^(t), 
K^g(t), both of period 2n, with continuous second 
derivatives, such that 

max |Kn(t) - IL(t)| < tj (1=1,2) 

0^t^2n 

and such that If 4 “ 4 q In Equation (3 • 1 ) and 
K^(t), Kg(t) are replaced by K^^(t), K^2(t), 
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then the resulting equation has at least |d| 
distinct solutions of period 2 «. 

§ 7 . THE AUTONOMOUS CASE 

Topological degree can also be used to study autonomous sys¬ 
tems, but because the bifurcation system is quite different in the 
autonomous case, a different approach must be used. We describe the 
application to an example. 

Consider the equation: 

(7.1 ) X = Ax + ^f(x, li) . 

Assume A has just one pair of characteristic roots of the form IN, 

- IN, where N is a non-zero integer, that A has zero as a character¬ 
istic root, and that A has the standard form described in Assumption 
4 . Assume further that n = q. The bifurcation system may be written: 

2n 

- vCg + I" -j^cos(N 3 )f ^ (c^x^^ ^ + c^x^^^ 0) 

o 

- sin(Ns)f2(c^x^^ ^ + CgX^^^ + c^x^^^, o)j- ds = 0 
2 n 

vc^ sln(Ns)f^ + cos(Ns)f2j* ds = 0 

o 


2it 

VC3 + J |^f3(c^x^^^ + + c^x^^^ o)j- ds = 0 , 

o 

where f, (x, fp> the components of f, and x^^ x^^^, and 

have the same meaning as before and 

V = lira iiiii 

o 

where t(ii) is the period of the solutions of ( 7 »i )• The physical prob¬ 
lem represented by the autonomous case is ,such that the corresponding 
mathematical problem can be posed as: set one c^ = 0 and solve for 
the remaining Cj_'s and v. (See [ 3 ^ pp» 30 - 31 ] and [ 4 , pp. 364-366].) 

Let us assume that f, (x, 0 ), f^ix, 0), f^Cx, 0) are polynomials 
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in the components of x. Then the bifurcation system may be written: 

(7.2) - vCg + ?!(c^, Cg, c^) = 0 

(7»3) vc^ + PgCc^^ ^ 2 * ^3^ ” ^ 

(7.^) vc^ + ^3(0^, Cg, c^) = 0 

where P^, Pg, P^ are polynomials in 0^,02,02* We set = 0 and 
solve (7.2), ( 7 . 3 )> (7A) for c^, Cg, and v. Multiplying (7.2) by 
and (7.3) by Cg, and adding, we obtain the system: 

(7.5) c^P^(c^, Cg, 0) + CgPgCc^, Cg, 0) = 0 

(7.6) ^2^ 0) = 0 

If ^ is varied slightly, Equations (7.5) and (7.6) become 

(7.5) ' C^R^(C^, Cg, n) + CgRgCC^, Cg, ^) = 0 

(7.6 ) ’ R3(c^, Cg, n) = 0 

where R^, Rg, R^ are continuous functions of c^, Cg, and 4. Suppose 
the topological degree of the mapping defined by the left sides of (7.5) 
and (7.6) is non-zero. Then for a sufficiently small (7.5)' and 

(7.6) ’ have a solution (c°, Cg). When m Is varied slightly in (7.2), 

(7.3) , and (7.^) (but keeping C3 = 0) we ‘obtain: 

(7.2) ' - vCg + R^(c^, Cg, 4) = 0 

(7.3) ’ vc^ R2 (c^, Cg, 4) = 0 

(7.^)' R^(c^, ^2^ 4)^0 • 

Now suppose one of the c°, Cg, say c^, is different from zero. (This 
will occur if, for example, ^2' ® constant term.) We set 


R 2 (c®,C 2 , 4 ) 



Then c^, Cg, are a solution of (7-2)', (7-3)S and ( 7 .^)'. 
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IV. ON THE BEHAVIOR OF THE SOLUTIONS OF LINEAR PERIODIC 
DIFFERENTIAL SYSTEMS NEAR RESONANCE POINTS 

Jack K. Hale 


§1. INTRODUCTION 


form 


In the last few years, systems of differential equations of the 


n 

(1-1) yj' + -^jyj ' e Y <Pjkyk' J = •••' » 

k=i 


where e is a real small parameter, the constants are positive, and 

the real functions periodic of period T = 2n/aj and 

L-integrable in [0, T], have been investigated by many authors [1, 3a, 
4a, 5 , 1 , 8 , 9, 10b, i oe, 12, 13 ]• (See also the book [3b]). For n = 1 , 

classical results of 0. Haupt [9] assure that all solutions of ( 1 . 1 ) are 

bounded for Ie| sufficiently small and an arbitrary periodic function 
provided 2a ^ ^0 (mod 00), 

For the study of the system ( 1 . 1 ) for |e| small and n ^ 1 , 

L. Cesari [3a] in 1940 considered a method of successive approximations, 
which was successively developed by L. Cesari, J. K. Hale and R. A. 

Gambill [6, 4b, lOc, lOe] and applied to questions of existence and 
stability of periodic solutions of weakly nonlinear differential systems 
(cf. the book [3b] and [3c]). By using this method it was first proved 
[3a, 10b] that all solutions of (i.i) are bounded provided 2aj = 0 , 

a. + ^ ° (mod cd), j i Y, j, k = 1 , 2, ..., n, and the matrix 

®(t) = [cpjk^'t)] i3 either symmetric or even in t. Under the same re¬ 
strictions on the numbers aj more general boundedness theorems have 
then been proved [5a, lOe] by the same method, but they all Involve some 
type of "symmetry" conditions on the matrix (t). Again using the same 
method it has been proved [3a, 5b] that some "symmetry" condition is 
necessary to assure that all solutions of (i-i ) are bounded for e 
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siiff Iclently small. For systems more general than (i. 1 ), see [ i, i Oe ]. 

Analogous boundedness theorems involving "symmetry" conditions 
have been proved by M. Golomb [7] by a different method. Finally, J. 

Moser[13J* M. Gel’fand and V. B. Lldskll [i4] have recently shown that 
it is sufficient to require 2aj ^ 0, ^ ^ J ^ 

j, k = 1, 2 , n, when « is a symmetric matrix. 

In the present paper a procedure based on the same method 
developed by Cesarl, Hale and Gambill is given for the study of the be¬ 
havior of the solutions of (i.i) (and more general systems) near the 
"resonance points" 2aj = stu, aj i some integer s. The 

ultimate goal, of course, is to try to classify systems of type (i.l) 
according to the "resonance points" for which some solutions are un¬ 
bounded for every e ^ 0. This general problem is not solved in this 
paper. However, we do give some general theorems concerning the behavior 
of the solutions of a class of differential equations (i.l ) (and even a 
more general type) around the resonance points (A)a^ - a^ = so), s an 
integer or zero, 2aj ^0, + ^^k ^ ^ ^ j' k = 2, 3, ..., n 

[Theorems ( 5 . 2 ) and (5.3)] and (B) a^ = e a^, ^ 0 , 2a^ 0, i ^^k ^ ° 

(mod (o), j ^ k, j, k = 2, 3 , ..., n [Theorem (5*^)]. 

More specifically, if the aj satisfy (A) and Theorem (5.2) is 
applied to system (1.1) with (C) «• = (’^jk)> where each 

(- 1 )^'''^ ^jk(t) is a matrix, then the AC (absolutely continuous) solu¬ 
tions of ( 1 . 1 ) are bounded for e sufficiently small if a certain func¬ 
tion G(3, a) of the Fourier coefficients of the functions is 

is positive and some AC solutions are unboimded for every e ^ 0 if 
this function is negative. If ^ is symmetric and also satisfies (C), 
then G(s, a) > 0 (Remark 5.3 )^ which agrees with the conclusions of J. 
Moser [13]. Some examples are given in §5 to show that G(s, a) may be 
< 0 for some matrices 4> if ® satisfies (C) and is not symmetric. If 
Theorem ( 5 .^) is applied to system (i.i) satisfying (B), (C), then all of 
the AC solutions of (1.1) are bounded for e sufficiently small. 

In §6, the above method is applied to systems of Mathleu type 
equations of the form ( 1.1 ) where each ^jk ^jk 

is a constant and 2a. ? 0, + ‘^k ^ ° ^ J ^ k, j, k = 2, 3 , n, 

a^(0) = m, where m is a positive integer. Sufficient conditions are 
given (Theorem 6 . 1 ) to Insure that there are unbounded absolutely con¬ 
tinuous solutions of (i.i) in every neighborhood of the point (m, 0 ) in 
the (a^, e)-plane, where m is a positive Integer. A corollary of Theorem 
( 6 . 1 ) is the well known fact [11 J that there are unbounded solutions of 
the Mathleu equation x" + a^x + e(cos 2 t )x = 0 , in every neighborhood of 
the point (m, 0 ) of the (a, e)-plane for every positive integer m. 
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Using determinants, the behavior of the solutions of (i.i), n > i, near 
the "resonance, points" has also been discussed by E. Mettler [12] and W. 
Haacke [3] for the case where «(t) is even in t. General theorems of 
the above type seem to be easier to obtain using the method of this paper 
since it does not involve determinants. 

Another application of the method discussed here concerns the 
stability of periodic solutions of weakly nonlinear differential systems. 
The linear variational equations associated with such a periodic solution 
is a linear differential equation with i)erlodlc coefficients of the form 
(i.i ) and, in many cases, some of the basic frequencies are "in 
resonance" with o). The asymptotic stability of periodic solutions of 
weakly nonlinear periodic differential systems has been discussed re¬ 
cently by H. R. Bailey and R. A. Gamblll [2] using essentially the same 
method. For a more complete discussion of the application of this method, 
in particular. Theorems ( 2 . 1 ) and (3*i), to the stability of periodic 
solutions of both weakly nonlinear autonomous and weakly nonlinear periodic 
differential systems, see [lOg]. 

§2. DESCRIPTION OP THE METHOD 

Let C,., denote the family of all functions which are finite 
sums of functions of the form f(t) = e 9(t), - « < t < + », where ot 
is any complex number and 9(t) is any complex-valued function of the 
real variable t, periodic of period T * 2 n/a), L-integrable in [O, T]. 
Following L. Cesari [3a], if f(t) = e°^ 9 (t) e and 9(t) has the 
Fourier series 

+00 

9(t) ~ ^ , 

k«-oo 

1 * >r-l, then we denote by mean value, M[f], the number M[f] « 0 if 
ino) + Of / 0 for all n; M[f ] » c^^ if Inm + or » 0 for some n. It is 
clear that M[f ] is uniquely defined. Finally define M[f ] in the class 
as an additive functional. Obviously M[f ] reduces to the usual mean 
value for periodic functions f(t) of period T. The following lemma is 
needed in the sequel. 

LEMMA (2.1) If f(t) € and M[f] - 0, then 

there is a \mique primitive of f(t), say 
P(t) - / f(t)dt, which belongs to and 
M[f] - 0. (L. Cesari (3a], J. K. H^e [lOa]). 
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Consider a linear system of differential equations of the form 
(2,1 ) z* = Az + e C(t)z 

where e is a parameter, A, C are N x N matrices, C = (cj^(t)), 
each Cjif(t) is periodic in t of period T = 2n/a), L-lntegrahle in 
[0, T], A = diag(p^^ •••, P|g)> where the pj are complex numbers such 
that 

Pj - Pj^ = “’jk integer or zero, j, k = i, 2, ..., v, 

( 2 . 2 ) 

pj ^ (mod ml), j = 1, 2, ..., v; k = v + 1, ..., N . 

Notice that all of the pj, j = i, 2 , ..., v, could be equal and also the 
remaining N « v of the pj^, k = v + i, . .., N, can be two by two con¬ 
gruent mod mi. This becomes important in discussing the stability of 
periodic solutions of nonlinear differential systems [lOg]. 

In this section, a method of successive approximations is given 
for the determination of the characteristic exponents as well as the 
solutions of (2.1 ). This method coincides with the one given by L. 

Cesarl [3a] for the case where v = i in ( 2 . 2 ). More specifically, we 
try to determine solutions of ( 2.1 ) of the form 

( 2 . 3 ) z(t) = e'^S(t), p(t T) = p(t) , 

where t is a complex number to be determined. The equation for p(t) 
is then 

( 2 .If) p’ = (A - tI)p + e C(t)p . 

In the following, the characteristic exponent r which is "close 
to" p^ is to be determined, l.e‘., t as a function of e is such that 
t(o) = p^. Prom ( 2 . 2 ) it follows that Pj^ - t will be "close to" a 
multiple of 0)1 for k= 1 , 2 , ..., v. Rather than solve (2.4) directly, 
consider an auxiliary equation 

( 2 . 5 ) p* « Bp + e C(t)p , 
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and the are defined in ( 2 . 2 ). Suppose that S^ is a circle in the 

complex plane with the center at such that 


(2.7) 


for all T € S-. 


Pj ^ 0 (mod aii), j * V + 1, N , 


If the m^^ approximation to p(t) is denoted by 
( 2 . 8 ) + e x(') + ... + , 

where each x^^^ la periodic In t of period T = 2 ii/a>, let 


(2.9) 


= e-®^C(t)x^''"’\t) , 


.,(r) _ / (r) (r)N 

3 -V3.| ) f 


and define 

= dlagCsj’^^ ..., 0, ..., 0) 

( 2 . 10 ) = 0 If = 0 , 

If / 0 j = 1 , 2 , ..., V , 


where M[Sj^^] denotes the mean value for functions of the class and 

d^, d^ are complex numbers. If M[sj^^] 0 for any r, it is 

understood in definition ( 2 . 10 ) that the corresponding dj is chosen ^ 0 
so that sj^^ will be well defined in all cases. In fact, if dj is a 
function of e, then dj is ^ 0 for e «= 0. 

With these notations, the successive approximations are defined 




x(°) . (d,e‘’’^ 


dye 


Pyt 


0 , 


0) 


( 2 . 11 ) 


^(r) . eBt j^e-®^[C(t)x(^-’^ - + ... 

g(l )j(r-1 ))]dt^ r - 1, 2, 3, ... . 


It is clear that condition ( 2 . 7 ) assures that each of the integrands in 
(2.11 ) belongs to the class and has mean value zero provided that the 

integrations are always performed so as to obtain the unique primitive of 
mean value zero. It is assumed that the integrations are performed in 
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this iDEuiner. Purthermore, the defined by (2.11 ) axe periodic 

of period T. 

The method of sucoesslve approximations (2.11 ) is precisely the 
one given in [6] for obtaining periodic solutions of nonlinear systems 
of differential equations. Exactly as in [ 6 ], it follows that p^™^ de¬ 
fined by (2.8), (2.11) converges uniformly in t for |e| sufficiently 
small to a solution of the equation 

(2.12) p' » [B - e H(t, d, p, e)]p + e C(t)p , 

where d = (d^, d^), p = (p^, pj^) and H = diag(h^, h^, 

0, 0) and each d^ p, e) is an analytic function of e at 

e = 0 and its power series expansion is given by 

(2.13) hj - + e sj 2 ) + j - i, 2 , v . 

Therefore, if the numbers t, d^, d^, p^, p^ are chosen so that 

the matrix equation, 

(2.1ii-) B - e H(t, d, p, e) = a - tI 


or, equivalently, the equations, 


( 2 . 14 * ) 


mj^^tol - e hj^Ct, d, p, e) = pj^ - t, 
k = 1 , 2 , ..., V, ra^ ^ = 0 , 


are satisfied, then the periodic solution p(t) of (2.12) will be a 
periodic solution of ( 2 . 4 ) and z(t) defined by (2.3) will be a solution 
of (2.1). We shall refer to the equations ( 2 . 14 ), ( 2 . 14 *) as the 
determining equations for t, d^, ..., d^, p^, ..., p^. These represent 
V equations for the 2v + 1 parameters t, d^, ..., d^, p^, ..., p^, 
and the particular problem of interest will, in general, determine which 
of these parameters are to be determined and which are fixed. 

REMARK 2.1. In the above discussion, it was assumed that the 
numbers pj, j= 1, 2, ..., N, and the matrix C(t) were Independent of 
e. This is not necessary and systems of the foim 


(2.15) z* “ A(e)z + e C(t, e )z 

coxild have been considered, where A(e) » dlag(p^(e), ..., pjj(e)), each 
pj(e) is an analytic function of e at e - 0 with 
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Pj(o) - Pjf(o) “ ^ Integer or zero, j, k « l, 2 , v , 

(2.16) 

pj(o) f pj^(o), (mod 0)1), j « 1, 2, •••, v; k *= V + 1, ..., N; 

C(t, e) = e)), j, k = 1, 2, ..., N, where each Cjk(‘t, e) is 

analytic in e for 0 C |s| ^ Sq > 0, ^ ^ |s| ^ Sq> 

j, k = 1, 2, ..., N, and T)(t) is L-integrahle in [ 0 , T]. The matrix 
B in (2.6) is exactly the same as before and the method of successive 
approximations is applied in the same manner by replacing everywhere pj 
"by j = 2, ..., N, and the matrix C(t) by C(t, e). The 

determining equations are 

(2.17) d, p(e), e) = Pij(e) - t, k = 1 , 2 , ..., v , 

where m^ ^ =0 and the functions are given by (2.13) with the 
analytic functions of e for 0 < |e| < e^. The remainder of the dis¬ 
cussion will deal with this more general system. It is also true that the 
above analytlclty at e » 0 can be replaced by continuity in e at 
e=»o if pj(e)-Pj(o)«o(e), but to make the presentation as simple 
as possible we will not consider this generalization. 

A solution T, d^, ..., dy, p^, ..., p^, of (2.17) must be such 

that dj 0 for e = 0 if M[3j^^] ^ 0 for any r « i, 2, ... . In 

case some dj is o(e), then the method of successive approximations 
J ^V| 

must be modified slightly taking the zero approximation to have this 
dj == 0(e). We will not give the details of the method for such a case, 
since it is clear how one would proceed. 

In case the numbers p^, ..., p^ are fixed, then the determining 
equations represent v equations for the v + i parameters t, d^, ..., d^. 
Since (2.1) is a linear system, it is clear that one of the numbers dj 
may be chosen equal to one, but, in general, this decision will depend 
upon the form of equations (2.17)* Two solutions (t, d^, d^), 

(t*, d*, ..., d*) of (2.17) will be called distinct if they correspond to 
two linearly Independent solutions of (2.1) of the form (2.3)* A similar 
definition applies to k solutions of (2.17). If Pj=Pk#j>k=i, 2, 

..., V, one would hojje that there would be v distinct solutions of 

(2.17) . However, this is not always the case since some of the character¬ 
istic exponents t may be equal. 

Prom (2.10) the functions hj(T, d, p(e), e) in (2.17) satisfy 
the property 
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1 r 4 )a)t 

( 2 . 18 ) djhj(T, d, p(o), 0) - jj 2, Cji^(t,o)dj^e ^ dt. 


k=i 


j * 1 , 2 , 


which Is a linear function of d^, d^ and is independent of t. If 

ep = T - P^(o), then for e ^ 0 equations (2.17) are equivalent to the 
system of equations 

(2.19) (Gr - 6 I)d + e P(d, t, p(e), e) = 0 


where G = (gjic)> k = 1 , 2, ..., v, is independent of e and 

, Pl(e)-p.(0) 

SJJ = t/ 

o 

, /? Kmi.--m )cot 

(2.20) s i J e ®11 = ° ^ 


j 7 ^ k, j, k = 1 , 2 


, ..., V , 


and F(d, t, p(e), e) is an analytic vector function of e for 
0 ^ 1^1 < ^o* These results are summarized in the following theorem. 

THEOREM (2.1). Consider the system of differential 
equations (2.15), (2.l6), and suppose the matrix G 
is defined by ( 2 . 20 ). If is a simple charac¬ 

teristic root of the matrix G and the corresponding 
eigenvector, d^, has no zero components, then there 
is a characteristic exponent T(e) of ( 2 .15) which 
is analytic in e for 0 ^ |e| ^ e^, Eq > ^ 

( 2 . 21 ) T(e) = p^(e) + e pQ O(e^) • 

• The proof of this theorem follows Immediately by applying the 
implicit function theorem to ( 2 . 19 )* If the matrix d^ has some com¬ 
ponents which are zero, then the above method of successive approximations 
must be modified slightly taking the first approximation ( 2 . 1 I ) to have 
some dj = 0(e). In case the matrix G in Theorem ( 2 .I ) is the zero 
matrix, then the theorem says nothing about the characteristic exponents. 
However, by obtaining more of the functions in ( 2 . 17 ), one can 
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determine the characteristic exponents. This theorem and the following 
corollary are not used in this paper but are Important for the study of 
stability of periodic solutions of weakly nonlinear systems of differ¬ 
ential equations (see [2], [iog]). 

COROLLARY (2.1 ). Consider the system of differential 
equations (2.15) with 

(2.22) ^ k / j, k = 1, 2, ..., N , 

where J is a fixed integer, 1 < j < N. Then there 
is a characteristic exponent of ( 2 . 15 ), tj = 
analytic in e for 0 < |e| < e^, and 

T 

( 2 . 23 ) o(e^) ^ 

o 

where the terms of higher order in e may be cal- 
ciilated by using the above method of successive 
approximations. 

RMARK 2.2. L. Cesari [3a] had previously observed that one 
could calculate the characteristic exponents one at a time to obtain 
relation ( 2 . 23 ) but under the more restrictive requirement that 
pj ^ Pk (mod 0)1) j / k, j, k = 1, 2, ..., N. It is also clear from his 
work that the above corollary holds for a particular characteristic ex¬ 
ponent Tj, with the weaker restriction ( 2 . 22 ). 

For specific examples, the method of successive approximations 
of this section is probably as efficient as any, but to obtain general 
boundedness theorems and the form of the functions hj in ( 2 . 13 ) for 
classes of differential equations, the following formulation is somewhat 
more convenient when the pj^ satisfy certain additional properties. 

§ 3 . AN ALTERNATIVE FORMULATION OF THE METHOD 

Suppose the numbers p^^ in ( 2 -I ) satisfy the property* 

Paj-i “ hy J * ’» •••» '' ' 

( 3 . 1 ) Pgj.i - P 2 k -1 “ ®jk integer or zero, j, k • 1, 2 , ..., v, 

pj f pjj (mod cDi), j » 1, 2, ..., 2v, k - 2v + 1, ..., N . 

* Throughout this paper, a will always denote the complex conjugate of 
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Notice that p2j-i congruent to pgj modulo col, 

j = 1 , 2 , ..., V. Both situations are Important In the applications. 
Rather than make the substitution (2.3), consider the auxiliary equation 


(3.2 ) z' = Bz + e C(t)z 

where B = dlag(p*, •••, Pj^)> 

(3*3) p* = T = pg; pQk-l ^2k^ k = 1 , 2 , v , 

pj^ = p^, k = 2 v+l>...>N f 


where the numbers m^^^ are defined by (3*1 )> fitnd t Is an undetermined 
complex number such that 

Pj 9^ Pk^ J = 2, 2v; k = 2v + 1 , N . 

If the m^^ approximation Is defined by 

z^™) = x^") ^ ^ ... . e“x(“) , 

s^^^ Is defined as In (2.9) with B as in (3.3) and 

= diag(s|^^ ..., 0, ..., 0) 

(3.6) = 0 if M[s(^^] = 0 

djsj^^ = M[s^^^] if MCsj^^] / 0, j = 1 , 2 , ..., 2 v , 

where M[s^^^] again denotes the mean value for functions of the class 
C and d^, ..., dg^ are complex numbers. If M[sj^^] ^ 0 for any r. 
It Is understood In definition (3.6) that the corresponding dj is chosen 
0 so that will be well defined in all cases. In fact, if dj 

is a function of e, then dj Is ^ 0 for e = 0. The successive 
approximations are now defined by 


i 3 .h) 


(3.5) 


0, .... 0) , 


Po^'t 


2 v"' 


(3.7) 


+ ... * 3 ^^ b]dt, 


r« 1 , 2, 3 , • • • f 
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where the integrations are performed so as to obtain the unique primitive 
of mean value zero. The proof of convergence of the functions de¬ 

fined by ( 3 » 5 )> (3.7) to a solution of the equation 

(3.8) z» = [B - eV(T, d, e)]z + e C(t)z , 

where V = diag(V^, Vg, 0, 0), (d = (d^, d^^) , 

(3.9) Vj = ) + e + ... 

is exactly the same as before. The determining equations for t, d.^, 

...> ^ 1 '* Q«re 

(3.10) T - e Vj(T, d, e) = pj, j = 1, 2, ..., 2 v . 

Remark (2.1 ) at the end of §2 also applies to the method 
defined in this manner. In the following, our choice between these two 
methods will depend upon the application and the convenience which it 
af f oi*ds. 

In case system (2.1 ) Eirises from a real system of first and 
second order differential equations, some of the determining equiations 
( 3 • 1 0) are redudant as we show in the next few lines. Consider the 
system of real equations 

n n 

yj ^ “jyj ^ "jyj =" Z ’’jicyk * ^ Z j =^.. - 

k=i k=i 

(3.11 ) 

n ii 

^ Z ^ Z j = n + 1, ..., n , 

k =1 k=l 

1 

where ay ^y cj, e are real numbers, 7 j ^ (^or^ - «j) > 0, j = i, 2, 
..., n, and the functions 9ji^(t), real, periodic in t 

of period T = 2if/a), L-integrable in [O, T]. Suppose the roots of the 
eqiiatlon z^ + a^z + ct? « 0 are ^ 2 j “ ^ 2 j-i' ^ ***' 

and let = - &y j = ^ + ..., n. The transformation 

yj ° ^ 2 j^' yj ° '^^ 2 j- 1 ^ 2 j -1 * ^ 2 j^ 2 j^ ' 

( 3 . 12 ) 


yj ■ ^M+j' J " •••' 


j “ 1> 2, ..», M, 
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yields the equivalent system of first order equations, 

(3.13) z'-Az + eC(t)z 

where A » diag(x^, and C is an (n + n) x (n + ^) matrix 

whose elements .Cjj^(t) are given by 

^2j-i,2k-i (2i7j^) (cpj^ + P2k-i^jk^^ ^2j-i,2k "" (cpji^ + P2k^jk^' 

k = 1, 2, \i, 


°2j-l,H+h “ '’’jh' h = M + 1, n; ° “ ^ " l,2,...,n+^; 

3.14) j = 1 . 2> •••. 1^; 

°(i+h,2k-i “ '^‘'’hk * ^aic-i’l'hk^’ °u+h,2k ° ^’’’hk * '’2k’''hk^’ 

k - 1, 2, ..., n; i = ii + 1, ..., n; h = u + 1, ..., n 


We also suppose that the equations in ( 3 * 13 ) are reordered so that 

(3.15) A = dlag(p,, ..., 

where each pj is one of the numbers X and the pj satisfy condition 
(3.1 ). It is very easy to prove the following lemma. 

LEMMA (3.1). If the alternative method of successive 
approximations is applied to the auxiliary equation 
of (3.13), (3*15) with the d^ in ( 3 . 7 ) such that 

^ 2 j-l " " j = ^ 2 , V, then 

(3.16) d, e) = V2j(T, d e), j = 1, 2, v , 

for every t, d where Vj is defined by ( 3 . 9 ). 

Therefore, the determining equations (3*10) become 

T - e V 2 j- 1 ^^' d e) = p,, J = 1 , 2 , V , 

(3.17) 

d = (d,, dgj, dgj - - dgj.,, J = 1, 2, V . 

For applications to the stability of periodic solutions of non¬ 
linear differential equations (see [lOg]), It Is convenient to have the 
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THEORM ( 3«1 )• Consider the system of differential 
equations (3 • 11 ) with 

^2j-l = hy ^2j-l ^ ^20 

(3.18) “ ^2k-l ^ ™jk ^ integer or zero, j, k =* 1, 2, ... 

Xj ^ Xj^ (mod 0)1), j = 1, 2 , ..., 2vj k = 2v + 1, ..., N , 

where = - (- j ^ 

j = 1, 2, ..., n, X^^j = - Pj, j = 4 + 1, ..., n, 

and let H = j; k = 1, 2, ..., v, be the 

V X V matrix defined by 


(3.19) 




■if 


^2j-1,2k-l 


i(mj^,-mj,)a)t 


dt, 

j, k- 1, 2, ..., V , 


where the functions C2j-l,2k-1 defined by 

( 3 . 14 ). If Pq is a simple root of the equation 
|H - Pl| = 0 and the corresponding eigenvector has 
no zero components, then there are two character¬ 
istic exponents t, t of ( 3 * 1 l) given by 

( 3 . 20 ) T = + e Pq + o(e^) 

for e sufficiently small. 

PROOF. For e ^ 0 the determining equations (3*IT) can be 
written in the form 


(H - Pl)d = 0(e) , 

where e3=T-p^,d=(d^, d^, ..., ) and H = (hjj^) is the 

V X V matrix given by (3.19) • It then follows immediately from the 
Implicit function theorem that Theorem ( 3 . 1 ) is true for e sufficiently 
small. 
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§’ 4 . SOME BASIC LEMMAS 

Consider the system of linear differential equations, 

H n 

yj * " I ^’'jkyk ^ ^ ^ I Vk' J ='»2’ •••' ' 

k=l k=M+i 

(it.i) 

n n 

yj = ® I ''^jkyk + ♦jk^P ^ ^ X ♦jkyk' J = ••., n. 

k=l k=|i+l 


where e is a real parameter, each (jj Is a positive real number (and 
if is an analytic function of e at e = 0, then a. > 0 


each 9 jj^(t), is a real function, periodic in t 


for e o'], 

of period T = 2jr/a), "L-integrable in [O, T]. Suppose the matrices 
^ ~ •••> ~ 

..., n, are partitioned so that 4> = j = 2, 3^ k = i, 2, 

* = (*jk^, j. k * 1, 2, 3) where are p x p matrices, 

® 22 ' ^22 (4 - p) X (4 - p) matrices and ^^3 is (n - 4) x (n - 4 ) 

matrix. Throughout the present section, we always assume that 


(4.2) 
for all j, k 


♦ ♦jk'-^>’ ^jk(0 = tjkC-t) 


LEMMA ( 4 . 1 ). If ^ analytic function 

of e at e = 0, aj(o) f 0 (mod col), j = 1, 2, ..., 4 , 
and the matrices «>, 'a satisfy (4.2), then there 
exists an ^ such that there are n - 4 

linearly Independent periodic solutions of (4.1 ) for 
|e| < Eq- 

PROOF. The transformation y^^j = Zj, j = 1 , 2, ..., n - 4 ^ 
yj = (2laj)"’(z^_^^j + Zn+J^' " ^n+j^' j = 2. •••» i*. 

leads to an equivalent system of first order equations 


( 4 . 3 ) 


z' = Az + e C(t)z 


where A = dlag(0, ..., 0, la^, ..., ia^, - ia^, ..., - ^ 

j = 1, 2, ..., 5; 
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“ ’ ^j+2,k' •* “ ^ “ 1,2,...,5; = “^j,k+2' ^ 

J “ 1 , 2 ,..., 5 ; 


*^11 " ^*^33' ^21 “ '*^13" ^31 " ^23" ^^l,k+l ' *3k^k^ ’*'3k' ^ ^^j+l, 


k+1 


“ ®j,k^k^ ^ ^jk' ^ = ^2; A^ = diag(lor^,.. .,l(jp); A^ * dla«(iOp^^,.. .,la^). 

With this partitioning of the matrix C It Is convenient to also partition 
the vector z = (z(i), •••, where has a dimension compatible 

to the matrix multiplication. We now apply the above method of successive 
approximations of §2 directly to ( 4 . 3 ) with x^®^ = (d, 0, 0, 0, o), 
d = (d^, ..., where d^, ..., are arbitrary real numbers. 

The solution obtained In this manner will obviously be periodic. If the 
successive approximations x^^^ are partitioned the same as z, l.e., 
x^^^ = ..., ^[5)), then we first show by Induction that 

= dla^Csl'^^ ..., = 0 , 

(4.4) 

x[^|(-t) = x[^|(t), x|^j(-t) = - x|j|(t), x|^|(-t) - xj^|(t) , 

r = 0, 1, 2, ... . 

The induction is on the functions x|j|. The assertion is clearly true 
for r = 0. Assume the assertion true for r «= 0, 1,2, ..., v - 1, Then 
the matrix C(t)x^^^(t) satisfies the property 

C(-t)x^^^(-t) = E C(t)x^^^(t), E « dlag(-l, -1, 1, -1,1) . 

r = 0, 1,2, ..., V - 1 . 

Since the first vector component of this matrix product Is an odd func¬ 
tion of t It follows Immediately from (2.10) that * 0, r « 1, 2, 

..., V, for every d = (d^, To complete the Induction, we 

have from (2.1l), since B « A, 

x('^)(-t) = e-At J e-*“c(a)x(^-’>(a)da - 
= - e“^^ J e*“c(-o()x^'^"' )(-a)da( = 

= - J e^^(a)x^''~'){a)da . 
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This Is clearly assertion (4.4) for r - v, since ^ ~ ” ^j +2 k' 
j « 2 , 3 f k = 1 , 2 , 5 ; therefore, ( 4 . 4 ) Is true for all r. Since 

the dj, j *= 1 , 2 , ..., n - are arbitrary, one can find n - ^ such 
linearly Independent solutions and the lemma Is proved. 

Suppose the ctj = aj(e) of ( 4.1 ) are analytic functions of e 
at e * 0 , cyj(o) > 0, j = i , 2 , .. ., n, ‘^j(o) - = ^jk“' ™ik 

Integer or zero, j, k = 1 , 2 , ..., q, and the transformation ( 3 . 12 ) 

Is applied to ( 4.1 ), to obtain the equivalent first order system 

( 4.5 ) z* = Az e C(t )z 

where A = dlag(la^, - la^, ..., lo^, - la^, o, ..., o) and C = (i Cj^), 
j, k= 1 , 2 , ..., n+ n, where 


'^2j-1,2k-l = 'I'jk' °2j-1,2k ■ 'W ■ '•'jk' k = 1, 2, 




'2j-l, 

h = 

h = n + 1, 

. • •, n; 






£ = 1, 

2, n; 

j = 1, 2, •••, 


'Phk 


_ ^ 



'h,2k- 

II 

♦hk' °h,2k 

lOk ■ 

'•'ilk' ^ “ 

1, 2, ..., n; 

'h,m 


n + 1, ...J 

. n; h = 

n + 1 , . . 

., n . 


The auxiliary equation of (4.5) Is chosen as 
( 4 . 7 ) z' = Bz + e C(t)z 

where B = dlagdx^, It^, ..., Ix^^, •••, - la^, 

0 , ..., o), and the x’s are real numbers such that 


( 4 . 8 ) 


'^2j-l " ” ’^2y '^2j-l “ '^2k-l " ™jk^" j, k - 1 , 2, ..., q , 

’^2j-l ^ '^2j-i i ^k^^^ ^ ° j = 2, ..., q, 

k = q + 1, ..., n ; 


and the m^j^ are defined above by the numbers aj at e = o. Notice 
that 2 Tj may or may not be a miiltlple of to. 
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LEMMA (4.2). If the matrices associated with 
( 4 . 1 ) satisfy ( 4 . 2 ) and If the alternative method of 
successive approximations Is applied to ( 4 .?); ( 4 . 8 ) 
with the zero^^ approximation given by 


.(0) 


(d^e 


1 t^ t 






0 , 


0 ) 


with dj = bj, j = 1, 2, ..., 2 mln(p, q); dj = Ibj, 
j = 2 p + 1 , ..., 2 q; where each bj Is a non zero 
real number, then the numbers V^, j = 1 , 2 , ..., 2 q, 
defined by ( 3 * 9 ) are purely Imaginary. 


PROOF. For simplicity in notation we only prove the lemma for 
P ^ but It will be clear how to discuss the other situation. Applying 
the method ( 3 * 7 ), It Is clear that x^^^(t) has the form 

2 q +00 

(4.9) x^^^(t) ' ^ ® gikcDt ^ 

j=l 


(r) ' 

where is an n + n dimensional colimin vector. We show by In¬ 

duction that 

(>..10) eg) = 1 Bjk^' r = 0, 1, 2, 

and all j, k, where i = 1, 2, 3, are real column vectors of 

dimension 2p, 2n - 2p, n - 4, respectively. The assertion Is clearly 
true for r = 0. Assume that ( 4 . 10 ) Is true for r = 0, 1, ..., v - 1 arid 
observe that the Fourier series for 

+00 

C(t) 'v ^ Q(lc)Qlka)t 

keoo 

In (4.5) Is such that b, j « 1, 2, 3, where « 1 

if h + j is odd; =1, If h + j Is even, and each Is a real 

matrix with C^V, j = 1, 2, 3; of dimensions 2p x 2p, (24 - 2p) x (24 - 2p) 
and (n - 4) x - 4), respectively. Therefore, 

2 q . . +00 

- I « ^ I 2, . 

j«l k=-oo 




• • t 


V - 1 
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where « col(lDj^|, ^jk2' ^jk3^ where each of the real vectors 

= 1, 2, 3, has the same dimension as Prom (3•6) and the 

assumption on the numbers dj in the statement of the lemma, 

(4.11) is purely Imaginary, J = 1, 2, ..., 2 q; r = 1, 2, ..., v . 

It then follows immediately from (3*7) and the above results that (4.io) 
is true for r « v and, therefore, (4.io) is true for all r. Finally, 
(4.11 ) also holds for all r and the statement of the lemma is true. 

RMARK (4.1). Lemma (4.2) holds also in a slightly more general 
situation, namely when q of the o's differ by a multiple of a> 
at e » 0, but the ones which satisfy this property are not necessarily 
the first q. The notation for the statement of this result as in Lemma 
(4.2) is extremely complicated, but it should be clear that the same 
conclusion is true, the only thing necessary is the proper choice of the 
numbers d j. 

REMARK (4.2). When n = n in (4.1 ), it is obvious that the 
condition '^2j-1 ^ ^ ^ (4.8) may be eliminated. 

REMARK (4.3). The determining equations for the 2q + i real 
numbers b^, ..., bg^ and [only t^, since the tj are related 

by (4.8)] in Lemma (4.2) are the 2q real equations 

(4.12) Tj - e I [Vj(t, b, e)] » (-1 )'^'^^ Cy j = 1, 2, ..., 2q , 

b = (b^, ..., bgq^) and I[w] is the imaginary part of a complex number 
w. If, in addition to condition (4.8), we assume that 2t. i 0 (mod oj), 
j = 1, 2, ..., 2q; and choose ^ 23 -} “ " ^2j' J = ^ 2, ..., p, 

^2j-l “ ^2j^ J = P + •••> <1 in Lemma (4.2), then we know from Lemma 

( 3 . 1 ) that '^ 23 -} “ ^ 2 y ^ determining equations 

( 4 . 12 ) are equivalent to the equations 

( 4 . 13 ) - £I[V 2 j_^(t, b, e)] = oy j = 1, 2, ..., q , 

for the q + 1 real numbers b^, b^, ..., hgq-i '^1 • remark 

will be important for the applications. 

REMARK (4.4). In the previous remark, equations ( 4 . 12 ), (4.13) 
were considered as determining equations for b and t^, but we could 
just as well have considered as fixed and determined the numbers 

a, b so as to obtain a solution of (4.5)* This will be important in de¬ 
termining the stable and unstable regions around "resonance points". 
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§5. S(ME BOUNDEDNESS THEOREMS 

As an application of the lemmas In §4, we state a few theorems 
concerning the behavior of the characteristic exponents of (4.1 ) and also 
some theorems concerning the boundedness or unboundedness of the AC so¬ 
lutions of (4.1 ) In (- 00 , + oo). 

THEOREM (5*1 )• If the matrices 'F associated 
with system (4.1 ) satisfy (4.2) and the numbers 
aj = are real analytic functions of e at 

e = 0, with 

(5*1 ) aj(o) ^ 0 (mod to), j ^ 1, 2, ...» ji, 

then there exists an > 0 such that there are 
always n - linearly independent periodic so¬ 
lutions of (4.1 ) for |e| < Sq. If one of the 
numbers ay say a^, is such that 

(5.2) 2a^(0) ^ 0, a^(0) ^ + aj^(o) (mod to), k = 2, 3, n , 

then there are always two characteristic exponents 
1 t^, itg of (4.1 ) which are purely imaginary for 
|e| < Eq, Eq > 0, are analytic in e at e = o 
and = - Tg, (O) = a^. 

PROOF. The first part of the theorem Is a restatement of Lemma 
(4.1 ). The second part of the theorem Is an Immediate consequence of 
Lemma (4.2) and Remark (4.3). For since q = l, the implicit function 
theorem assures us that Equation (4.13) has a real solution analytic 
in E at E = 0 with t ^ (O ) = a ^ . 

COROLLARY (5*1 )• If the conditions of Theorem (5.0 are 
satisfied and 

(5.3) 2aj(o) f 0, a.{0) f + a^{0) (mod m), j / k, j, k = 1, 2, ..., [i; 

then all of the AC solutions of (4.1 ) are bounded 
for |e| < Sq, Eq > 0. 

PROOF. This result follows Immediately by applying Theorem ( 5 . 1 ) 
to each of the numbers, aj, j « 1, 2, ..., ji. 



Corollary (5*1 ) coincides with a previous result obtained by 
the author [lOe]. For = n - i, this corollary has also been ob¬ 
tained by the author [lOf] without using successive approximations. For 
M * n, this result has also been obtained by M. Golomb (?]• 

Consider the system of differential equations (4.1 ) satisfying 
(4.2) and suppose that a^(o) - a^(o) = soi where s is an integer or zero 
and each oj is a real positive analytic function of e at e = 0 with 

(5.4) 2 crj( 0 ) f 0, «yj(o) i f 0 (mod oj) j 7 ^ k, j, k = 2 , 3 , ..., n. 

If j>k in (5.4) are allowed to take on all integer values from 1 to 
|i, it follows from Corollary (5*1 ) that all of the AC solutions 
of (4.1 ) are bounded for |e| sufficiently small. We now wish to de¬ 
termine additional conditions on the fimctions \|f» in (4.1) so 

that all of the AC solutions are still bounded for ]e| sufficiently 
small. 

It follows from Theorem (5.0 that there are n + |i - 4 linearly 
independent bounded AC solutions of (4.1 ) for |e| sufficiently small. 
Fiirthermore, the characteristic exponents corresponding to these solutions 
are either zero of close to one of the numbers la^, - lo^, j = 3 , 4 , 

..., n. It remains only to determine the four characteristic exponents 
close to the numbers ia., “ J “ O 2 . Consider the equivalent first 

order system (4.5), (4.6; and apply the alternative method of successive 
approximations ( 3 . 7 ) to the auxiliary equation 

( 5 . 5 ) z' = Bz + e C(t)z , 
where 

( 5 . 6 ) B « diag(lT,-lT, Kt-so)), -Kt-soi), icT^,-ia^,..., la^,-ia^, 0 ,..., 0 ), 
and the zero^^ approximation is 

( 5 . 7 ) o, o) , 

where t, a, b are undetermined complex numbers, and if t Is a function 
of e, then x is close enough to so that (5.4) is satisfied with 

02 ( 0 ) replaced by t(o) - so). 

From Lemma ( 3.1 ), for every 

r “ 1 , 2 , ..., and all complex numbers a, b. Therefore, the determining 
equations 
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(5.8) 


It - e (t, a, b, e) = ia^ 

It - e V^Ct, a, b, e) = K^g + sco) 


represent two equations for the undetermined parameters x, a. We now 
calculate the first terms of and to obtain the characteristic 
exponent t . 

Suppose the Fourier series of given by 


(5.9) 




i/a)t 




z 


j _i/CDt j 

, J, k 


1 , 2 , 


is-OO 


Prom (i^.2) it follows that each djj^^ must be either purely im¬ 
aginary or real and hj^^^ *» ^Jk,-je* 

(5.10) bjj,, = - bjl^g - dj^g = 0, j ^ k, j, k - 1, 2 , 

then sj’^ ^ = 0. Caloulating the functions j - 1, 2, ..., 

n + from ( 3 . 7 ) and (U.6), it is then very easy to show that 


S<2) . - ^ [bof{®^T) + aaj|^(T)] , 

( 5.11 ) 


where 

aj®)(T) - 0 „(o,o), 

( 5 . 12 ) " ^ 22 ^®' 


^ +00 


PuV^^1'^2^ “ X Z * 


(-) 


lc*l i«-«0 


n +» 


k»|ji+1 


* l l ’L!,.., • • '< 


( 0 ) 
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' ( + 
kji 





J-) 



Id. 


kjf 


> 




_ 

/(O + T 


V, = t, Vg = T - 30), Vj = ay j = 3, ..., u , 

and the Index / + /j In ( 5 . 12 ) does not take on the values In ( 5 . 10 ). 

In order to make the statement of the following theorem meaning 
ful, first observe that the conditions (4.2) and Lemma (4.2) imply that 
each of the numbers Is real If t is real and either p ^ 2 or 

fs) fSy fs) fs) 

p = 0 , and ' are real, > “21 purely Imaginary if 

(s) 

T is real and p = 1 , since the independent of the numbers 

dj in Lemma (4.2). 


THEOREM ( 5 * 2 ). Consider the system of differential 
equations (4.1 ) with the functions 

satisfying the condition (4.2) and having the Fourier 
series 

+00 +00 

i = -00 ^ = -00 


"Jjo 

If O 




^jks 

3 ( 0 ) ■ 


" “^jks - 0» j 5^ = 1) 2 . 

30 ), Where s is an integer or 
is a real positive analytic function 


zero and each oj 
of e at e = 0 with 2 crj(o) ^ 0 , «yj(o) + ^ ^ 

(mod 0 )), j k, j, k = 2 , 3 , *•*, ki; if the numbers 

cr . 

.(s) 




are defined by (5»12) and G(s, cr^, a) = 

^ ^ ^ ^“12 

where a * liir^_^Qe”^[a2(e) - 0^(e) + so)] is finite, 
then the following conclusions hold: 

(i) If H(s, a^) ^ 0 , [G(s, a^, a)]^ + H( 3 , ) > 0 


for 


then there exists an 


0 such that 


all of the AC solutions of (4.1 ) with the (Jj as 


above are bounded for |e| < j 
(il) if H(s, a^) ^ 0, [G(3, 
for e = 0 , then some of the AC 
with the Oj as above are unbounded for every 


,, a)]^ + H(s, ) < 
solutions of (4.1) 

^ 0 . 


PROOF. Prom the remarks preceding the statement of the theorem 
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it is sufficient to discuss the four characteristic exponents which are 
close to the n’umbers iaj, “ e 9 ^ 0 ^ the determining equations 

for these characteristic exponents are given by 

iP-(T,a,b,e) S ix + — + — a|®^(x)] - ia- + 0(€^) = 0 

' i^i 11 b 

(5.13) 

F2(T,a,t,€) s - - 0(3, (j,, o) - - ^(t) + oCe) = 0 

b a 

(a ) 

where the are given by (5-12). Any solution x, a, b of Equation 

( 5 * 13 ) yields two chareicterlstlc exponents ix, - ix* 

Suppose that the conditions of (i) are satisfied. If the in¬ 
teger p associated with system (if. 2 ) is ^ 2 , then, from the 

remark preceding the statement of the theorem, all of the numbers ) 

are real. Furthermore, from Lemma the functions , Pg in (5*13) 

are real if x, a are real and b = 1. The numbers = ty^(o), 
a^ = (G(s, a^, a) + [G^(s, a^, a) + H(s, a^)]^) • [ 2 a |2 ^ ) I*-** are such 

that P^(x, a^, o) = ®^o^ o) = 0 and the Jacobian of these two 

functions with respect to x, a at x » x^, a « a^, 6=0 is different 
from zero. Consequently, Equations (5*13) have two real distinct solutions 
X = x(e) a = a(e) analytic in e at e = 0 and 

T = 0, + -^ [“n * 0(e^)/ a - + 0(e) . 

For p = 1, take a purely imaginary, b = 1 and for p - o, take a pure¬ 
ly imaginary, b = - 1 , and apply the same reasoning. 

The reasoning for the proof of (ii) of the theorem is exactly 
the same as above except that we do not have to apply Lemma (4.2) but 
apply the implicit function theorem directly to the functions P^, Pg in 
Equations (5.13). The two x*s obtained are obviously such that one ix 
has a real part positive and the other has a reel, part negative. There¬ 
fore, the theorem is proved. 

REMARK (5.1 ). In the statement of Theorem (5*2) some cases have 
been excluded, in particular, the case where H(s, / o and the other 
expression in Theorem ( 5 * 2 ) is equal to zero. Reasoning as in the proof 
of (1) Of Theorem ( 5 . 2 ), one sees that two of the remaining characteristic 
roots are still purely Imaginary, but one cannot decide using the above 
method whether the solutions are bounded or unbounded. The other cases 
may be treated by going to higher approximations in the method. 

Theorem ( 5 . 2 ) gives some insight into the behavior of the so¬ 
lutions of (4.1 ) near the resonance point ar^(o) - 0 ^( 0 ) ■ so). More 
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specifically, if or^, Oy are fixed and say independent of e, 

if the conditions of Theorem (5-2) are satisfied and H(s, ) / o, then 
all of the AC solutions of (4,1 ) are bounded for e sufficiently small 
along the curve <^2 “ - so) + e^a in the (vg, e) plane if the dis¬ 

criminant D(a) » [G(s, a^f a)]^ + H(s, ) > 0 and some solutions are 
unbounded along this curve for every e ^ 0 if D( 0 )<O. Furthermore, 
if H(s, 0 ^ ) > 0, then D( 0 ) > o for every 0 and the AC solutions 
of (4,1 ) are bounded along every curve <^2 “ ^ 

(<^2* plane for e » 6 ( 0 ) s\jfficiently small. On the other hand if 

H(s, 0 ^) < 0, then there exists two 0 *s such that 0 ( 0 ) * 0. If these 

two 0 *s are distinct then there is a region in the neighborhood of the 
point ( 0 ^ - scD, 0 ) of the ( 02 , e) plane where some solutions are un¬ 
bounded no matter how small e ^ 0 . These results are summarized in the 
following theorem. 

THEOREM ( 5.3 )• If the conditions of Theorem (5*2) are 
satisfied and 0 ^, Oy j * 3, 4, ..., n, are fixed 
numbers independent of e, then 

(1) H(3, 0 ^ ) > 0 for e = 0 Implies that the 

AC solutions of (4.1 ) are bounded in a sufficiently 
small neighborhood of the point ( 0 ^ - so), 0 ) in the 
( 02 # e) plane: 

(11) H(s, 0 ^) < 0 for e = 0 implies that some 

of the AC solutions of (4.1 ) are unbounded in every 
neighborhood of the point ( 0 ^ - scu, 0 ) of the 
( 02 , e ) plane. 

REMARK ( 5 . 2 ). Theorems ( 5 * 2 ) and (5*3) deal only with the case 
0 ^( 0 ) - 02 ( 0 ) » 30). The same type of analysis could be used to discuss 
the resonance points 0 ^( 0 ) + 02 ( 0 ) = sm. The essential element of the 
argument was (5«11) and Lemma (4.2). It should be clear that a statement 
simileu? to Lemma (4.2) is true for the more general situation where 
0j(o) + <^ 1 ^( 0 ) “ ^jlc ^ integer or zero, j, k e T^, ^ ^ 

mjj^o), mjj^ an integer or zero, J, k € Tg, where T^, Tg are subsets of 
the set of Integers ( 1 , 2, ..., h), if the matrix B in (4.7) is chosen 
properly and the numbers t satisfy a condition similar to (4.7). That 
the fiinctions S^, 3^ have the form (5*n ) when 0 ^( 0 ) + 02 ( 0 ) = so), 

20j(o) ^ 0 , crj(o) + ^ ° j j# k = 2, 3, •••# follows 

immediately from the method of successive approximations. With the 
generalization of Lemma (4.2) mentioned above, one can discuss the region 
of stability and instability of systems (4.i) when any of the numbers 0 j 
are *’in resonance" with co. However, the results in general cannot be 
stated explicitly as in Theorems ( 5 . 2 ) and (5*3) since the determining 
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equations are extremely complicated. 

REMARK ( 5*3 )• As remarked in the Introduction, if ii = n in 

( 4 . 1 ) , Y = 0, axid ♦ is symmetric, J. M. Gel'fand and V. B. Lidskli [ 14 ] 

and J. Moser [ 13 ] have shown that only the points aj + “ moj, ^ 

may lead to unbounded solutions. On the other hand, for systems ( 4.1 ), 

( 4 . 2 ) , Theorem (5.2) Implies the behavior of the solutions at the 

resonance points = sw depends upon the value of a certain 

discriminant. Therefore if n = n, Y = 0, 4 is symmetric and also satis¬ 
fies ( 4 . 2 ), it must be true that the function H(s, cj^) in Theorem ( 5 * 3 ) 
is > 0 for e = 0. This is indeed the case; for the functions in 

(5.12) are given by 


“11 A L ^^k' “12 - I L "2°k ’ 


k=1 i=- 


k=l i=-w 


(5.111) 


..( 3 ), , V V '^kiA2,i+3 „ . „(3), . V V I°k2,/+3i . 

“21 = A A -22 - A A 


. 1+3 I 


k=*i i=-<» 


k=1 ia-00 


where ^ ^k^^ v.j = t, = t - so), = ffj^, k = 3 > 4 , ..., 

n. Consequently, 




qnd H(s, ) > 0 for all s if ofj2^(o^) ^ 0. Actually, all that we 
have required to obtain boundedness at a.j - ag = su) is ® *^k1^ 

(p^k = 9 j^ 2 ' k = 1, 2, ..., n. To obtain boundedness at ell of the points 
- 0^ = soo, j / k, j, k = 1, 2, ..., n, the matrix ® must be symmetric. 

In case « is not symmetric, thbn some solution may not be 
bounded for an e ^ 0 . For example, consider the system ( 4 . 1 ), ( 4 . 2 ) 
with n = n = 2, If s 0, a., =02(0), independent of e. 


2p cos t 2 cos t 


2q cos t 2r cos t 


Prom (5.12 ), ccjg ^(a^ ) = ^(p + r), ^ ^ + r), $ » ( 4 a^ - 1 ) 

for e = 0. Therefore, from Theorem 5*3 the AC solutions are bounded in 
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a neighborhood of the point {a^, o) in the e) plane for e 

sufficiently small If p + rj/o, q>0, and some solutions are unbounded 
In every neighborhood of this point If p+r/o, q<o. 

As another example, consider system ( 4 .i ), ( 4 . 2 ) vlth n = n = 2, 
Y s 0, cr^ - ffg(o) * 1, Independent of e, 




2p cos t 2 cos 2t 
2q cos 2t 2r cos 2t 


Prom (5.12), a|2^(a^) = p(ct^ - 1 )“\ of^] ^(a^ ) = eqa“\ p = 2p(l + 2(y^ )“^ 
for e = 0. Therefore, from Theorem ( 5 * 3 ) all of the AC solutions are 
bounded In a neighborhood of the point (tr^ - l, o) of the (og, e) 
plane for e sufficiently small If P 7^ 0 , > 1 , q > 0 , and some 

solutions are unbounded In every neighborhood of this point If p 7^ 0, 

(J, > 1, q < 0. 

The following theorem concerns the behavior of the solutions of 
(4.1), (4.2) with M = n when one of the ex’s approaches zero as e 
approaches zero. 


THEOREM (5.4). Consider the system of differential 
equations of order 2 n, 

(5.15) y” = ry = e ♦(t)y + e ^(t)y* 

where e > 0, D = dlag(€a^, a^), ® 

1 are n x n real matrices whose elements cp^j(t), 
i|rij(t) are periodic In t of period T «= 2n/a), 

L-lntegrable In [O, T] and have mean value zero; 

^ k = 1, 2 , where 

are matrices of the same dimension and 

( 5 . 16 ) “ (-1 

j, k = 1, 2 . 

If (jj > 0 , j = 1 , 2 , n, 

(5.17) 2 aj^ f 0 , i ^ J / k (mod Oj), j = k, j, k = 2 , 3 , n., 

[If the ffj are analytic functions of e at e = 0 , 
then In (5*17) Is replaced by <yj^(o)], then there 
exists an Eq ^ ^ absolutely 
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continuous (AC) solutions of ( 5 * 15 ) are bounded 
for 0 < e < Sq (notice this is not ti*ue for e = 0 ). 
Furthermore, the characteristic exponents of ( 5 * 15 ) 
are analytic functions of Ve at e = 0 . 

PROOF. By using an elementary argument, we show that there are 
2 n -2 linearly Independent boimded AC solutions of ( 5*51 ). This same 
result could also be proved by the method of successive approximations. 

The characteristic exponents are only determined up to a multiple of 

0)1, but without loss of generality we may assume that the 
k = 3 , ..., 2 n are such that 

j = 2 , 3 , ..., n. From the Floquet theory condition ( 5 * 17 ) assures us 
that these functions k = 3 > •••f 2 n, are analytic in e at 

6=0 and 

'r 2 j^-,(e) = ^ 2 ^.( 6 ), j = 2, 3, ..., n; 

(5*19) Tj ^ 0 , ^ Tj^(raod 0 ) 1 ), j k, k = 3 ^ •••# 

0 < e < 6 ^, Eq > 0 , 

provided only that is sufficiently small. If y(t) is a solution of 

(5*15); thei?e exist, from ( 5 * 16), a nonsingular matrix P such that 
Py(-t) is also a solution of ( 5 * 15 )* This, together with ( 5 * 18 ) implies 
that each k = 3, 2 n, is purely imaginary and this obviously 

implies the existence of 2 n - 2 linearly Independent solutions of ( 5 * 15 )* 

It does not seem possible to obtain the other two characteristic 
exponents by such an elementary argument so we apply the above method of 
successive approximation. 

The transformation of variables y^ = (2iaj )"^ 
yj = 2 '“”'(z2j_^ - 3 , •••7 n, y^ = z^, yj = =*/*e, leads 

to the equivalent system of first order equations 

(5,19) z' = Az + XC(t, \)z 

where A * diag(o, 0, lag, - iOg/ •••, ^ k = 

1, 2, ..., 2n, 
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°21 = ^11 - 
°22 1 

= 2, 3, n , 

(5«20) ^2]Cf^ ~ "* k = 2, 3; ^ ~ 2^ •••} 2n , 

°2k-l,l ° “2k-1,2 “ ^^♦k,!' k = 2, 3, ..., n , 

°2j-1,2k-1 = ♦jk^' °2j-1,2k ' ^ - ’•'jk^' 

j, k=2, 3>«»»^n • 

To obtain the two characteristic exponents close to zero, we apply the 
first method of successive approximations to obtain a solution of the form 
z = e^*^^p(t), p(t + T) * p(t), where t is a real number. The equation 
for p(t) is 

(5*21) p' = (A - itDp + \ G(t, X)p . 

If T is close enough to zero so that 

(5*22) i k = 2, 3, •••> n; m = 0, l, 2, ... , 

then the method of successive approximations may be applied to the 
auxiliary equation 

(5.23) p' = Bp + X C(t, x)p 

where B = diag(0, O, l(a^ - t), - i(a 2 + t), ^ 

and the zero^^ approximation is taken to be 

(5.24) p^°^ =.x^°^ = (1, lb, 0, 0) 

where b is a nonzero real number. The functions x^^^ obtained in this 
manner are periodic of period T = 2rt/a). If x^^^(t) has the Fourier 
series 

(5.25) x^^^(t) ~ z B^^^ 

(r) 

where is a 2n dimensional column vector, then we show by induction 

that 


"11 


0, 0,2 - 1, C,_J= 0, j = 2, 3, 2n, 


2,2j-1 “ ♦ij °2,2j ' ■ ♦l j •) 
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4^) = col (4^-^ i4^^ i4^), 45>), k = 0, i 1, i 2,; 


( 5 . 26 ) 


r = 0 , 1 , 2 , 


where are real scalars, ^ 3 ^ is a 2 n - 2 dimensional 

real vector and is a 2 (n - ^) dimensional real vector. The 

assertion is clearly true for r = o. Assume that it is true for 
r = 0, 1, 2, V - 1. Then from the definition of the Cjj^ in (5.20) 

and the assumptions on the cp..^, of the theorem, it is clear that 

C(t)x^^^(t) ~ z where 


(5.27) 


. =ol i45>. 


and the real vectors have the same dimension as the From 

( 3 . 6 ) and (5.24) 

( 5 . 28 ) S.^^^ Sp^^ are purely imaginary, r = 1 , 2 , ..., v . 


It is now very easy to show from (3.7), ( 5 . 27 ), (5.28) that ( 5 . 26 ) is 
true for r = v and the induction is completed. Consequently ( 5 . 28 ) is 
true for all r and the determining eq\iations 


( 5 . 29 ) 


are purely imaginaiy. 
that 


It = 

It = 


( 1 ) . A( 2 ) 


XS 


xs^’) - x2s<2) ... 


Furthermore, it is immediate from ( 3 . 6 ) and (5.24) 


s|^ ^ = ib, S^^ ^ 


2 

lb 


and for \ ^ 0, the determining equations ( 5 . 29 ) become 


( 5 . 30 ) 


T = l\b + 0(\^) 


b - Ilf = 0(x2) . 

b 


For \ = 0, these equations have two solutions t = 0, b » + and since 
the Jacobian of the functions t, b - a^b”\ with respect to b, t Is 
0 at each of these solutions, it follows from the implicit function 
theorem that there a,re two solutions of ( 5 . 30 ) analytic in \ at X = 0 
and the solutions are given by 
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T = + iXa^ + O(X^) 

b = + cj^ + 0 (x) , 

where t is piirely imaginary and b is real* These two solutions lead 
to two linearly independent solutions of (5*15)* These solutions together 
with the 2n - 2 mentioned previously will form a fundamental system of 
boiinded AC solutions of (5*15) and Theorem (5*4) is proved. 

§6. ZONES OF INSTABILITY FOR SYSTEMS OF 
MATHIEU TYPE EQUATIONS 

Consider the equation 

n 

(6.1) Xj + ajXj + 4e(cos 2t) ) ^ n , 

k=l 


where e is a real parameter and djj^, j, k = i, 2, n, are 

real constants. If ..., are the characteristic exponents of 

(6.1) and pj = j = i, 2, ..., 2n, are the characteristic multi¬ 

pliers, then the pj are the solutions of a polynomial equation, 

(6.2) F(p) ” n (p ■ 2AjP + Bj) , 

j=1 

where the Aj, Bj are real numbers and Hj _ ^ Bj = i. If o ^, ..., 
are analytic functions of e at e = o, 

(y.|(o) = m, m a positive integer , 

(6.3) 

2 (jj(o) ^ 0 , Pj + ^ 0 (mod 2 ), j ^ k, k = 2, 3^ •••> f 

then it follows from Theorem (5*1 ) that 2n - 2 of the characteristic 
exponents are purely imaginary, say t^, ..., Tg^, and 

T 2 j.i(o) = Ipj(o), j = 2, 3, ..., n, for le| sufficiently 
small. Therefore, |pjl = i, j = 3, 4, ..., 2n, and Bj = i, |Aj| < i, 
j * 2, 3 , •••, n. Since Bj = i, B^ = i and 

n 

p(p) = n (p^ - 2AjP +1) , 

j=i 


(6.U) 
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The remaining characterietio multipliers p^, Pg will have absolute value 
less than one if and only if |Aj < i and have absolute value greater 
than one if and only if |A| > i. Consequently, the transition curves in 
the (<y^, e)-plane from stability to instability will occur when A^ = + 1 
or A^ = - 1. But this implies that p^+p 2*+2 or p^+p 2 »- 2 , 
i.e., there is a periodic solution of (6.1 ) of period it or 2ir . These 
comments are generalizations of the well known facts for the Mathieu 
equations [11]. 

The purpose of the present section is to determine the nature 
of these transition curves for system (6.1 ) satisfying condition ( 6 . 3 ). 

To obtain these curves transform system (6.1 ) into an equiva¬ 
lent system [see (3*12 )]• 

( 6 . 5 ) z' = Az + le(e^^^ + )Dz 


where 

( 6 . 6 ) 


A = dlagda^, - 


D = 


icr^, ..., 

■ '^jk ■ ‘^jk 


la^), and 


n . 


The alternative method of successive approximations is now 
applied to the auxiliary system 


(6.7) 


= Bz + ie(e 


2it 


e”^^^)Dz 


where B = diag(lm, - Im, lag - icig/ •••> ^ ^ positive 

integer, and the zero^^ approximation is given by 

(6.8) z(°’ = x<°> = o, o) 


and b is a real number. Prom Lemma (4.2), we know that the functions 
Vj obtained from the successive approximations are purely imaginary. Con¬ 
sequently, the determining equations for e ^ 0 are equivalent to the 
equations 


( 6 . 9 ) 


m - el [V^(m, a^, b, e)] = 

1 [V^ (m, a^, b, e)] + I [V 2 (m, a^, b, e)] = 0 . 


Since m is fixed, equations ( 6 . 9 ) may be used to determine and b 

as functions of e for |e| sufficiently small and the corresponding 
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function = ty^(e) vlll be a transition curve in the (cr^, e)-plane near 
the point e = 0 , = m. Therefore, the only thing that remains to be 

done is to find the first nonzero terms of and Vg containing b 

and solve equations ( 6 . 9 ). 

First, it is clear that Xj ^(t), j = 1 , 2 , ..., 2 n, for all 

Z, contains only terms of the form p = 0 , + 1 , 

..., + £. Let 


^ g-l(ni+ 2 p)tj ^ 

P=-i 


for all 


( I) (e) 

z, where constants. 

We now show by.induction that 


( 6.11 ) 


4 ^ 2 j-i “ j = 1 . 2 , n; 


P = 0, + 1; 


i i; i = 0, 1, 2, 


m - 1 


where the constants independent of b. For k = 0, 

the constants al°], c3,° ] satisfy ( 6 . 11 ) for all p, j. If the constants 

a^^j, c^^j satisfy ( 6 . 11 ) for all p, j and ^ = 0 , 1 , 2 , ..., v - l, 
then the "terms ^ in ( 3 . 6 ) are given by 

4'’ = i X '^ik X (4!2k-i" 4!2k’) ' 

p=-i,i 


k=i 


( 6 . 12 ) 


^2 “ - ib 2 ^ ^ik 2 ^ ^°p, 2 k-i °p> 2 k ^ 


k=i 


p=-i,i 


i = 1, 2, 


if V < m and are independent of b. From the definition of 

Xj^^ in ( 3 . 7 ), it now follows immediately that the coefficients 

c^^] satisfy ( 6 . 11 ) for all v < m. Therefore, ( 6 . 12 ) is also satisfied 
P^ j 

for all V < m. 
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Prom ( 3 . 6 ) and ( 6,11 ), 


,(in) 


ii. 

^ I _ Zi ^,2k ^ °-(m-i),2k-l 

.(m-i) 1 

^-(m-1 ),2k J 


p=-l,l 


(6.13) 


. 3(“) = Kb - b-' ) y d,. f .(m -1 ) , ^(m -1 ^ 1 

^ ^ L [ ®'-(in-i,2k-i ®'-(m-i),2k J 

k-l 


where this last expression Is independent of b. If we define 7 ^ by the 
relation s|®^ + » l(b - b”^ ) 7 ^jj> then It Is a simple calculation to 
show that 


(6.14.) 


m -1 

n 

Kq-I 


1.1 

Z 


2d, 


'k k k 
^iN-H ^i + 1 


(m-2i-a)®-o® 


Vi'' 




where = m In this expression. 

Consequently, for e 0, the determining equations ( 6 . 9 ) ajpe 


( 6 . 15 ) 


« m - el (V^ (m, a,, b, e)] 
7 ^(b - ,b"^) - 0(e) . 


If 7 uj ^ 0 for e - 0 , then these two equations have two dis¬ 
tinct solutions <y^ = m + 0(e), b - + i + 0(e), where the two curves 
* cy^(e) coincide up to terms of order e®"\ We have proved the 
following theorem. 


THEOREM ( 6.1 )• Consider the system of equations ( 6 . 1 ) 
satisfying ( 6 . 3 ). If 7 ^ defined by (6.l4) Is differ¬ 
ent from aero, then there are unbounded AC solutions 
of ( 6.1 ) in every neighborhood of the point (m, 0 ) In 
the (a^, e)-plane, where m is a positive integer. 
Furthermore, the transition curves in the (a,, e)-plane 
from a region of stability to instability coincide up 
to terms of order . 
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COROLLARY ( 6.1 ). There are unbo\anded solutions of the 
Mathleu equation x" + a^x + 4 e(cos 2 t)x = o in every 
neighborhood of the point (m, o) in the {a, e) -plane 
for every positive integer m. 


PROOF. In this case ( 6 .i 4 ) Implies 7 ^q(o) ■= [- (m-i )1 ]“^ 4 

for every positive Integer m. 

COROLLARY (6.2). Consider the system of equations 
(6.1) satisfying condition (6.3) and suppose that 
djj^drs ^ 0 for every j, k, r, s, at least one 
djj^ is 4 0 , and > M, k = 2, 3, ..n, M 
a positive integer. There are unbounded solutions 
of (6.1 ) in every neighborhood of the point (m, 0) 
in the (a^,e)-plane for every positive Integer 
m < M + 2. 

PROOF. In this case (6.1 4 ) Implies 7 -^ ^ ^ if at least one 

djj, 13 0. 

In case then there still may be two distinct 

solutions to the determining equations (6.9). It should be clear from the 

proof of relations (6.11) and (6.12) that if the first which de- 

th J 

pends on b occurs in the m^ approximation, then relations (6.12) are 
valid for v = m^ - 1, and (6.13), ( 6 .i 4 ) will hold for m = m^ and the 
determining equations (6.15) for m = m^ will have two different solutions. 
Therefore, Theorem (6.1) will hold for ra = m^. In case is in¬ 

dependent of b for every i, then the determining equations (6.9) will 
always have only one solution = cy^(e) which is independent of b. 
Therefore, there are two linearly Independent periodic solutions along 
this curve and the AC solutions are bounded in a neighborhood of the 
point (m, 0) in the (a^, e)-plane. 
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V. ON THE STABILITY OF PERIODIC SOLUTIONS OP WEAKLY 
NONLINEAR PERIODIC AND AUTONOMOUS 

differential systems 

J. K. Hale 


§ 1 . INTRODUCTION 


Consider the system of differential equations 


( 1 . 1 ) 


x" + Ax = e f(x, X*, e, t) 


where e Is a small real parameter, x = (x^, x^), A *= dlag(a^, 

a^), and the vector f » (f^, ..., f^) is periodic In t of period 
T * 2 «/cu. For e small, and certain conditions of smoothness on f, 
various methods have been given for the determination of periodic solutions, 
XQ(e, t) of (1.1) of the form 


( 1 . 2 ) 


Xjo(o^ t) = aj cos(rja)t + <Pj)^ j = l^ 2 , 

Xjo(o^ t) = 0, j = + 1, ..., n , 




where each Is a real number and each ^ rational 

nijmber, j » 1 , 2 , \i (for example, see [ha, Section (8.5)] and [ 4 b]. 

If the partial derivatives of fj with respect to Xj^, x^ exist, the 
standard procediire for determining whether or not such a solution is 
stable is to discuss the solutions of the linear variational equation 


(1.3) 


Sf(x ,x»,e,t) 

Ay = e - y + e 

3 x 


^f(xQ,x^,e,t) 


y' 


where hf/hx, bf/bx^ are matrices defined by ^f/ 8 x = (bf -/bx-^), bf/bx^ «= 
» (afj/ 3 xj^), j, k = 1, 2 , ..., n. The coefficients in (1.3) are periodic 
of period mT, m = m^...my, T = 2 jt/a). If all of the characteristic 
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exponents of system (1.3) have negative real parts, then the solution 
(1.2) of (1.1) Is asymptotically stable for e sufficiently small 
([Liapunov, 9 ])• 

Prom the Ploquet theory [ 5 , P* 781 ^ the characteristic exponents 
of system (1• 3 ) are obtained from the eigenvalues of a 2 n x 2 n matrix, 
which depends upon a fundamental system of solutions of (1.3)' Suppose 
that the coefficients In (1.3) are such that the characteristic exponents 
are continuous functions of e at e = o. Some of the properties of the 
characteristic exponents of (1.3) can be obtained by using the fact that 
they are continuous functions of e at e = 0 and are only determined 
up to a multiple of col/m. In fact, the characteristic exponents can be 
groux)ed Into sots S^, which are disjoint for all e, 0 < e < e^, such 
that each S^ satisfies one of the following properties: ( 1 ) con¬ 

tains more than one characteristic exponent all of which are equal to 
zero for e * O; ( 11 ) 5 ^ contains more than one characteristic exponent 

all of which are equal to a complex or real number ^ 0 for e = 0 ; 

( 111 ) Sj_ contains only one characteristic exponent. Purthermore, If 
there exists an which satisfies ( 11 ) there Is a set Sj (which may 

coincide with S^) whose characteristic exponents are the complex con¬ 
jugates of those characteristic exponents of S^. Even with this more 
detailed Information about the characteristic exponents, it does not seem 
possible to use the Ploquet theory directly to reduce the order of the 
2 n X 2 n matrix from which the exponents are obtained. 

Por e sufficiently small and using the method of successive 
approximations developed by L* Cesarl, J. K. Hale and R. A. Gambill in 
a series of papers (see [ 4 ], Section ^.5 and 8.5), it was shown In [8] 
that the characteristic exponents of (1.3) vhlch belong to any one of the 
sets Sj above, say S, are determined by the eigenvalues of a p x p 
matrix where p Is the number of elements In S, provided that all of 
the eigenvalues of this matrix are distinct for |el sufficiently small .^ 
Purthermore, this matrix of order p can be written explicitly in terms 
of the coefficients in (1.3)* In particular, for p = 1, this charac¬ 
teristic exponent can be obtained directly from the method. The purpose 
of the present paper Is to Illustrate the application of some of the 
results of [ 8 ] (see Lemmas 2.1 and 2.2) to the stability problem. We 
state some explicit stability theorems in § 3 > and give a few examples. 

In §3, under the assumption that each fj in (1.1) is analytic 


Added in proofs; Since writing this paper, the author has become 
aware of some other recent literature on this same problem in which 
similar results have been obtained (see [13]^ [i^])- 
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in X, x', e aJid satisfies (2.2) these ]:*esults are applied to systems 
(1.1) (and even more general systems) to determine a nimiber of sufficient 
conditions for asymptotic stability (see Theorems 3 *i> 3 * 2 , 3 * 3 )* Using 
the same method, Theorem 3 -i had already been proved by H R. Bailey and 
R. A. Gambill [ 3 ] for the case where ii = n in (1.1), (1.2). As a 
corollary of Theorem 3.2 one obtains a result proved by L. Mandelstam 
and N. Papalexl [10] using another method for the case where n » n = 1 
in (1.1 ), (1.2). 

In §U, these same methods are applied to the linear variational 
equations for a periodic solution of an autonomous nonlinear differential 
system to obtain a number of sufficient conditions for asymptotic orbital 
stability (see Theorems l+.l, 4 . 2 , 4 . 3 )« In his thesis at Purdue University, 
E. W. Thompson [12] has obtained Theorem 4.2 by first eliminating the 
zero characteristic root of the linear variational system and applying 
the method of successive approximations mentioned above; in particular, 
the results of H. R. Bailey and L. Cesari [ 3 ]* Theorem ( 4 . 2 ) is ob¬ 
tained in this paper by the above method in a more straightforward way. 

A special case of Theorem ( 4 . 2 ) is the following result which seems par¬ 
ticularly significant. Consider the system of second order equations 

(^.k) x] . a^x. - e fj(x,, x„, x,’, x^), j = l, 2, n , 

where 2 a ^ 4 <Xj + / ma^, j / k, j, k = 2, 3, ..., n; m = 0, +1, 

+ 2, ... and each fj is analytic in x,, Xj for |xj| ^ b, |Xj| < b, 
b > 0. and suppose that t) = t + 2jt/a)), j = 1, 2, ..., n; 

05 = cT^ + o(e), is a periodic solution of (i. 4 ) and is analytic in e 

at e = 0 with x^q(o, t) = a cos(a^t + cp), Xj^q(o, t) = o, k = 2, 3; •••, n, 

where a, cp are real numbers . If 


( 1 . 5 ) 


2Tt 

/ 


f^.„,(a cos t, 


0 , 


a (j^ sin t, 0 , 


o)dt < 0 


j = 1, 2, ..., n , 


then this periodic solution of (i. 4 ) is asymptotically orbitally stable 
in [Iq + «], 0 < e < Cq, Eq > 0. This result was obtained oy A. Andronov 
and A. Witt [1] for n = 2, by evaluating the characteristic polynomial 
of a matrix of order four. The result above for arbitrary n is proved 
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by the above method and the properties of the characteristic exponents 
without evaluating any determinants. 

In §3 and § 4 , the nonlinear functions in the differential equa¬ 
tions are assumed to satisfy a certain condition of analytlclty. It is 
shown in §5 that it is sufficient to require that these functions possess 
continuous second derivatives. 

Throughout the present paper, the following notations are used; 
i « •/"-I j a is the complex conjugate of a; R(a) is the real part of a; 
1 (a) is the imaginary part of a. Also is used to denote a 

sufficiently small positive number. 

§ 2 . DEI^INITIONS OF STABILITY 
Consider a system of differential equations 
( 2.1 ) X* = q(x, t) 

where q « (q^; ••q^) is a continuous vector function of the real 
vector X « (x^, ..., x^) and the time t and suppose that (2.1) satisfies 
a uniqueness condition in a region R of the (n+l)-dimenslonal (x, t) 
space. A solution x (t) « x(t, x^, ^o ^ ^ ^ of (2.1 ) with 

X (to) = Xq Is said to belong to R if [x (t), t] is an interior 
point of R for every t ^ t^. A solution x (t) = x(t; x^, t^) is 
said to be asymptotically stable (to the right) if there exists a 6 > 0 
such that ( 1 ) every solution x(tj x^, t^) exists for all t ^ t^ and 
belongs to R if l|x^ - x^H < 8 ; (il) llx(t; x^, t^) - x(t; x^, to)|| 

-> 0 as t -« if llx^ - XqII < 6 , where |lx|| = |xj|. 

Suppose now that .q(x, t) in (2.1) is periodic in t and the 
solution X (t) is also i)eriodic and the second partial derivatives of 
the functions qj, j = 1 , 2, ..., n, with respect to x^^, k = 1, 2 , n, 

in the region R of (x, t) space. Then the linear variational equation 
for the solution x is given by 

(2.2) y* * Q(t)y, Q(t) ■ ^^^j/^^k^x=x*^ k** i, 2, n , 

where Q(t) is periodic in t. We need the following known theorem. 

THEORM 2 . 1 . If q(x, t) satisfies the above conditions 
and the characteristic exponents of (2.2) have negative 
real parts, then the periodic solution x (t) of (2.1 ) 

Is asymptotically stable to the right ([Liapunov, 9 ], 
see also [ 5 > p. 3 l 4 ]). 
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If system (2.1) is autonomous, 1 .©., x' * q(x), then any 
periodic solution x (t) defines a closed curve C in the n-dlmensional 
x-space, If d(x, c) denotes the distance of a point x in 

from the curve C in then the solution x (t) is said to be 

asymptotically orbitally stable (to the right) provided, given e > 0 , 
there exists a B > 0 such that every solution x(t) with dCxCt^), C) < 

6 for some t^ implies d(x(t), C) < £ for t ^ t^ and d(x(t), C) —0 
as t -+ 00. 


THEOREM 2.2. If x*(t) is a periodic solution of 
the autonomous system x* = q(x) where each component 
of qj has continuous second derivatives in a region 
R of Ej^, and n - 1 of the characteristic ex¬ 
ponents of the linear variarlonal equation for 
X (t) have negative real parts, then the solution 
X (t) is asymptotically stable to the right. [ 5 , 
p. 323 ]. 

§ 3 * PERIODIC DIFFERENTIAL SYSTEMS 
Consider the periodic system of equations 

" “f] * ’’h ■" j •••' “ ' 

(3.1) 

j “ " t), j ^ ^ + 1, n; i t < . » , 

where £ > 0 is a real parameter, x = -(x^, ..., x^^), x' « (x’, ..., x^), 
each f j is real and analytic in a neighborhood U of the origin of the 
(x, x’, e) space; the power series expansion of each fj in U has co¬ 
efficients periodic in t of period T = 2 n/(x>, L-lntegrable in [ 0 , T], 
and there exists a function T](t), L-integrable in [ 0 , T], such that 

(3.2) ^ j = 2, ..., n , 

for all (x, x', e) in U. The parameters ocy aj arj real, analy¬ 
tic functions of e, 0 < £ ^ e^, Eq > 0 ; r^Ce) * ( 4 cyj “ 
j » 1 , 2 , ..., \x, 0 ^ £ ^ Eq. Furthermore, we define numbers py 
j = 1, 2, ..., n + n, by the relations 

P2j-i “ * ^2y * “ Pj > 


(3.3) 


J=n+i, •••, 


n • 
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The system of periodic differential eq\iatlons (3.1 ) satisfying all of the 
above conditions shall he referred to as system (3 • 1) • Notice the vectors 
7 L, X* used above do not have the same dimension. 

Suppose there exists a real periodic solution, X(e, t) * 

(X^, X^), of system ( 3.1 ), analytic In e for 0 ^ e < e^, Eq > 0 

with 

Xjq = Xj( 0 , t) =* aj cos (rjoit + j = 2 , v; v < ^ , 

( 3 .U) 

^jo ® t) = 0 , J = V + 1 , n , 

where aj, cpj are real nimbers, rj = relatively prime 

positive Integers, j = 1, 2 , ..., v, and X(£, t + mT) = X(e, t), 

T * 2 n/cD, m = m^.-.m^. Many methods have been given for obtaining such 
periodic solutions (for example, see [ 4 a, Section 8.5] and [ 4 b]). 

(3.1), 

(3*5) Xj=Xj+yj,J=l,2,...,n , 

then the linear variational equation for yj is 

n \i 

yj’ ^ “jyj ^ "jyj - ® I ^" X j - ^, 

k=l k=l 

(3.6) 

yj ^ ^jyj “" Z i fjxfk' J = ^ ^ ' 

k*l k«l 

where 

and X * (X^, ..., X^), X* « (X», ..., X^). Each of the coefficients of 
yj^, yj^ in ( 3 - 7 ) is periodic in t of period mT * 2Km/ca. 

The transformation of variables 

yj ■ + Zgj), yj - (2i7j)-’(Paj_iZ2j., + PajZgj) , 

(3.8) 

J - 1, 2, ...» p, yjj - k = p + 1, ..., n , 
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leads to the equivalent system of first order equations 
(3«9) z' “ A(e)z + e C(t, e)z 

where A = diag(p^, the pj are defined hy (3*3)# and 

c - (Ojjj), J, k . 1, a, n + , 

®aj-i,2k-i ” °2j-i,2k ' " °2j-i,2k-i ' 

k = 1, 2, p; 

°2j-1,^+h “ h = n + 1, .... n; / • 1, 2, n + ^, 

(3»10) 

°p+h,2k-l “ ^^^k ^ ^2k-i^hx^^' °p+h,2k “ “ °p+h,2k-i ' 

k= 1, 2; •••; Pj 


Vh,«+/ ' ^ + 1. •••. n; h . M + 1, 


and the functions fj^ , fj^, are defined by (3.7)* 

In the sequel, we need the following known results. 


T.TiMMA 3.1. (J. K. Hale [8, Theorem 2.1]). Consider the 

system of differential equations (3.9)' with C(t + raT, e) = 

C(t, e), T = 27t/<i), m = m^.-.m^. Suppose that a>* = to/m, 

Pj(o) - Pij(o) = ^jk integer or zero, 

(3.11) ® 2, •••, pj 

Pj(o) f Pj^(o) (mod <0*i), j = 1, 2, ..., p; k = p + 1, ..., n + p, 

and define the p x p matrix G = H - D, D « 
diag(d^, •••, H = ^ 2, ..., p, 

where 
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If Is a simple characteristic root of the matrix 

G and the corresponding eigenvector has no zero com¬ 
ponents, there is a characteristic exponent T(e) of 
(3»9) which is analytic in e for o < e < and 

( 3 . 13 ) t(e) - p,(0) + e + 0(e®) . 

COROLLARY 3«i« Consider the system of differential 
equations (3*9) with C(t + mT, e) » C(t, e), 

T = 2Jt/cD, m = m^.-.m^. If < 0 * = oj/m and 

(3.1^) ^ a>'i)> ^ ¥ j> k = 1 , 2, n + \x , 

where j is a fixed integer, 1 ^ j < n + n, there 
is a characteristic exponent of (3«9)> tj = 'rj(e)j 
analytic in e for 0 ^ e < with 

T 

(3*15) f O(e^) . 

o 

LEMMA (3*2) (J, K. Hale, [8, Theorem 3«il)» Consider 
the system of differential equations (3*9) with 
C(t + mT, e) = C(t, e), T = 2jt/aj, m = ra^.p.m^. 

Suppose <o’ = 03 /m, 

P2j-1 " ^2y ^ 

“ P2k-1^°^ "" mjj^co*!, m^^ and integer or zero, 

(3.16) j, k = 1, 2, ..., p ; 

Pj(o) ^ Pk(o) (mod Cjo'i), j = 1 , 2 , ..., 2 p; k = 2 p + 1 , ..., n + \i, 

and define the p x p matrix G = H - D, 

L s= diag(d^, ^ 3f ^ ^•••» P# 

where 


ij = llm^ e"^[P2j^^(e) - ^ ^ 


, 2, • • • , p 


(3.17) 


hjj^ = (mT) 


-1 l(m^.-m.. )a3't 

f ®2j-l,2k-l ' 


, . • •, p • 


j, k - 1 , 2 
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If Xq Is a simple characteristic root of the matrix 
G and the corresponding eigenvector has no zero com¬ 
ponents, then there are two characteristic exponents 
T, T of ( 3 « 9 ) analytic in e for 0 ^ e < Eq and 

(3.18) T(e) = p^(o) + ^ • 

Prom the Floquet theory [ 5 > p» 78 ] the characteristic exponents 
of system (3*9) are obtained by finding the eigenvalues of a matrix of 
order 2n. Ve shall illustrate by means of a few theorems how Lemmas 3.1 
and 3.2 can be of assltance in reducing the order of this determinant. 

More specifically, if there are p of the characteristic exponents close 
to the origin in the complex plane, then they will be obtained from the 
eigenvalues of a determinant of order p. If the remaining characteristic 
exponents are Isolated for all e, 0 < e < e^, then they will be ob¬ 
tainable immediately from Corollary 3 * 1 . If there are say 2 p character¬ 
istic exponents which are two by two complex conjugate none of which are 
close to the origin in the complex plane, and p are equal for e = 0, 
then they will be obtained from a determinant of order p. 

THEOREM ( 3 «l)* Consider the system ( 3*1 ) and suppose 
that (3.^) is aperiodic solution of ( 3 * 1 ). Suppose 
e > 0, = ag ... = ofq = 0, aj > 0, j = q + 1, 

> 0 , j = n + 1, ..., n; for all e, 0 ^ e < e^, and 

P2j_^(0) = i kj a)/mj = P2j(0), j = 1 , 2 , ..., v; V ^ \x, 

(3.19) Pj^^^ ^ Pk^°^ «)‘l), j = 1 , 2 , .... 2 v; k = 2 v f 1 , ..., n + m; 

pj(o) ^ Pk(o) a)’i), j k, j, k = 2 v + 1, n + p, 

where 00' = m/m, m = m^...m^, and the pj are defined 
by (3.3). The periodic solution ( 3 *^+) of ( 3.1 ) is 
asymptotically stable to the right for 0 < e < 

Eq > 0 , if the following conditions are satisfied: 

mT 

( 1 ) J fjxj (Xq, X^, 0, t)dt < 0, j = V + 1, q , 

where = (X,„, X^^), X^ = (X'„, X'„) are 

defined by ( 3 *^); 

(li) the eigenvalues •••# ^2v 


of the 2 v X 2 v matrix 
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G « H - D *® dlag(d^> •••> ^ 

J, k“ 1> 2, •••; 2Vf 


daj-i ’ i ^2j = - 

j = 1, 2, •••, V, 


mT 


h - 1 

”2j-l,2k-1 " 2inT 


( 3 . 20 ) 


'^2j-1,2k 2mT 


p— , i(mT,--m.. )cD’t 

, -KiDj^.+id.. )co’t 


dt 


^2j,2k-l "" ^2j-l,2k' ^2j,2k "" ^2j-1,2k-1' ^ ***' 

where the functions under the Integrals are evaluated 
at (Xq, X^, 0 , t), P 2 j-i( 0 ) - P 2 k-l^°^ " 
mjjj an integer or zero, j, k = l, 2, ..., v, are 
distinct, have negative real parts and the corresponding 
eigenvectors have no zero components. 

PROOF. Prom Corollary 3.1> it follows immediately that the 
characteristic exponents Tj(e), j = l, 2, •••, n + n, Tgj-iCo) = “ 

i [- ®j(®) ® l7j(o)]^ j = <1 + 1> •••/ j = P + 1> 

have negative real parts for o ^ e < e^. Furthermore, from the same 
corollary and (3-10), 


mT 

R(Tgj_,) - R(t2_,) . e(2niTr’ f ' 

for j * V + 1, ..., q. Therefore, from (1) of the theorem, the real parts 
of these characteristic exponents are negative for o < e < ^o* other 

characteristic exponents t^, ..., are determined from Lemma 3.1 for 

p = 2v. The matrix G of the theorem is precisely the matrix G of 
Lemma 3-1. Therefore, from (11) and (3-13), it follows that these charac¬ 
teristic exponents also have negative real parts for 0 < e < e^. Theorem 
2.1 now inrplles that Theorem 3*1 is true* 

REMARK 3.1. Theorem 3*1 has been previously obtained by H. R. 

Bailey and R. A. Gamblll [3] for the case where v » » q » n; l.e., for 

systems of second order equations, xj + OjXj = e fj(x^, ..*, x^^, xj, ...,x^,e,t) 
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j = 1, 2, •••, n, where each ffj » satisfies the relation 

crj(o) s kj6o/mj, j = 1, 2, n. An interesting example is also given 

in [3] for v=n=q=n=2 illustrating the application of this 
theorem. 

REMARK 3*2. If any one of the roots of |G - pl| «= 0 in (ii) 
have a positive real part or if any of the functions in (i) are positive, 
then the periodic solution (3«^) of (3*1 ) is unstable in [t^ + »] for 
every e ^ o. 

THEOREM 3*2. Consider the system (3*1 ) and suppose 
that (3«^) with V = 1 is a periodic solution of 
(3.1 )• Suppose e > 0 and the ofy Pj, aj satisfy 
the conditions of Theorem 3«i with v = 1; i.e.. 


(3.21 ) 


(i) 


(ii) 


( 3 . 22 ) 


(o) = i k^oi/m^ = p2(o)> 

Pj(o) ^ Pi^(o) (mod ai‘i) j = 1 , 2 ; k = 3 , ..., n + n , 

Pj( 0 ) ^ pj^(o) (mod a>»i) j k, j, k = 3 , ..•> n + fi ; 

where to* = oj/m^. The periodic solution ( 3 *^) of ( 3 . 1 ) 
is asymptotically stable to the right for ^ ^ 

if the following conditions are satisfied: 
mT 

f (Xq, X^, 0, t)dt < 0, j - 1, 2, ..., q ; 
o ^ 

where X^, X^ are defined by ( 3 .^) for v = 1; 

The nijmbers A, B defined by 
m^T 

(2m,T)A - f 

o 

,t)2b - (j ■ "i J 


(sm 


ni,T 

_ f f,x oos 20 , (o)t at - J f,xi sin 20 , (0)t dtj 


["o'^Co) f f,,j aln 20 , (0)t at + J f,jji oos 2o,(0)dtJ 


lira [a^ (e) - (o)] , 

6 o 
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where all of the functions are evaluated at 
(Xq, X^, 0, t), satisfy the property A / B, 

/ B, B > 0. 

RIMARK 3«3* This theorem has been proved by H. R, Bailey and 
R. A. Gambill [3] and L. Mandelstam and N. Papalexi [10] for the case 
where q»v»n»n-l; l*e.> a second order equation x" + a^x « 
e f(x, x', e), where x, f are scalars and a = a(e), a(o) = kto/m. 

PROOF. The system under consideration in Theorem 3*2 is a 
special case of the system in Theorem 1 for v * l. Condition (i) of 
Theorem 3.2, for j * 2, 3, .•*> q implies condition (i) of Theorem 1 is 
satisfied for v * 1 . For v « 1, the characteristic equation of the 
matrix G in Theorem 3*1 is given by - 2 A\ + b » o, where A, B 
are given in ( 3 . 22 ). ' The roots of this equation have negative real parts 
if and only if A > 0, A^ B, B > 0 which is assured by condition (i) 
and (ii) of Theorem 3 . 2 . The condition A ^ B assures that the corre¬ 
sponding eigenvectors of G have no zero components and Theorem 3*2 is 
proved. 

EXAMPLE. Consider the system of equations 

x" + X, =. e(l - x2 - xl)x< + e p 003 t = e f,(x,, x^, x{, x^, e, t) , 

( 3 . 23 ) 

x” + a^XQ = e(l - - X 2 )x^ s e f^(x^, Xg, xj, x^, e, t) , 

where e > 0 , p < 0 and > 0 , ^ m, m an integer. Applying the 

method of successive approximations [6], it is easy to see that ( 3 . 23 ) has 
a periodic solution Xj(e, t) = Xj(e, t + 2 n), j = 1 , 2 , analytic in e 
for 0 ^ e < Eq, Eq > 0 , 

( 3 . 24 ) X^ ( 0 , t) = a sin t, XgCo, t) * 0 , 

where a > 2 is the positive solution of the equation 1 - + £ « 0 . 

Furthermore, 


o 


j^j(a sin t, 0, a cos-t, 0, 0, t)dt = n(2 - a^) < 0 , 


j « 1, 2, and the numbers A, B of Theorem 3.2 are given by 4a = (2-a®) 
16 B * (2 - a^)^ i 6 a^ - 9a^A and A ^ B, P? ^ B, B > 0 for every real 
a 0. Therefore, from Theorem 3.2, the solution (3.24) of ( 3 . 23 ) is 
asymptotically stable to the right for 0 < e ^ s^. 



STABILITY OP PERIODIC SOLUTIONS 


103 


THEORIM 3*3* Consider the system (3*1) and suppose that 
(3*^) is a i)eriodic solution of (3#l). Suppose e > o, 

- ^2.« 0, Ofj > 0, j « q + 1, 4, 

Pj>o, J* 4 +i, n, for all t, 0 ^ e ^ and 

i J ■ b 2, v; V ^ q ; 

pj(o) ^ ai*i), J • 1# 2, ..., 2v; 

k*»2v+i> n+n; 

(3.25) P2j-1^°^ ^ " P2k-1^°^ “ “jk“ ^ ' 

nij^ an integer or zero, j, k=v + 1, ..., r; v^r^q; 

Pj(o) t Pk(o) aj*i), J - 2v + 1, ..., 2r; 

k»2r+L, ..., n+p; 


Pj(o) ^ pj^(o) (mod a)‘i), i ^ k, J, k » 2r + 1, ..., n + 4 , 

where oj’ = oj/m, m = m^...my and the pj are defined 
by (3*3 )• The periodic solution (3*^) of (3*1 ) is 
asymptotically stable to the right, 0 < e < e^, if 

condition (ii) of Theorem 3«l is satisfied and, in 
addition. 


mT 

(3.26) J fjx'CXg, X^, 0, t)dt< 0, j = r + 1, ..., q , 
o 

where - (X,^, X^ - (xj^, are 

defined by (3«^); and the eigenvalues \^, ..., 
of the (r-v) x (r-v) matrix M = N - P, 

P « diag(p^, ..., Pp_v^^ ^ ^ ^ •••' 

r-v. 


(3.27) 


Pj *» 1 llm e J * *•> 2 , •••, 


r - V ; 


j-v,k-v niT 


'To (t , 

^ J ®2j-1,2k-/*' 


j, k*v+ 1 , •••, 


r 
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where the are defined by ( 3*1 o), are distinct, 

have negative real parts and the corresponding eigen¬ 
vectors have no zero components. 

PROOF. The proof that the characteristic exponents t^, ..., 
*^ 2 r+l^ '^n+^ negative real parts is exactly the same as the proof 

in Theorem 3*1 • The remaining characteristic exponents '^ 2 v+l^ ’**' "^ar 
are obtained from Lemma 3 . 2 . The matrix M of the theorem is precisely 
the matrix G of Lemma 3*2 if the equations (3*9) are reordered so that 
A= diagCpgy^^, ..., pgj,, p^, ..., pgy, p2r+i> •••> Th03?efore, 

each of the eigenvalues \ of the matrix M determines two character¬ 
istic exponents Tgj = '’^ 2 j-i ^ ^j-v 

o(e), j = V + 1 , ..., r. The real parts of these characteristic exponents 
are also negative for 0 < e < e^, and the theorem follows from Theorem 
2 . 1 . 

REMARK 3»3» For v = 1 in Theorem 3*3, the condition (il) re¬ 
ferred to can be replaced by condition (il) of Theorem 3 . 2 . 

This theorem should clarify the remark preceding Theorem 3 •1• In 
fact, this theorem is mentioned only to illustrate the procedure for cal¬ 
culating the characteristic exponents of (3*9) which are two by two complex 
oonjiJgate, r - v which are equal for e » 0 and none of which are close 
to the origin in the complex plane. 

§4. AUTONOMOUS DIFFERENTIAL SYSTEMS 
Consider the autonomous system of equations 

"'J ^ ^ J = •••' n; t< + » , 

where e> 0 is a real parameter x = (x^, ..., x^), x' = (xj, ..., x^^), 
each f j is real and analytic in a neighborhood U of the origin of the 
(x, X*, e) space. The parameters ofj, Pj, aj are real analytic functions 

of e, 0 < e < Eq, Eq > 0 ; 7 j(e) « (4aj - )^ > 0 , j = 1 , 2 , ..., p, 

0 ^ ^ ^ Furthermore, we define numbers pj, j = 1 , 2, ..., n + p, by 

the relations 

(4.2) P 2 j_i = i(- Q!j + Irj) = Pgj. J - 1, 2» •••> “ - Pj. 

j®p+l, ..., n. 
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The system of autonomous differential equations (4*1) satisfying €tll of the 
above conditions shall be referred to as eystem (4.1 ). Notice that the 
vectors x, x‘ used above do not have the same dimension* 

Suppose there exists a veal periodic solution, X(e, t) « 

(X^, *.., X^), of system (i^.l), analytic in e for 0 ^ e < ^ ® 

with 


XjQ s Xj(0, t) = aj cos(rj a>t + (pj ), j = 1, 2, .*., v; v ^ H , 

(4*3) 

Xjo * Xj(0, t) - 0, J . V + 1, n , 

where aj, cpj are real numbers, rj » “j relatively prime 

positive integers j = i, 2, v, and X(e, t + mT) * X(e, t), 

T = 2n/a), m = m^.-.m^. Many methods have been given for obtaining such 
periodic solutions (for example, see [^a, Section 8 . 5 ] and [4b]). 

As in the previous section, the linear variational equation 
associated with the solution X(e, t) of (4*1) is given by 

(4.4) z* = A(e)z + e C(t, e)z 

where A = dlag(p^, ..., Pj ®r® defined by (4.2) and the 

matrix C = h k = 1, 2, ..*, n + p, is given by (3*1 0 ) with 

(4.5) fjx^ = fjx^ (X, X«, e), f]^^ = fj^^ (X, X', e) 

and X = (X^, ..., X^), X' = (X*, ..., X^l^). The matrix C(t, e), there¬ 
fore, satisfies the relation C(t + mT, e) = C(t, e). 

We wish to apply Lemmas 3*1 and 3*2 to obtain sufficient con¬ 
ditions for the asymptotic orbital stability of the periodic solution 
X(e, t) of ( 4 . 1 ). Before proceeding to the formal discussion, observe 
that one expects each of the given numbers (Tj to satisfy a relation of 
the form oj = r^aj + o(e), j * 2 , 3 , ..., v, to obtain a periodic solution 
of (4.1 ) of the form (4.3)- The number oj (also the niombers rj, 9 j, 
j = 1, 2, ..., v) is then determined as a function of e and the numbers 
a. so that (4.3) satisfies (4.1 ). In particular co = + o(e). As we 

know, one could Just as well obtain as a function of co and e simply 
by making a convenient change of scale in the variable t. In the present 
context, it is convenient to assume that the latter alternative is chosen, 
namely, co is independent of e and the numbers ay j « 1, 2 , ..., v, 
are convenient functions of e so that (4.3) satisfies (4.1). 
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Another observation to be made Is that the linear variational 
equation (4.4) always has a periodic solution of period mT [5, p. 322] 
and, therefore, one of the characteristic exponents (since they are only 
determined up to a multiple of (oi/m) must be kcoi/m, where k Is an 
Integer or zero. 


THEOREM 4,1. Consider the system (^.l ) and suppose 
that (4.3) is a periodic solution of (4.1 ). Suppose 
e > 0, » ofg a ... = a 0, ofj > 0, J = q + 1, 

•••, nj Pj > 0, j = 4 + 1, ..., n; for all e, 

0 ^ e ^ Eq, Eq > 0, and 

Paj-i^®) =■ ^ J “ V, V ^ [1 , 

(4.6) ^ j “ 1> 2, ..., 2v; k a 2v + 1, ..., n + |i 

Pj(0) ^ oj'i), j k, j, k a 2v + 1, ..., n + p , 

where m' = oi/m, ra = m^...my, and the pj are defined 
by (4.2). The periodic solution (4.3) of (4.1) is 
asymptotically orbitally stable to the right, 0 < e ^ e^, 

Eq > 0, if the following conditions are satisfied: 

mT 

(1) f (Xq, X^, Ojdt < 0, j . V + 1, q , 


where Xo “ •••> ^o^^ ^o " ^^10^ •••r ^Ixo^ 

defined by (4.3); 

(ii) 2v - 1 of the eigenvalues of the 2v x 2v matrix 

G • H - D, D a diag(d^...d2^), H * j, k - 

1, 2, ..., 2V, 


dgj^^ a 1 llm E ^[orj(6) - ®j(0)], " “ ^2j' ^ ^9 


mT 


2j-1^2k~l 2mT 


s / • ■■ 


(4.7) 


o 

mT 


K 


le 


)<»'t 


dt , 


1 r~ -1 i(m^-+m., )a3't 

^2j-l,2k " iSr I ^j^k " ' 


V ; 


^2j,2k-1 “ ^2j-l,2k^ ^2j,2k * ^2j-l,2k-l* 
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where the functions under the integrals are evaluated 
at (Xq, 0 ), Pgj.i^o) - “jk 

Integer or zero, J, k = 1, 2, v, are distinct, 

have negative real parts and the corresponding eigen¬ 
vectors have no zero components. 


PROOF. The proof of this theorem is exactly the same as the 
proof of Theorem 3«l if we observe that one of the characteristic ex¬ 
ponents of (h-,k) being a multiple of oji/m is equivalent to one of the 
roots p of the equation |G - PI| = o, being zero. One then applies 
Theorem 2.2 rather than Theorem 2.1 to complete the proof. 


THEOREM 4.2. Consider the system (4.1 ) and suppose 
that (4.3) with v = 1 is a periodic solution of 
(4.1 ). If e > 0 and the ocy Pj, ctj satisfy the 
conditions of Theorem 4.1 with v * 1, i.e.. 


(4.8) 


(4.9) 


(o) = io) = P 2 (o), 

Pj(o) ^ Pk^°) j = 2; k = 3, 4, ..., n + 4 ; 

pj( 0 ) ^ p^( 0 ) (mod cDi), j 7 ^ k, j, k = 3 , 4, ..., n + 4 ; 

the periodic solution (4.3) with v = 1 of (4.1 ) is 

asymptotically orbitally stable to the right, 0 < e < e^, 

Gq > 0, if 


f ^jxl ^^o' ^o' 

o 


o)dt < 0 , j 


2, 




where X^ = (^ 10 ' ^o^' ^o “ ^^lo' ^ 40 ^' 

X^Q « a cos (cD t + cp); \q = 0 , k = 2 , 3, ..., n; 
a, cp real numbers. 

REMARK 4.1. In his thesis at Purdue University, E. W. Thompson 
[12] has obtained this same result by another method. The method used by 
E. Thompson was to first eliminate the zero root of the variational equa¬ 
tions and then apply some known results of H. R. Bailey and L. Cesari 
[2]. Also, A. Andronov and A. Witt [1], (see also [11, p. 153]) have ob¬ 
tained this result for the case v = 1, q= 4 ® n* 2; i.e., for a system 

of two second order equations with no ’’large" damping terms. The method 
used by A. Andronov and A. Witt was to evaluate the characteristic poly¬ 
nomial of a matrix of order four. As we shall see in the proof of this 
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theorem, no determinants are required. 

PROOF. Exactly as in the proof of Theorem 4.1, we apply 
Corollary 3.1 to obtain the real parts of the characteristic exponents, 

= ^2y J •••> "’’’n+j' j “ + 1 > •••> Q-S 

a T 

R(T2j.,) - f . 0(e2), j = 1, 2, . . 

(4.10) 

T 

I / ^jx ^o' ^ j = 1^ + 1» •••» n . 

o 

We may assume that = o, Tg = 0(e) and we know [5, p. 8l] that 

n^ T 4 n 

T V Tj = J tr (A(e) + e C(t, e))dt = - ^ Qfj - ^ 

j«1 ° J=1 j«n+l 

i s>' 

° J=1 J=K+1 

Prom (4.10) and the fact that = o, we have 

T 

R(t 2 )T = e f f,^, (Xq, X^, 0)dt + O(e^) , 

o ^ 

and Theorem 4.2 now follows immediately. One could prove this theorem in 
another way by evaluating directly the eigenvalues of the 2x2 matrix 
G in Theorem 4.1. 

EXAMPLE. Consider the system of equations 

x;' + a^x, - e(l - x® - x2)x< = e f(x,, Xg, x^, e) 

(4.11 ) 

x” + ff^Xg - e(l - xf - x®)i| = e g(x,, x{, Xg, e), e > o , 

Og are analytic functions of e at e = 0 with (rg(o) « ^2a^(0), 
f(-x,, Xg, x|, e) - - f(x,, Xg, x^, e), g(x,, x|, -Xg, e) - - g(x,, xj, Xg, e) 
are any analytic functions in a neighborhood U of the origin in 
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Xg, x{, x^, e) space. It Is known [1, p. 300 ] that there are two 
periodic solutions of this equation of the form • 

(i) x^ « a^ sin(t + cp) + 0(e), Xg * o, a^ « 2 + o(e), « 1 + o(e) 

(ii) x^ “ 0, Xg = ag sin(‘/2t + 9 ) + o(e), ag = 2 + 0(e), ag « ^2 + 0(e) 

of periods 2n ajnd J”2jt, respectively (we are choosing as func¬ 

tions of € rather than choose the period). For (i) conditions (4.9) for 
j = 1, 2, are equivalent to 

2k 2k 

[1-4 3in^t]dt s - 2 J sin^t dt < 0 . 

o o 


It follows from Theorem 4.2 that (!) is asymptotically orhitally stable to 
the right, 0< e^ e^, 0. Similarly, one shows that (li) is also 

asymptotically orbitally stable to the right for e sufficiently small. 


THEOREM 4.3* Consider the system (4.1) and suppose that 
( 4 . 3 ) is a periodic solution of (4.1 ). Suppose e > 0, 
of^ « ofg = = 0 , aj > 0 , j « q + 1 , ..., ix; 

Pj > 0 , j = n + 1, •••> n, for all e, 0 ^ e ^ e^, 

S 


(4.12) 


pgj_^(o) = i kj(o/mj = 2, ..., v; V ^ q ; 

Pj(0) f a)»i), J = 1, 2, ..., 2v; 

k = 2v + 1, ..., n + M ; 


P2j-l(0) ^ a)*l),p2j_^ (0) - ^ 

mjj^ an integer or zero, j, k«v+i, ..., r;v^r^q ; 

Pj(0) f Pk(0) (™od cd'I), 3 « 2v + 1, ..., 2r; 

k*2r+i, ..., n+fi ; 


Pj(o) ^ pj^(o) (mod 0)’!), j / k, 3, k « 2r + 1, ..., n + ^ , 

where - m/m, m = m^.. .ra^ and the pj are defined 

by (4.2). The periodic solution (4.3) of (4.1) is 

asymptotically orbitally stable to the right, 0 < e ^ e^, 

e > 0 if condition (ii) of Theorem 4.1 is satisfied, 
o 

and, in addition. 



no 
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tnT 

/ <Xq, x^, Odt < 0, J 


r + 1, 




where Xo = ..., X„<,), X- . (X,'„, ..., x;„) a^-e 

defined tiy (4.3); and the eigenvalues 1^, ..., 
of the (r-v) x (r-v) matrix M = N - P, 

P - dlag(p,, ..., Pj._y)» N = J. k = 1, 8, ..., r-v; 


(4.14) 


Pj = 1 ^ 2, ..., 


n --1 r a (t o)e^^“^'’“'!^ 

'"j-v.k-v aiT J °2j-l,2k-l‘^' °'® 
o 

j, k « V + n r , 


where the functions cjj^ are defined in (3*1 o) with 
the f* given by (4.5) are distinct, have negative 
real parts‘and the corresponding eigenvectors have no 
zero components. 


PROOF. The proof is exactly the same as the proof of Theorem 
3 . 3 , replacing everywhere the words Theorem 3»1, Theorem 2.1 by Theorem 
4.1 and Theorem 2.2, respectively. 

REMARK 4.2. For v = 1 in Theorem 4.3, the condition (il) re¬ 
ferred to can be replaced by 

raT 

/ fix) ° • 

o 


EXAMPLE. Consider the system of equations 

x” + *= e(l - x^)x| + e g^(x^, Xg, x^, x^, x^) ^ e f ^ (x, x’) 

(1^.15) Xg + axg = e(l - x^ - Xg - x|)x^ + ex^X'2 + eg2(x^, x’) s ef2(x, x’) 

x^ + 2X3 » e(l - x^ - x| - + ex^Xg + eg2(x^, x|) s ef3(x, x’) 

where x * (x^, ^ 2 * ^ 3 ^'^ a > 0 , * cr^(e), 0 .j(o) ■= i, g.j(—x.j, Xg, Xg, ^ 3 , ^ 3 ^ 

- g^(x^, Xg, x^, X3, Xp and g,, gg, g3 are analytic functions of their 
arguments for |x]l ^ A, A > 0 . Using the method in [7], it is easy to 

see that there exists a = a(e) analytic in e for 



STABILITY OP PERIODIC SOLUTIONS 


111 


0 < e ^ Eq# = 1, a(0) » 2 such that there is a pericxiic solution 

X(e, t) = X(e, t + 27t) analytic in e, o ^ e ^ e^, X « (X^, Xg, X^) 
where 

(4.U) X^(0, t) = 2 sin(t + (p), XgCo, t) = X^Co, t) = 0 , 

and cp is an arbitrary constant. This solution will be asymptotically 
orbitally stable if we can show that five of the six characteristic ex¬ 
ponents of the linear variational equation associated with X(e, t) have 
negative real parts. Since this system is a special case of Theorem 4.3 
for v=l,r=q=n=n=3> it follows from Remark 4.2 it is 
sufficient to show that 

2tt 

and the eigenvalues of the matrix M, 

2n 

2*M = (mjjj), =/ I" 

o ^ 

x»( 0 , t))]dt , 

j, k = 2, 3, have negative real parts. One finds immediately that 

2 jt 2 It 2 It 2 It 

/ fjxft - - 2., j = 1, 2, 3, / = 0 ./ f - U* , 

j 7 ^ k, j, k = 2, 3, where the functions under the integral sign are 
evaluated at X(0, t), X *(o, t). The characteristic equation for M is 
3 ^+ 23 + 3 =o and both of the roots of this equation have negative real 
parts. Also the corresponding eigenvectors have no zero components and 
the solution (4.14) of (4.13) is asymptotically orbitally stable to the 
right, 0 < e ^ Eq, Eq > 


§5. GENERALIZATIONS 

In the preceding sections, we have assumed that the f y oiy Pj 
were analytic functions. This is not necessary but was assumed only to 
make the presentation simple. The basic Lemmas 3»l and 3*2 hold under 
very general conditions on these functions [8], the most severe restriction 
arising from applying the Implicit function theorem to show that the 
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eigenvalues X of the matrices G in these lemmas will yield a charac¬ 
teristic exponent of the form (3.13) or ( 3 . 18 ). One can show that the 
Lemmas are still valid if we assume only that the functions fj have 
continuous second derivatives with respect to x^, e, k= 1, 2, n, 

and the functions ocy Pj, aj have continuous second derivatives with 
respect to e [8]. Therefore, the stability criteria in Sections 3 and 
ii- hold for this more general situation. For the existence of periodic 
solutions of systems ( 3 . 1 ), ( 1 ^. 1 ) under these and even weaker hypotheses, 
see L. Cesari [4b]. 

Another assumption that has been made in all of the theorems is 
Pj(e) > 0, j = M + i> ..., n, 0 ^ e < e^. This restriction was introduced 
only to simplify the notation. In fact, if one of the pj = 0 , say 
^n+i “ perldoic solution (3.4) or (4.3) may have 

X^^l(o, t) 7 ^ 0 . One then has one additional characteristic exponent 
which is close to the origin in the complex plane. There la a generaliza¬ 
tion of Lemma 3 .I [8] which will yield sufficient conditions for sta¬ 
bility in these cases. 
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VI. EXISTENCE THEOREMS FOR PERIODIC SOLUTIONS OP NONLINEAR 
LIPSCHITZIAN DIFFERENTIAL SYSTEMS AND 
FIXED POINT THEOREyiS 

Lamberto Cesar! 

INTRODUCTION 

In the present paper we consider nonlinear systems of ordinary 
differential eguations in the complex field containing a small parameter 
and satisfying merely conditions of continuity, or a Lipschitz condition. 

We prove existence theorems for periodic solutions, and families of 
periodic solutions. This is done by considering a convenient transforma¬ 
tion t ^ 9 from a space n of periodic vector functions into itself, 
and by proving that i transforms a compact convex set C into 
itself under mere hypotheses of continuity. Thus i has at least a 
fixed element Y e y = 1 y, and y is a periodic solution of the given 
differential system provided a (finite) equation is satisfied (determining 
equation). The analysis of 1 and of the determining equation in the 
case of complex or real systems leads to final and simple existence theo¬ 
rems for periodic solutions (and families of periodic solutions). Under 
a Lipschitz condition 1 is a contraction in a closed sphere ^ ^ 

thus 2: has a unique fixed element yen. Under a Lipschitz condition, 

(k+i) fk) 

the method of successive approximations cp' “ ^ 9 ^ as usually 

associated with X , is uniformly convergent towaj?d the periodic solution 

y* 

This method of successive approximations, or variants of it, has 
been already studied and its convergence proved directly by the author, by 
J. K. Hale, and R. A. Gambill [4b, 8, 9c] in the analytic and in the linear 
case. In the present paper, therefore, a functional interpretation of it 
is given, and this assures the convergence of the method under a mere 
Lipschitz condition. Also, known existence theorems for periodic solutions 

'This research was partially supported by AP Contract No. 49 (638)-382 
at RIAS, Baltimore, Maryland. 
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and families of them are extended, particularly the ones recently proved 
by J. K. Hale [9 cf ] in the analytic case using the same method. Also, 
other theorems are extended in various ways. The method just mentioned, 
or variants of it, has a bearing on two papers of J. K. Hale [9 hi, this 
volume of the Contributions], one dedicated to the study of the critical 
frequencies of linear systems with periodic coefficients, and the other to 
the proof of new and simple criteria for stability of periodic solutions of 
nonlinear systems. Finally, let it be mentioned that the same method of 
successive approximations was stvidled and applied by the author, J. K. 

Hale, R. A. Gambill, H. R. Bailey, W. R. Puller in a series of papers 
listed in the references.^ 

All applications and results under consideration belong to the 
class of the problems of perturbation of linear differential systems. In 
successive papers I shall deal with straightforward nonlinear differential 
systems as well as with perturbation problems of nonlinear differential 
systems• 


§1. THE CONCEPT OP MEAN VALUE AND OTHER REMARKS 

(a). The concept of mean value . Consider the family of 
all functions f(t), - eo<t<+oo, which are finite sums of functions of 
the form e^\(t), where a is any complex number, and cp(t) is any 
complex-valued function, periodic of period T = 2jt/a>, L-lntegrable in 
[0, T]. Obviously C^ is an additive class. If 9 (t) has the Fourier 
series 


+00 

(p(t) 'V ^ ^ 

n=-oo 

then the series 

+00 

(1.1) f(t) = e‘’S(t)=. ^ 

m®—00 


is said to be the series associated with f(t) ® e‘^^ 9 (t) e C^. Note that 
the decomposition e *^%(t) is not unique since also e(fy+iha))t , 

^ The present results contain some of those proved by W. R. Puller [10] in 
his thesis at Pui*due University* For Instance, W. R. Puller proved the con¬ 
vergence of the method of successive approximations in the autonomous case 
under a Lipschltz condition. Other results of this thesis, (e.g., the 
applications of the same method to systems containing differences) will 
appear Independently. 
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h any integer, has the same properties. Nevertheless, the series (l.l) 
is uniquely determined. The mean value w [f ] of f(t) =» e^^cpCt) is 
defined by w [f] = if imm +0 = 0 for some m, by w [f] * 0 
otherwise. For any function f(t) € then iw [f] is defined as an 
additive linear functional. For periodic functions f, ^v.'[f] is the usual 
mean value of Fourier series theory. 

For vector functions f = (f^, ..., f^), all fj e C^, we shall 
denote by w [f ] the vector (m^, ..., m^) with mj = w[fj], 
j a 1, ..., n. 

This concept of mean value has been proposed by L. Cesari [ifb ] 
and further studied by J. K. Hale [9a]. It was proved first that n>i’ [f] 
is uniquely defined in C^, and that, if f = f^ + ... + fj^ is any finite 
decomposition of f in C^, then "»•'[f ] = [f^ ] + ... + W[fj^]. Also 
the following simple statement holds: 

( 1 . 1 ). If f(t) € then any primitive F(t) of f(t) be¬ 
longs to if and only if w [f ] = 0. In addition, if w [f ] = 0, 

there exists one and only one primitive F(t) e with w [F] = 0. VTe 
shall denote this primitive by 

J f(t)dt 


[see 4b and 9a]. 

If f(t) = e C^, Of, p real, 'W [f ] = 0, 


<p(t) ~ ' 


^immt 


the unique primitive F(t) of f(t) of mean value zero is given by 

( 1 . 2 ) F(t) = ^(t) + ip + iraa>)"''e^^^ , 

where in the last series the term with or + ip + imo) =0 (if any) is 
omitted, the series is convergent for all t, and ®(t) is absolutely 
continuous in each finite interval [see 9a]. The following simple ex¬ 
amples may be considered, all with cd » l, [f] = O: 

J cos t dt = sin t, J sin t dt = - cos t 

= (a + a ^ ^ 0 . 
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REMARK. Though not needed in the sequel the folloving considera¬ 
tions may be of some interest. Given a function f(t) e with 
iVi [f ] ■ 0, it is of interest to know whether its unique primitive 
P(t) e with w [P] » 0 is a definite integreU. of the form 

t 

J f(u)du 

I 

with 0 < I < T. For functions f(t) = e [f] = w [q>] = 0, 

this is true, for instance, if the fxmction ®(t) above happens to be real, 
and then we may take for i any zero of <»(t). In particular this is true 
for a + ip = 0, f = cp real. For A + ip = o, f = cp = cp^ + Icpg, 92 
real, m[f] = w[9-| ] = ^[ 93 ] = 0 , there are two points 0 < I 2 ^ 
such that 

t t 

p(t) = / 9 ^ du + J 92 f 
^ Sg 

and the points Ig may be distinct, as for f(t) * e^^ = cos t + i sin t, 

P(t) « - ie^^ = sin t - 1 cos t, s 0 , s jt/2, ^ Ig, (mod n). If 

f(t) *= € C^, '».’[f] = ^''.’[ 9 ] = 0, then there is always a de¬ 

composition f « f^ + fg and two points 0 < Ig < T such that 
fj € C^, iV.' [fj] = 0 , 

t 

dt = / fj du , 

'J 

j s 1, 2 [J. K. Hale, 9a, proved this by the use of faltung integrals]. If 
'IV [ 9 ] ^ 0 then not even this is true as the example shows: f(t) = e'^^ 

'iv(f) = 0 , JK(a) ^ 0 , 

t 

P(t) = = ff""' J 6.U , 

+00 

+ according as (a) < 0 , or (a) > 0 . Note that for f(t) = 
e^^ 9 (t) e C^, a ^ 0 (mod a>i), we have 

t+T 

F(t) - (e®^ - 1 r’ f f(u) du . 
t 

For a s 0 (mod ool) we have 
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t+T 

P(t) = T”’ J uf(u) du 

t 


[J. Moser]. 

(I.li). If f(t) - e‘'S(t) € C^, *'[f] = 0, and P(t) e la 
Its unique primitive with [P] *= o, if V > T is any constant, then 
there is a constant N, depending only on a, T, V, such that 

T 

(l*3) |P(t)| < N J |q)(^)| du, 0 < t V . 

o 

If a s 0 (mod oii) we may taice N = 2, if |o + ima)| > 6 for all 
m = 0, + 1, + 2, ..., and some 8 > o, we may taice N depending only on 
8, T, V. If P(t) is periodic then (1.3) holds for all t [J. K. Hale, 
9a; see also H. R. Bailey and L. Cesari, 2]. 

Given cr * Of + ip. Of, 0 real, with a + imo) 0, m * 0, + i, 

+ 2, ..., let 8 = min [\a + im<ji|, m = 0, + 1, ..., ]. For every 
a' = Of' + ip’. Of’, p' real,'with |cr' - ff| < 8/2 we have 
I 0 ’ + im<o| ^ 8/2 for the same m. 

(l.iii). Let a *= Of + ip. Of, p real, be any complex number with 
a + Irao) 0, m * 0, + 1 , ..., and let 0 < 8 < min [ 1 + imo)|, m = 0, 

+ 1, ...], 0< 6<a), let ct' be any other number with la’ - a| < 8 / 2 , 
let qp(t) be any complex valued function periodic of period T = 2jt/a3, 
L-integrable in [0, T], let f(t) = e°^%(t), f^(t) = e<^’'^cp(t), hence 
w [f ] = ] = 0, and let V > T be any given constant. Then the 

unique primitives P, P^ of f, f^ of class and mean values zero 

verify the relation 


T 

(1.5) |p(t) - P,(t)| ^ |o - o'l N' J I<|)(u)| du, 0 ^ t ^ V , 

o 

where N’ is a constant depending only on 8 , T, V (a bounded). 

PROOF. A simple proof can be given by making use of the last 
lines of the remark above. By taking 

« = - 1 )-’ , 


we have 
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t+T 

P(t) - P^(t) = J - i )“''e®’^]9(u) du = 

t 


t+T 


a f [e^^’^d - ^ (3(a»-cT)u 


1 ) ]e^q)(u) du. 


For 0 ^ t ^ V, T ^ V, w© have also 

T 

|F(t) - F,(t)| < |<j' - o|N' J |(p(u)| du . 

o 

This proves (i•ill). 

(l.lv). If A is a constant n x n matrix with characteristic 
roots p^, •••, if f(t) = (f^, fj^) is a vector function whose 

components f^ are periodic of period T = 2 n/a> and L-integrable in 
[0, T], if |pj + lina) I ^ 5 > 0 for some 5 > 0 , all j = 1 , n, and 

m a 0 , + 1 , + 2 , then the differential system y‘ * Ay + f(t), 

y “ (y-li •••> y^^^ exactly on© solution y(t) « (y^, y^) whose 

components are periodic of period T. Also, there is a constant N de¬ 
pending only on A and T and not on f(t) such that 

n T 

( 1 . 6 ) |yj(t)| ^ ^ Y, I j = 1; •••> n, - oo<t< + oo . 

h =1 ° 

PROOF. It is not restrictive to suppose that A = [ajjj] is given 
in triangular form, l.e., ajj^ = o, j > h, a^j = py j = i, ..., n. Let 
Pj = ofj + Ipj, ay pj real, j = l, n, 7 « max M = e’'^, Q 

the sum in ( 1 . 6 ), a * max The last equation of the system, 

-yA " Vn ^ ' 

has a unique periodic solution of period T = 2 jr/a>, which, by using the 
notation of this Section, can be written as 

y^(t) = ©^^ v/ ® * 

where the integrand is of class and has mean value zero, the integral 
is the unique primitive of class and mean value zero, has the form 
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e ^ $(t) considered in ( 1 . 2 ), and hence = *(t) is periodic of period 
T. Let N he the constant of (i.il) depending only on 8, T, and 
V *= T. Then by (i .ii) for all 0 < t < T, ve have 

T 

|yjj(t)|£MN J |fj^(t)| dt ^ MHH . 
o 

The last hut one equation of the system is 

yA-l,= Pn-iyn-1 ^ ^ ' 

Where the expression in brackets is periodic of period T. Hence this 
equation has a unique periodic solution given hy 

and we have, for 0 < t ^ T, 

T 

o 

< MNQCaMIfT + 1) . 

By repeating this procedure n times we find, for 0 t ^ T, 

|yj(t)| ^ MKQCsMWT + 1 J = 1 , n , 

and these relations hold for all t since yj(t) is periodic. 

(h). A form of Brouwer’s fixed point theorem . For the use in 
§5 we mention here the following statement which has been shown to be 
equivalent to the Brouwer fixed point theorem for a cell in the Euclidean 
space E^ [C. Miranda, Un^osservazione su un teorema di Brouwer, Boll. 
Unione Mat. Ital. 3, 19^1# 5-7]• 

(l.v). If K C Is a cube whose 2n opposite (closed) faces 
are Kj, Kj, j = 1 , ..., n, if f(x) *= (f^, ..., f^^), x € K, x = (x^, 

..., x^), is a real vector function, continuous in K, if ^j(^) 
opposite constant signs on the two faces Kj, Kj, (j = 1, •••, n), then 
there is at least one point x^ c K®, such that fC^o) ® 0, l.e., 

fj(^o^ ^ J ® •••; 1^* 

An immediate corollary of (l.v) is 
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(l.vi). If’ KC E_ is a cube whose 2n opposite (closed) 

I ” 

faces are Ky Kj, j = 1, n, if M is a compact topological space, 

and f(x, m) « (f^, f^), x e K, m € M, is a real vector function, 

continuous in K x M, if for some m_ e M, f j(x, m.) has opposite 

I II ^ j ^ 

signs on the two faces Kj, Kj, (j = 1, ..., n), then there is a neighbor¬ 
hood N of m^ in M and, for each m e N, at least one x^ = XQ(m), 
m € N, x^ € K^, such that f[XQ(m), m] = 0 for every m e N. 

Indeed, by continuity, there is a neighborhood N of m^ such 
that, for every m e N, fj(x, m) has the same constant sign on Kl [Kj ] 
as fj(x, ra^), and thus f(x, m) has opposite constant signs on 
Kj, Kj, (j = 1, •••, n)« 

A slightly different forr.i of (l.vi) is the following one: 

(l.vii). If K C is a cube whose 2n opposite (closed) 
faces are Kj, Kj, j = 1, ..., n, if M^, are compact topological 
spaces and f(x, m^, mg) = (f ^, ..., fj^), x e K, m^ e M^, mg e Mg, is a 
real vector function, continuous in K x x Mg, if for some mg^ e Mg, 
fj(x, m^, mg^) has opposite constant signs on the two faces K^, K*.', 

(j = 1, ..., n), independently from m^ € M^, then there is a neighbor¬ 
hood Ng of mgQ in Mg and for each ra^ e and mg € Ng, at least 

one Xq = Xq (m^, m 2 ), m^ e M^, mg e Ng, x^ e KO, such that 
f[x^(m^, mg), ra^, rag] = 0 for every m^ e M^, mg c Ng. 

(c). Schauder^s fixed point theorem . We shall need in §3 the 
following form of Schauder's fixed point theorem: 

(i.viii). Any continuous mapping f : K-> K, from a con¬ 

vex, closed, compact subset K of a linear space M has at least one 
fixed point y e K, fy = y. 

[See J. Schauder, Der Flxpunkt in Punktlonalraumen, Studia Math. 
2 , 1930 , 171 - 180 . Also, 3. Lefschetz, Topics in Topology, Annals of Math. 
Studies, No. 10, 1942 .] We do not repeat all definitions, but only the 
following ones: K convex means that x, y c K implies tx + (l - t )y c K 
for all 0 ^ t < 1; K closed means that M - K is open, and hence 

X, Xj^ e K, X e M, 'implies x e K; K compact means that every 
sequence ^n ^ possesses a convergent subsequence. 

We shall need in §3 also the following statement: 

(l.ix). Any continuous mapping f : K-K, from a complete 

subspace K of a metric space M, which is a contraction in K, has 
exactly one fixed point in K (Banach's fixed point theorem). 

If d(x, y) is the metric in M, then f a contraction means 
that d(fx, fy) ^ md(x, y) for all x, y c K, and a constant m < 1. 

That K is complete means that every Cauchy sequence in K has its limit 
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in K. Thus K is closed [H. Hahn, Reelle Punktionen I, Chelsea 1 9 ^Q, 
p. 118 ]. The uniqueness follows by the obvious remeirk that fx = x, 
f*y * 7 ^ X, y € K, X y, implies 0 < d(x, y) « d(fx, fy) md(x, y) 
with m < 1 , a contradiction. The existence follows by proving that any 
sequence [x^] with x^^^^ = f(Xj^), n = 0 , 1 , x^ € K arbitrary, is 

a Cauchy sequence [Cf. E. A. Coddington and N. Levinson, Ordinary differ¬ 
ential eqTiatlons, McGraw-Hill, 1955, p« 4l]. 

§ 2 . A TRANSFORMATION I IN FUNCTIONAL SPACES 

We shall consider first, for the sake of simplicity, a differ¬ 
ential system of the form 

( 2 . 1 ) dy/dt = Ay + eq(y, t, e), - oo<t<+® , 

where y = (y^, y^^), A = A(e) is a constant real or complex n x n 

matrix, e > 0 is a real parameter which will be supposed to be 
sufficiently small, q = (q^, •••, q^^), and each qj(y, t, e) is a real 
or complex function of t, y, £• We shall make on A and q the follow¬ 
ing assumptions: 

(a). There are numbers co > 0 , 6 > 0 , > 0, and integers 

0 V ^ n, aj ^ 0 , bj > 0 , j = 1 , ..., v, such that the n character¬ 
istic roots pj(e), j = 1, •••, n, of A are continuous functions of e 
In 0 < £ ^ e^, and verify the relations 

j = 1, ..., V , 

V + 1, ..., n, b^ = b^ ... by , 

0 , + 1 , + 2 , ... . 

In addition we assume A = dlag(A^, Ag), where A,, A^ are v x v and 
(n-v) X (n-v) matrices, A = dlag[p^(e), •••, P^Ce)], and (*) 

Ag = dlag[Py^^(e), •••, p^^^)!* 

Actually, the last requirement (*) is unnecessarily restrictive, 
and all of the present results are valid under a much weaker assumption 
replacing (*); namely (**) Bg is any matrix whose coefficients are 
continuous fmotions of e in 0 ^ e ^ e^. It is only for the sake of 
simplicity that we use condition (*) [See remarks at the end of § 2 ]. 

Also, b^ in ( 2 , 2 ) need only be any common multiple of b^, b^. 

Finally, A(e) could aotmlly be any n x n matrix whose ele¬ 
ments are continuous fmotions of e in 0 ^ ^ having a matrix A^ 


Pj(o) = i ajm/bj, 

( 2 . 2 ) 

|p^(o) - Imoj/bQl > 5 > 0, j = 

ra * 
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as above for Its canonical form, l.e., provided there exists a matrix 
P(e) whose coefficients are continuous functions of e In 0 ^ e ^ 
with det P(e) 4 0 and PAP”^ = A^. 

(K) There exists a number R > 0 and a function ^f(t) > 0, 

- 00 < t < CO, L-integrable In every finite Interval such that |y^| < R, 
i = 1, n, - 00 < t < 00 , Implies |qj.(y, t, e)l £ tCt), j = 1, n. 

Given 5 > 0 there exists % > o such that |y]|, ly^l ^ R; o < 

< Sq, ly] - y<l ^ I, ^ = 1, n, |e’ - e^\ ^ Implies 

kj(y’^ - 'lj(y^> t, e®)| ^ 5 \|r(t), J = 1, n, - » < t < » . 

Finally, (p) the functions qj(y> ar® periodic In t of period 

2it/a), or are Independent of t and then t(t) Is replaced by a constant 

K > 0. 

Sometimes we shall replace (K) by the stronger assumption; 

(L) . Condition (K) holds, and. In addition, y^ , y^ < R, 
i = 1, ..., n, 0 < e < Eq, implies 

n 

kj(y^ t, e) - qj(y^^ t, e)| < i(t) |y] - y^], j = 1, ..., n,- » < t < oo, 

Jt=^ 


Condition (p) will be replaced by a condition of quasi periodicity 
In some theorems. Also, It may well occur that we can take R = oo, or 
that we may take R any arbitrary constant and \ir(t) depends on R, all 
with obvious simplifications In the statements of the present paper. 

REMARK 1. Let us give here In a few words the actual meaning of 
condition (or). In most cases (2.1) will be the canonical form of a real 

I! P 

system containing at least one equation of the form x^ + a x^ = e f^, and 
then = la, Pg = - i<y* Then the first condition ( 2 . 2 ) is satisfied by 
simply taking v = 2, m = a, a^ =1, a^ = -1, b^ = b^ = h while the 
second condition ( 2 . 2 ) requires that the remaining characteristic roots are 
not ’’close" to any one of the numbers im a, ra = 0, + i, + 2 , .,. . If 
the real system contains, besides the equation above, a first order equa¬ 
tion of the form x^ = e f^# then we have p^ = 0, and the first con¬ 
dition ( 2 . 2 ) is satisfied by simply taking v = 3", cu = a, a^ = 1, ag = - 1, 
a^ = 0, b^ = bg = b^ = 1, while the second condition ( 2 . 2 ) requires again 
that the remaining characteristic roots are not "close" to any one of the 
same numbers above. In §5 we shall actueilly consider these and more general 
situations. Integers a^, bj + 1 certainly occur in connection with 
subharraonlc and ultraharraonic solutions [cf. 8]. As a further informal 
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comment on the general process discussed rigorously below we wish to 

mention that periodic solutions of system ( 2 . 1 ) can be expected to be of 
iT^t 

the form ® + 0(e)> j = v, yj‘= 0(e), j « v + 1, n, 

where Itj = ^ autonomous case, and where the numbers 

Cj = Cj(e; do not necessarily approach zero as e - 0 . This is 

actually the case in innumerable known examples [see, e.g., 8, 9 c for 
references]. Thus it is natural to look for i)eriodlc solutions of ( 2 . 1 ) 
in the "nel^borhood" of solutions of ( 2 . 1 ) for e = 0 of the form 

P ^To )t 

yj - oj e •> , j - 1 , V, yj . 0 , j = V + 1, n. 

Note that, by force of the continuity requirement in condition 
(of), we may assume Eq ^ ^ 6 > 0 sufficiently small so as 

|pj(e) - iajco/bjl < 8, j = 1, ..., v, 0 ^ ^ , 

( 2 . 3 ) 

|pj(e) - imm/bQl > 8, j =* v + 1, ..., n, 0 e ^ e^, 

m*®o, ••• • 

Note that <0 appears in both conditions (of) and (K). In case 
the functions q^ do not depend on t (autonomous case), then we may 
assume that relations ( 2 . 3 ) hold for all co of a sufficiently small 
neighborhood U of the number, say oj^, for which ( 2 . 2 ) holds. 

Note that the points z = pj(o), j = 1 , ..., v, are ap£u?t from 
all points z = pj(o), j = v + 1 , ..., n, and z = lmcDA>Q^ m/hQ 5 / 
m « 0, + 1 , ..., in the complex plane. Then we oan take 8 in ( 2 . 3 ) 
sufficiently small in such a way that ( 2 . 3 ) still holds, and the 
8-neighborhoods of the points z = Pj(0), j * 1, ..., v, are 8 apart 
from all remaining points. 

Let us consider the auxiliary matrices B » diag (B^, Bg), 

B^ - A^(0) = diag (iT^, ..., 1 t^), Itj « “ la^co/bj, j « 1, •••, v, 

4 (e)^ J " V + 1> •••f n)* Thus e®^ * diag(e ^ , e ^ ), 
J It t -B.t -It t “iT^t 

..., e ^ ), e * diag (e , ..., e ), 

,J»v+1, ..., n). Let us denote by z(t) any 
particular solution of system (2.1 ) for e « 0 of the form 

ix^t It t •n+- 

( 2 .^) z(t) « (c^e f c^e , 0, ..., 0 ) « e C , 

where ^ J “ •••# v, are constants, C = col (c^, ..., c^, 0 , 

0 ). Let n * n(c^, ..., c^, b^, co) be the class of all continuous 
periodic vector functions <p(t) •= ( 9 ^^ •••# 9^) pericxi T » 2itbQ/co, 


and Bo “ A^(e) » (p 

B,t ^ ^ iT.t 

e • diag (e , 

B^t p J(s/t 

e » diag (e 
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such that 

(2*5) W 1^0 ^ •••^ ^ $ 

that is, th© first v component q>j of 9 have the form 

(2.6) q)j(t) = e I^Cj + » j = •••> V , 

with w [ 9 j] =* 0 » Let us denote by the subclass of of all 

cp « (9^, ..., 9^) with |9j(t)| ^ R, j = 1, ..., n. Let J be th© 
transformation of into si defined by t(t) = (^9)(t) with 


( 2 . 7 ) y(t) = z(t) + ee^^y' e"®^(q[ 9 (u), u, e] - D[9]9(u)) du , 


( 2 . 8 ) 


D[9]C * W {©“®^q[9(u), u, e]) , 


where D = D[ 9 ] = diag (d^, d^, 0 , 0). The following remarks 

are essential: 

(a) As w© shall prove, each component of the Integrand is of 

class C^i with 0)* = mean value zero; 

(b) The Integral in (2.7) denote the unique primitive of class 
C^i and mean value zero; 

(c) For 9 € we have t € n, i.e., i: transforms 
into SI [se© proof below]. 

In component form relations (2.7)/ (2.8) become 

iT jt it .t n -iT ,u 

(2.9) ilfj(t) = Cj© ‘^ + e© J J e {qj[(p(u), u, e] - dj9j(u)) du , 

•••, V , 

pjt P -PjU 

( 2 . 10 ) ^j(t) » e© J J e qjC9(u), u, e] du , j = v + 1 , n , 


( 2.11 ) 




-iT^U 

{e qj[<p(u), u, e]) , 


j = 1, ••V , 


( 2 . 12 ) 


0 


-p 

{© 


i 


u 

qj[9(u), u, e]) 


j « V + 1 , n. 


and w© shall analyze these relations below. 
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-ItiU 

Obviously the products e qj[q)(u)> u, e], j » 1, v, 

are periodic of period T » artb^/o), and are L-lntegrable In [0, T]. 
Thus w in (2.11) Is the usual mean value, and since 
defined, j = i, ..., v. By (2.6) ve have 


(2.13) 


-It.u 

e (qj[<p(u), u, e] - djq)j(u)) = 


-It .u 
{e J 


qj[<p(u), u, e] - Cjdj) - 


and, by (2.11), these functions are i)erlodlc of period T - anb^/co, of 
class 0^1 and mean value zero. Hence, by §1, there Is one and only one 
primitive, say tj(t), of ( 2 . 13 ), also periodic and of mean veilue zero, 
and finally, by ( 2 . 9 ), ve have 

♦ It j t 

(2.14) yj(t) = [Cj + ei|rj(t)]e , J - 1# •••/ V , 

that Is, the functions ^At) satisfy (2.5)* Also, the same functions 
J -p .u 

i|fj(t) are absolutely continuous. The functions e qj[<p(u), u, e], 

J = V + 1 , ..., n, are obviously of class C^i with 1“ Pj + ^ 

6 > 0 for all j *= v + 1, ..., n, m« 0 , + 1 , + 2 , ..., and hence have 

mean value zero according to §1. Thus ( 2 . 12 ) Is Justified. Also, there 

is one and only one primitive of class C^i and of mean value zero, and 

—p jt 

of the form e ^ ^Jo^^^ periodic of period T (\|rjQ of mean 

value not necessarily zero), and then tjCt) « J •* v + 1/ ..., n. 

Also, the same functions periodic and absolutely continuous. 

Thus (a), (b), (c) are completely proved, and ^ C n* 

We shall take in fl the uniform topology (§3) and we shall prove 
that, for e sufficiently small, t transforms a closed sphere 
around z(t); C into itself under the hypotheses of continuity (K). 

Also, (^3), there is a compact convex set C C which is transformed 

into itself by i. This implies (§ 3 ) that ^ has in n* at least one 
fixed element y(t), y = i y, by Schauder *3 fixed point theoi»em. Under 
the Lipschltz condition (L), 1 I is a contraction (§3) and thus the 

fixed element y « 1 y is unique in In any case, y(t) satisfies 

the integral equation 

y(t) « z(t) + f Cq[y(u), u, e] - D[y]y(u)) du , 


DC « D[y]C - '‘K {e“®^q[y(u), u, e]) . 


(2.15) 
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Since both y(t) and D depend upon the integers 

the complex constants Cj 4 J “ •••> v, besides a> and e, we 

shall write y(t, a, b, o, to, e), D(a, b, c, a>, e), where a = (a^, 
a^), b « (b^, by), c = (c^, Cy). By ( 2 .15), y(t) Is abso¬ 
lutely continuous, has first derivative y*(t) a.e., and, by differ¬ 

entiation, we obtain 

( 2 . 16 ) y*(t) * (B - £D)y(t) + eqCyCt), t, e] ; 

in other words, y(t) satisfies a differential equation analogous to 

( 2 . 1 ). The vector function y(t) will be a solution of ( 2 . 1 ) provided 

the equation B - eD » A is satisfied, or, in component form, 

( 2 . 17 ) iajco/bj - edj(a, b, c, 0), e) = pj(e), j = 1, ..., v . 

These equations are called the determining equations of system ( 2 . 1 ). 

tftider the Lipschitz condition (L), X I contraction, 

and the actual determination of the unique fixed element y(t) c and 
of the numbers d^, ..., dy can be obtained by a method of successive 
approximations, namely 

iT.t lT,.t 

y^°Mt) z(t) «= (c^e ^ , ..., e , 0 , 0 ) , 

y(“)(t) = z(t) + u, e] - du , 

(e"®“q[y^®'’^(u), u, e]), m = 1 , 2 , 

C = ool(o,,...,o^,o,...,o), ^ = dlag(d{“"''^ 0 , 

Where each integrand is of class and mean value zero, and each in¬ 
tegral is the unique primitive of class and mean value zero. The 

uniform convergence of the process, i.e., 

y(t) = llm y^“^t) , D[y] - 11m D[y^®^] , 

as m-> 00 , is a consequence of the fact that i is a contraction in 

This is the method of successive approximations mentioned in the 
Introduction and used in most papers listed in the references. 

REMARK 2. A few informal words on the definition ( 2 . 7 ) of the 
transformation x may be of interest. First, the terra Dtcp] 9 (h), which 
is subtracted \mder { ) in ( 2 . 7 ) has the effect to make the integrand 
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of mean value zero In the class so as the integral is also in C^. 

Otherwise, there could be constant terms c ^ o in the integrand, and 
terms ot in the integral (the so called secular terms of classical 
analysis). Secondly, we actually subtract more than secular terms, but, 
by this device [cf. Cesarl 4b] it is assured that the fixed element 
y(t) of i , or the limit y(t) in the method of successive approxima¬ 
tions, satisfies the differential equation (2.16) which is similar to 
(2.1 ) and in fact has exactly the same terms eq as (2.1 ). 

§3. PROOF THAT ^ HAS A FIXED POINT. EXTENSIONS 


(a). Proof that l has a fixed point under condition (K). We 
shall introduce a uniform topology in n by defining as norm [cp] of 
an element 9 (t) = (<p^^ •••, 9^) ^ periodic of period T = 

2rtbQ/a) and continuous, j = 1, ..., n), the number '??['?] = max |9j(t)|, 
where the maximum is taken with respect to all - » < t < + », and 
j = 1, ..., n. Thus is the closed set of all (p £ with [ 9 ] ^ R- 

( 3 . 1 ). Under hypotheses (a) and (K), given a = (a^, ..., a^), 
b = (b^, ..., b^), and any two numbers r^, 0 < r^ < rg < R> there 

is an e^, 0 < < e^, such that, for every c = (c^, ..., c^ ) and e 

with r^ < |Cj| £ Tg, j = 1, ..., V, 0 e < e^, the transformation 
is continuous, maps the closed sphere into Itself, = C 3i'[9(t) - 

z(t)] < r), r = R - r^, and has at least a fixed point in 

^ iT-t It t ° 

PROOF. Obviously z(t) = (c^e , ..., c^e ^ , 0, ..., o) e n, 

and Ti [2(t)] = max |cj| < Tg < R. Hence, z(t) c Also, for every 

9(t) e Hq we have 5; [ 9 ] ^ [z] + r ^ Tg + r = R, and C C Let 

K be any number such that 


(3.1) 


/ "‘1 


dt < KT . 


For every 9 e and j = 1/ .../ v, we have, by (2.11), 

T 


o 

-It^u 


r -iT^u 'J , n -ItjU 

jdj «wje qj[9(u)# u, e]| « T ' J e qj[ 9 (u), u, e] du , 


( 3 . 2 ) 

T 

|djl < J |qj[9(u), u, e]| du < IcjI’^'t”"' 

o 


T 

J t(u) du < r^ K . 
o 


For j « 1, ..., 


we have, by (2.4), ( 2 . 9 ) 
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i|fj(t) - Zj(t) « ee ^ Je ^ |qj[<p(u), u, e] - dj(pj(u)j-du , 

and, by (l.ll) with V = T, (K), and (3.2), also 

T 

Itj(t) - Zj(t)| J [|qj[9(u), u, e]| + |dj| |9j(u)|] du 
0 

(3.3) 

^ 2e[KT + Tr“^KR] = 2e(l + , 


for all - 00 < t < + since Zj are periodic of period T, 
j = 1, V. For j = V +• 1, n, we have, by ( 2 . 11 ), ( 2 . 10 ), 


ij(t) - Zj(t) 


Pjb p “P4^ 

tj(t) = 0 J e *1 qj [9(^)7 u, e] du , 


with I” Pj iin^“A>ol > ^ j = V + 1, •••, n, m = 0, + 1 , ... . Let 
7 = max hn pj I, j = v + 1 , .n, and H = e^*^. By (l .11) there Is a 
constant N * N( 6 , cd, b) such that 

T 

(3«4) Uj(t) - Zj(t)| < eHN j |qj[ 9 (u), u, e]| du < eHNKT, j = v + 1 , n. 

0 

By ( 3 . 3 ) and (3.4), for M‘ = inax[2(l + r^^R)KT, HNKT], 
e* = inlnfE^, r/M], 0 < e < e‘, we have 

^i.'[cp(t) - z(t)] ^ eM’ ^ e’M’ < r . 

Thus i 9 € Aq for every 9 e n^, l.e., ^ C 

Let L > 0 denote any number with pj(e) < L, j = 1 , ..., n. 

Let us consider the subset C Aq ^ ^0 components 

9 j(t) are absolutely continuous, with first derivatives (a.e.) satisfying 
the relations 

|9j(t)| ^ 2LR + eQ^(t), j = 1, ..., n, - « < t < ® . 

Obviously A* Is convex. Note that the functions 9j(t), i = 1, ..., n, 

with 9 (t) € A are equlbounded, equiabsolutely continuous, and equl- 
^ * 

continuous. Thus, by Ascoli's theorem, A^ Is a compact family. 

Finally, If y^ = (y^^^, j = l, ..., n) e A*, n = 1 , ..., and 
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^ ^equiabsolute continuity of the func¬ 
tions implies that 7 ^( 1 ) is absolute continuous, j * i, n. 

If Vj, Vj^ denote the total variations of yj, y^^ in any Interval 
[f, t"], by the lower semicontinuity of the total variations we have 


t" t" 

f |y'(t)| dt = V. ^ lim V. = f |yL(t)| dt . 

'^1 J n 00 n -> 00 ^ ^ 


Hence 


t” 


/ I 

t' t' 


t” 


[2LR + E^T|/(t)] dt , 


and, by a limit, also lyj(t)| < 2LR + for almost all t. Thus 

JIq is a closed set. 

Let us prove that J C n*. By ( 2 . 9 ), ( 2 . 10 ), by differentia¬ 
tion, we have 


t;(t) 


Pj(0)>lrj(t) - edjcpjCt) + eqj[q)(t), t, e] , 


j 


V , 


tj(t) * Pj(e)tj(t) + eqj[qp(t), t, e], j “ v + 1 , n, 

and hence 

Uj(t)| ^ LR + er“^KR + ei^(t), j = 1> •••; n , 

Thus, for e" « min [e’, r^LK”^], 0 < e < e", we have 

Uj(t)| < 2 LR + eQ'k(t), j = 1> •••; n . 

This proves that y = ^ 9 e 0 * for every <p e n*, l.e., J C 

We must now prove that, for every e, o^e^e", l is a con¬ 
tinuous transformation in Grlven ^ > 0, let 5 > 0 be the number de¬ 
fined in (K) relative to 5 . For every two elements 9 ® » *^ 32 ^ ^ 

s = 1 , 2 , let i|r® = 1 9 ®, = (ilTg^, ..., and Dg = D[ 9 ®] « 

(dg^, ..., dgy, 0, 0). By ( 3 . 2 ) we have ldgj| < r“^K, j « 1, ..., v, 

s » 1 , 2 . We have also, by (K) and (3*1 ), for 9 ? [ 9 ^ - <P^] < i, and by 
taicing g ^ 5 , 
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°j^lj “ °j^ 2 j ^ (u),u,e ] - qj[cp^(u),u,e]J , 

T 

(3.5) |dij -d,j| < lojI-’T-’ /|aj [<p^(u),u,e] - qj [(p^(u),u,e ] I du . 

o 

T 

< |0jr^T“^5 J i|f(u) du < . 


For j = ..., V, we have now, hy ( 2 . 4 ), (2.9), 

iT.t n -It.u 


re] - 


IT .L p -IT .Ur , 

= e e j J e ^ |qj [<P' (u),u, s 

- qj[ 9 ^(u),u,e] - ^1 j'Pij + ^ 2 j'^ 2 j} ^ 

and, by (l.ii), (K), (3.1), ( 3 * 2 ), ( 3 . 5 ), also 

T 

Kij(t) - t2j(t)| < 2 e J ||qj[ 9 ’(u),u,e] - qj [q)^ {u),u, e ] | + 
o 

+ l^ljl bijCu) - + |d,j -d2jl l<Pgj(u)|j- du 

< 2e[KT + r“^KT + r“^KTR]5 < 2eKT(l + r"^ + r~^R)5 . 

For j = V + 1 , ..., n, we have, by (2.10), 

j(t)-t2j(t) = ee ^ J e ^ |qj [q>^ (t^),u, e ] - qj [9^ (u),u, e ]| du 

and by (l.ii) for the same constants H = e^*^, N = N( 6 , oi, b), we have 

T 

Uij(t) - (t)| ^ eHN J |qj[<p’{u), u, e] - qj[<p®(u), u, e]| du 


(3.7) 


< eHNKT j = V + 1, ..., n 


By (3.6), (3.7), for M" « max [2ICr(l + r”^ + r“’R), HNKT] we have 
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and this assures that ^ is a continuous transformation in 

Since ^ is a continuous transformation and x maps the con¬ 
vex closed compact set Aq into itself, where C and 

n is linear, by Schauder's fixed point theorem we conclude that i has 

if. 

a fixed element in 

(b). Proof that ^ la a contraction in under condition 

(L). 

(3«ii)» Under hypotheses (a) and (L), we can take 
sufficiently small in (3«1) so that i | is a contraction, namely 
9? [1 “ 5 9 ^] < 1/2 9 ^[ 9 ^ - 9^] for every 9 ^, 9 ^ € ft.. Thus, the fixed 

element y(t) ^ is unique in 

PROOF. We have already proved that J C We need not 

consider Relations (3«l)> (3«2), (3.3)> (3 • ^) will be needed. 

Relation (3*5) can be replaced by 


(3.5L) 




T 

J t(u)|9T^(u) - du 

O 


< r‘^nK 9«' [ 9 ^ - 9^], 


j = 1> V . 


Relation (3*6) can be replaced by 

Uij(t) - ^ 2e[nKT + r'^KT + r^^nKTR] 9.' [ 9 ^ - 9^] 

< 2 enKr [1 + r“^(l +R)]'V [ 9 ^ - 9^]# 


( 3 . 6 L) 


j = 1, 


Relation (3 *.7) is replaced by 

(3.TL) j(t) - t 2 j(t:)l ^ eHNnKT 9f [ 9 ^ - 9^], j = v + 1, ..., n . 

By ( 3 . 6 L) and (3.7L), for M‘'‘ = max [2nKT [1 + r“^(l + R)], hHNKT], 

= min [e", l/2M’*’]> 0 ^ e ^ ve J^ave 

9{[T|r^ - < eM’*‘ 9i‘ [ 9 ^ - 9 ^] ^ [ 9 ^ - 9^] < 

< ( 1 / 2 ) 9{ [tp^ - 9 ^] . 


( 3 . 8 L) 
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Thus ^ I contraction and (3*11) is proved. 

REMARK 1. If we denote by ||D||, or norm of D = (d^, d^, 

0, 0) the number ||D|| = max j = 1> •••* v, and by the 

constant M * nr“^K, then, under the same conditions of (3.ii), by 
(3«5L) and (3-8L) and for 0 < e ^ we have 


(3.9) 


^ ^ < (1 /2) ri [cp^ - <p^ ] , 

||D[cp’] - D(q)^)|| ^ M, - <P^] . 


Note that under the present hypotheses, i.e., (L) instead of (K), the ex¬ 
istence of a fixed element in coiHd be deduced by the fact that 

i I jIq is a contraction and is a complete set. 

REMARK 2. The fixed element y(t) = (y^, •••; y^); y = ^ y> 
whose existence has been proved above (3.i) satisfies the integral equation 

(3.10) y(t) * z(t) + f (q[y(u)^ u, e] - D[y]y(u)) du . 


As noted in §2, the components yj(i) ar© absolutely continuous and thus, 
by differentiation of (3*10), we conclude that the differential equation 
( 2 . 16 ) is satisfied for almost all t. By ( 2 . 6 ), ( 2 . 9 ), ( 2 . 10 ), relation 
( 3 . 10 ) in component form is 


( 3.11 ) 


ix.t It .t n -ixjU 

yj(t) = Cje J + ee ^ J ® ^ (OLj [y(ii)^u, e ] - djyj(u)) du. 


j - 1 , . • ., V , 

P,*(e)t P -p.(e)u 

yj(t) = ee ^ / e qj[y(u),u,e] du, j = v + 1, ..., n . 


By ( 3 . 3 ), (3.4), ( 2 .if) we know that, for all t, we have 
iT.t . 

|yj(t) - Cje I < 2eKT(l + r^ R), j = 1^ v . 

( 3 . 12 ) 

|yj(t)| ^ eHNKT, j=v+1, ...,n . 

Having already denoted by L any nimiber such that |pj(e)| < L, 
j = 1 , ..., n, 0 ^ e < Eq, by ( 2 . 16 ) and ( 3 - 2 ) we have 


( 3 . 13 ) 


|y'j(t)| < LR + er’^KR + et(t) . 
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(c). Case of large forcing terms . We shall consider the system 
analogous to ( 2 . 1 ): 


dy/dt = Ay + P(t) + eq(y, t, e) , 

where P(t) »= (P^, P^^) is a i)eriodic vector function of period 

2jt/(D, whose components are L-integrable in [O, 2Jt/a>]. Por what all 
previous considerations are concerned we may actually replace (3#14) by 
the system 

(3.14) dy/dt = By + P(t) + eq(y, t, e) . 

¥e must suppose that 

-It .t . p -iT^t 

'i);[e Fj(t)] = T‘^ j e ^ P^(t) dt = 0, j = l, •••, v . 

o 

Under this condition, system 


dy/dt = By + P(t) 

has a particular solution given by 

Y(t) = e"®'^P(u) du 

with the usual conventions. Let y = Y(t) + z, z = (z^, z^). Then 

(3*14) is transformed into the system 

dz/dt = Bz + eq[Y(t) + z, t, e] 

which is of the type ( 2.1 ). 

(d). Extensions . 

(d^). The considerations above can be repeated for systems much 
more general than ( 2.1 ). Por instance, we may consider systems of the form 

( 3 . 15 ) dy/dt = Ay + q(y, t, e), -oo<t< + oo , 

y = (y^, ..., y^^), q = (q^, ..., qj^), under conditions (a) and (K) pro¬ 
vided Qj (y> 0) = 0, j = 1 , ..., n. Given 5 > 0 there is a | > 0 

such that 


( 3 . 16 ) 


kjCy^ t, e)| < ct(t), 


j = 1, n 



136 


CESARI 


for all |yj|<R> - oo<t<+w, 

(dg). The considerations above can be repeated for systems of 

the form 

(3.17) dy/dt = Ay + q(y, t, e) + g(y, t, e), - oo<t< + » , 

under conditions (a) and (K) (both q and g) provided q is as above 
in (d^) and the following holds: given i > 0 there is a | > 0 such 
that, for all 0 e £ ^qj - « < t < + «, |yj| < R, we have 

(3.18) lgj.(y, t, e)| ^ SCly,! + ••• + lynl]^(t) . 

In this case we must taLke with R sufficiently small. The last con¬ 
dition is certainly satisfied if lgj(y> t, e)l < M[|y^ + ... + ly^l^] 

for some constant M. Finally the case 

( 3 * 19 ) dy/dt = Ay + P(t) + q(y, t, e) + g(y, t, e) , 

where q, g are as above and P(t) is a given periodic function of 
period 2 n/a), can be reduced to the previous ones by the remark 
(c) above. 

(d^)* Note that systems of the form 

dy/dt = A(t)y + eq(y, t, e) , 

or the similar ones, where A(t) is a matrix whose elements are continuous 
periodic functions of t of period 2 jt/cD, can be reduced to systems (2.1) 
by a change of coordinates z = Py where P is a matrix whose elements 
are continuous periodic functions of t, det P / 0 for all t, such that 
PAP“^ is a constant matrix. 

(d|^). Another important extension concerns the case where 
®2 “ is an arbitrary (n-v) x (n-v) matrix (§2, condition (of)) whose 

elements are continuous functions of e for 0 ^ e < e^, and whose char- 
acterlstic roots pj(e), j = v + 1, ..., n, verify the relations 
Pj.(o) lma>/bQ, b^ « b^...by, m = 0, + 1, + 2, ... . Then the co¬ 
efficients of the characteristic polynomials of B2(e) are also continuous 
functions of e, and finally the characteristic roots con¬ 

tinuous functions of e (the latter statement can be proved in terms of 
theory of functions of one complex variable and the use of the logarithmic 
indicator. See, e.g., [ 4 a]). Also, it is known that there exists a 
(n-v) X (n-v) matrix P » P(e) whose elements are continuous functions 
of e in 0 1 e £ Eq ^o ^ with det P(e) ^ 0 , and PBgP"^ 
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i 3 a triangular matrix. See, e.g., for analogous considerations [i^a]. 

See also, S. P. Diliberto, On systems of ordinary differential equations. 
These’Contributions, Vol. l, 1950> i-38« Thus ¥e can suppose Bg 


Bg(e) 


a triangular matrix, say Bg 


[h 




0 for j > h, b 


jh 


i, h 


V + 1 , 


a' '’j 


p.(e). Note that the least 


., n, such that 
n - V equations 


( 2 . 1 ), vrltten in inverse order, are 


II 

Pn(e)yn + E'ln 

> 



yn-1 

= Pn-l(")yn-l 



-1 ' 

^n-2 


^ ^n-2,n-1^n- 

-1 ^ 

'^n-2,nyn 

. . • 


n 



^v+1 

= Pv4i(^^yv+l 

" 1 Vi, 


^ "ly+l • 


i=v+2 


The transformation i|r = J cp can now be defined by the same re¬ 
lations ( 2 . 9 ), ( 2 . 11 ) for j “ 1, ..., V, and, for j = v + 1, ..., n, 

p t p -p u 

f^(t) * ee ^ j e ^ qj^[T(u), u, e] du , 




'^n-2 




eq^_^[(p{u),u,E] + 


^n-2,n-1 


n-1 


(u) + 




i=v+2 

All considerations of the present paper extend to this case with¬ 
out difficulties. Note that for v » o no condition is imposed on A(e) 
but pj(o) ^ Imo), j - 1, ..., n, m = 0 , + 1 , + 2, ... . For the salce of 
simplicity we shall refer in the following mainly to systems of the form 
( 2 . 1 ). All considerations of §3 extend with obvious changes to the more 
general situations mentioned above. 

(e). The elementary case v « 0. 


du, 
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(3•111)• System 


( 3 . 20 ) 


y» = A(e)y + eq(y# t, e) , 


y = (y,, •••» Jn^, q = (q,» •••• satisfying (“) and (K) with v = 0 , 

has always a periodic solution for all o < e < and some e-j > o 
sufficiently small. 

Indeed, for v = o, there are no aj, bj, Cj, and (or) requires 
only that ^ Imoj, j = l, •••, n, m = o, + 1, •*., where 2jt/as is 

a period of q. Then, for 0 < e < and some Eq > o> 5 > 0, we have 
also |pj(e) - Imoil > 8 > o for the same j's and m‘s. The trans¬ 
formation ^ , or J 9 , of §2, Is now the obvious one 

)lr(t) » e”^^q[9(u), u, e] du , 


where the Integrands are of class and mean value zero and the Integrals 
are the unique primitives of class and mean value zero. Actually 

t(t) Is the \inlque periodic solution of the linear system 
y' = Ay + eq[ 9 (t), t, e]. Note that we have here z(t) = (o, ..., o), 
and A « B. Also Is a sphere about 9 = 


" «o ^ ^o 


for 0 £ e ^ and some 


> 0 . 


Finally 


and 

has a fixed 


o o - -a - ^ '1 - - 1 ' 

element y(t) € n^. The determining equations ( 2 . 16 ) are nonexistent 

(thus certainly satisfied) and y(t) Is a periodic solution of ( 3 . 20 ). 
Under condition (L) the corresponding method of successive approximations 
Is the usual one y^°^ “ y^^^ = ^ y^™ m = 1 , 2 , ... [See A. 

Lyapunov, Probleme general de la stablllte du raouvement. Ann. of Math. 
Studies, IT, ^9^9]^ 

(3.1v). System 


( 3 . 21 ) y’ *= A(e)y + F(t) + eq(y, t, e) , 

where y, q, F are n-vectors, where A and q satisfy (a) and (K) with 
V = 0, and F(t) la periodic of period 2n/(ii, L-lntegrable In 
[0, 2jt/co], |Fj(t)| < r < R, j = 1, ..., n, has always a periodic solution 
for all 0 e < e- and some e- sufficiently small. 

“"P 

Indeed the condition W[e Pj(t)] - 0 , j * 1, ..., n. Is 
necessarily satisfied since Ipj(e) - Imcoj > 8 > 0 , for all j's and 
m *3 as before. Hence, system (3.21 ) can be reduced to another analogous 
to ( 3 . 20 ). A little reflection shows that the method of successive 
approximations can actually be defined In terms of system ( 3.21 ) by taking 
for y^^^(t) « z(t) the unique periodic solution of the linear system 
y' = A(e)y + F(t), and for y^®^(t) the unique periodic solution of the 
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linear system y* = A(e)y + P(t) + eq[y^®”^ ^(t), t, e], m = 1, 2, ..in 
other words 


y^°^(t) = z(t) = f e“^^F(u) du , 


y^®^(t) = z(t) + y'^(u), u, £] du . 


Extension of (3*iv) in the lines of the remarks d^, dg are the 
following ones. 

(3*v). Consider the system 

(3.22) dy/dt « A(e)y + q(y, t, e) + g(y, t, e) , 

where y, q, g are n-vectors, whei*e A, q, g satisfy conditions (a) and 
(K) with V = 0, and, in addition, q satisfies condition (3-16) and g 
condition (3.18). Then there is a periodic solution y(t) of (3.22) for 
all 0 ^ e ^ and some £| > 0 sufficiently small. 

Finally, we may replace A(e) in (3.22) hy a nxn matrix 
A(t, e) whose elements are continuous functions of t and e, 

-oo<t< + oo, 0^6^ Eq, periodic in t of period 2jt/a> (the same a> 
as for q and g), and whose chaj?act©rlstlc exponents, say X.(e), 
j = 1, ..., n, (all defined mod (dI) verify the relations Xjto) 4 
0 (mod cui), j = 1, •••, n. 

The last extension contains, as particular* cases, results of 
Antoslewicz and Diliherto, since the former assumed H(^j) < 0, and the 
latter R(Xj) ^ 0, j = 1, ..., n. Furthermore we assume that the func¬ 
tions q and g are periodic and L-lntegrahle in the period (in the 
sense of condition K) instead of periodic and continuous (S. P. Diliherto 
and M. D. Marcus, On systems of ordinary differentiable equations. These 
Contributions, Vol. 3, 1956, 237-e4i ). 

An extension in a different direction can be obtained as follows. 
Suppose that system (3.21) satisfies conditions (a) and (L) with v = 0 
and |R(pj)| > 5 > 0, j * 1, ...# n, suppose that F(t) € QP, where QP 
is the class of all vector functions whose components Pj(t) are 
-quasi periodic, i.e., 

Pj(t) J “ 


n. 
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We shall suppose also that t, e) e QP and cij[y(t), t, e] e QP 

This condition replaces the periodicity condition (p; of (K) as mentioned 
in § 2 . 

Note that we have now z(t) ® o and 
yj(t) ~ (Pj + l>^) ’cj^e KPm + ^ 8 ^ ^ 

< + 00 , 

l.e., y°(t) € QP. The same argument proves that system (3*21) has a 

solution y(t) of class QP. [See J. J. Stoker, Nonlinear vlhrations, 

App, 2 ., Interscience, 1950]. 

(f). The analytic case . Though not needed in the sequel the 
following remark may be of some interest. The method of successive approxi¬ 
mations defined by relations ( 2 .l 8 ) is the one initially proposed by the 
author [4b] in 1940 for linear systems, and successively used by J. K. 

Hale, R. A. Garabill [ 9 b, 7 abc] for linear systems, and by W. R. Puller [ 10 ] 
for Lipschltzlan nonlinear systems. The corresponding series 

( 3 . 23 ) = yj°^(t) + £ (yj“'^’^(t) - yj“^(t)], j = •••» n , 

m=o 

are not power series in e even in the case where the functions 
qj(y; t, e) are analytic in y^, ..., y^^, e. For this case a modification 
of the process ( 2 . 18 ) has been used in [ 9 c, 8 , 6 b]. In harmony with these 
papers, suppose 


qj(yi t, e) = ^ E^qj'^^y. t), qj*''(y> t) e C^, 0 < e 1 ^0 ' 

k=o 

q^^^(y, t) analytic in y^, •••, 7 ^, and let sj^^^^t) denote the co¬ 
efficient of e^”^, r * 1, 2, ..., when y in qj '(y, t) is replaced 
by 

(3.24) y « z^°^(t) + ez^^^t) + e^z^^^(t) + ... , 

where each z^^^(t) is independent of e. Moreover, let the corresponding 
coefficient of in qj(y, t, e) be denoted by sj^^(t). Let 
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(3.25) ° ®{® ^ ' J “ •••> '’ » 

= dlag ..., 0, ..., 0) , 

where 


by 


sj^) = a^^‘°'> + sj’"-!'’) ... + 9^’'^"’^ . 

Sj^) = + ... + j = 1, ..., V. 

The modified method of successive approximations is then defined 

y^°^(t) = z(t) * z^°^(t) = (c^e ^ , ..., c^e ^ , 0 , 0 ) , 

k=l 


( 3 . 26 ) 


^ ^(u)j 


du 


k=i 


mod e 


r+1 


r = 1, 2, 


with s^^^ = •••/ •••» y 

and exactly the same conventions above. 

that this method converges and that y(t) = 11m y^^^(t) as r-«>, 

satisfies the differential system dj/dt = (B - eh)y + eq(y, t, e), where 


.(k) 


,(k) 


,(r) 

In [8, 


,(o) 


,(i) 


z ' + ez'' ' + 

9c] it was proved directly 

.(r)/ 




h = h(a, b, c, CD, e) = S 
d in the analytic case 


( 1 ) 


eS 


( 2 ) 


+ e2s<3) 


Thus h may replace 


All the proofs in the present paper are given in terms of the 
transformation I and a fixed point theorem. In the Lipschitzlan case, 
some could be given in terras of the process of successive approximations 
( 2 . 18 ) and, in the analytic case, even in terras of the process (3.24, 25 , 
26 ). The differences are mostly notational. 

(g), A remark . In this section we have supposed all Cj 0 
and between positive bounds, 0 < r.j ^ |Cjl ^ 1*2 ^ **** There 

are oases where this requirement can be weakened or omitted. 
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A first situation where we may consider some Cj arbitrarily 
small, say o ^ |Cj| ^ rg < R, is when, in a convenient class fl, the 
corresponding mean value (2.11) is Identically zero. Then we may assume 
dj « 0 , cj arbitrary. This situation will occur in § 6 . 

A second analogous situation will occur when we can prove that 

the corresponding mean value (2. 11 ) is o(Cj) as |cj| - 0 . Then 

dj=o(i), Idjl^M, and the previous evaluations are simplified. This 
situation will occur in §4 with applications in § 6 . 

Another analogous situation would occur if for Cj = o(e^) as 
e -0 for some j and k > 0, we could prove that also the corre¬ 

sponding mean values (2.11) are o(e^). We do not discuss this case 
in the present paper. 


§ 4 . PROPERTIES OP THE FIXED ELEJyiENT 

(a). The general case . Given system (2.1) mder hypotheses (or) 
and (K), and the two seta of integers a = (a^, ..., a^), b = (b^, ..., b^), 
aj ^ 0 , bj > 0 , j = 1 , •••, V, we have determined the n-vector 
y(t) * y(t, a, b, c, o), e) « (y^, ..., y^) and the relative v-vector of 
numbers dj, D = D[y] = D(a, b, 0, m, e) « (d^, ..., d^, 0 , ..., 0) with 

- » < t < + », 0 e ^ E,, c = (c,, 0,), 0 < r, ^ lOjl Tg < R, 

j = 1 , ..., V. As mentioned in § 2 , in the periodic case co is fixed, 
since the relations 

Pj(0) = iaja)/bj, j“1> •••; V, 

are satisfied, and the functions qj are periodic functions of t of 
period T *= 2 jt/a). In the autonomous case we shall denote by 60 = 0)^ the 

value of 60 for which the v relations above are verified and then co 

is thoiaght of as a parameter varying in an interval U = ^^02^' 

° ^ ‘^ol ^ ‘"o “02 < + "• this section we shall discuss the properties 

of y as a function of t, as well as the properties of y and D as 
functions of c, e and (in the autonomous case) of co. For the sake of 
brevity we must treat the two cases together: system (2.I ) periodic, and 
system (2.1) autonomous. To do this we shall suppose, in all that follows, 
that in the periodic case the interval U is reduced to the single point 
cOq, thus cOq^ = cOq = 00^2 = CO. We shall take for the v-vectors c the 
norm ||c|| = max |Cj|, j = 1 , ..., v. The vector function y(t) is periodic 
in t of period 2n/co and verifies the Integral equation (2.15) and the 
differential equation (2.16), thus 


y*(t) « (B - eD)y(t) + eq(y, t, e) 
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where A « dlag [pj(e), j » i, n], and B « diag [Pj(o), j « i, v; 

Pj(e)> d “ V + 1, •••! n]« Let M he large enough in order that 
|pj(e)l ^ M, j - 1, n, 0 ^ e ^ e^. Since |yj | ^ R, |qj| ^ \|f(t), 

and l^^jl have, as in §3, 

(1^.1) |yj(t)| ^ MR + e^r:^^KR + e,t(t) . 

Th\i3, we have, for all t\ t^, 

t^ 

lyjCt^) - yj(t^)| ^ (M + eir;^K)R |t^ - t^ I + El J >|r(t) dt , 

t’ 

i.e., the functions yj(t), j = 1, n, are equiabsolutely continuous 

in t (with respect to c and e ). In the autonomous case, we have 
y(t) = K, and 

(It.2) |yj(t)| ^ MR + e^r^’KR + e,K , 

i.e., 'the functions yj(t), j = 1, ..., n, are uniformly Lipschitzian in 
t (with respect to c, e, and <a). 

We could now prove a number of theorems stating that, under con¬ 
dition (L), y(t, a, b, c, co, e), D(a, b, c, co, e) are continuous functions 
of c, e, and (in the autonomous case) of to, and that further smoothness 
conditions on the qj imply analogous properties for y and D. We will 
prove only the following theorem of a mixed type (which cannot be deduced 
from general theorems. Cfr. J. Schauder and J. Leray, loc. cit. in §5). 

( 4 .i). Suppose hypotheses, (or) and (L) are satisfied, that 
a « (a^, ..., a^), b « (b^, ... b^), 0 < r, < rg < R, 0 ^ ^ and 

are given as in ( 3 .i)^ and let V > Sjch^/toQ^, b^ » b^...by be any 
number. Then, there are numbers e^. Mg, 0 < Sg ^ ^2 ^ given 

i > 0 arbitrary, there is another number 6 > 0 such that, for all 
0® = (c-fo^ j * v), r. ^ |c. I ^ r., d = 1, ..., V, 3 * 1, 2 , for all 

0)', 0)2, < to', to^ ^ to^g, for all e', e , 0 ^ e', e ^ Eg, |e - e | ^ 6 , 

we have 


|yj(t, a, b, c\ to^, ) - yj(t, a, b, c^, to^, e^)| 

|d^(a, b, c\ (0^, e^) - d];|(a, b, 0 , to , e )| 

^ Mg Ho’ - 0^11 + |oi’ - <»®| + ? , 

3 = 1 , n, h - 1, V, 0 ^ t ^ V. Note that for m’ - a? 




the 
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functions y^. above are all periodic of the same period anb^/o)' < V, 

and hence, the relations above hold for all t, - <»<t< + ». This 

* 1 2 

occurs, in particular, in the periodic case, since then cd = go = ciJq* 

PROOF. Take = ^/N, where N is a constant which will be 

determined later, and let 5 > o be the number defined in (K) in re¬ 
lation to 5 *. We may assume S < Also, we may assimie i so small 
that |p .(e^) - pj(e^)| < 5*, j *= 1, ..., n, for all 0 < e^, 

|e^ - < S. 

We may suppose go^^ ^ 1 ^ “02 * " ^^^o^“o2' 

Vg * 2jtbQ/a^^,V^ ^ \ Since ^ ^ ^ ^ “ SjtbQ/oj, we 

have ^ Vg < V. Note that lljl ^ t(t), j = 1, •••, n, and that 

we took K in such a way that 


1 

J ♦(t)(at^KT . 


In the autonomous case ^{t) s K and this requirement is certainly satisfied. 
We shall denote by y^, D^, y^g, djg, Tjg, pj^, Tg, etc., s * 1, 2 , the 
values of y, D, jy dj, xy py T for c = c^, go « to^, e = and 
c “ c^, 0 ) » Go^, £ * e2* We shall omit to indicate all the parameters which 
are not essential. Note that ^ Tg ^ "^2 ^ 

For j = 1; •••, V, we have by (2.11) 






e ^ qji[y (t)] dt 


where qjg[y^(t)] denotes qj[y(t, c^, a>®, t, e ], s = 1, 2. By ^ 

manipulation, by introducing the new variable of Integration u = (o^t/co^ “^2 
in the second Integral, and changing u into t we have 

^2 

^i2 ' -ijl ■ <°j2 - J dt . 




Note that in the periodic case = Tg, « Tjg, = Wg, and thus the 
expression in ( } actually is 
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(It.U) qj[y(t, o®, <D, e®), t, e®l - qj[y(t, o’» ). t, e'] , 

While in the autonomous case it is 

(^•5) qLj[y(t> (^9 ” q.j [y(^»>^t/a)^, c\ a)\ ), ] • 

We shall denote by A the number A » max lyjgCt) - yjT(t)l for all 
0 < t < V, j = 1, n. For every 0 < t < V we have O ^ ^ 

oj^V/co^ and hence |t - to^t/oi^ j ^ - cii^ | • Because of (4*2) [only 

in the autonomous case we may take ^ co^ ], we have 

|yj(t, c^, 0 )^, e^) - yj(a)^t/^D^ c\ 03^ E^)| £ 

< - yj(t# c\ 03^ eMi + 

+ lyj(t, C^, 03^ eM - yj(t«J^t/a3\ C\ E^)| < 

£ A + ‘OqiVIcd^ - 03^ I [MR + e^Kd + r“^R)] = 

(4.6) =A + Pla3^-03^1, O^t^V f 

where P is a constant. 

By (L) we can now evaluate the expression in { ) of (4.3), 
that is, either (4.4) or (4.5): 


IX . 

|qj2[y®(t^i -^ [ I ly/a^t) - y^,(t)i + 5'J+(t) 

je=i 


(4.7) 


^ [nA + nP \(^ - 03^ I + d 1 ) 


By (4.3) we have then 

(4.8) Idjg - djl I < r”^K(r:j’^ ||c^ - c^l + nA + nP - 03 ^ | + S*) . 

For j = 1, •••/ V, by ( 2 . 9 ) we have 


yj 2 (t) - yj,(t) . 


°J 2 ® 


iTjgt 

J - Ojl® 




\qj2fy^('^)l - djgyjgCu)) 

* Cqj,[y’(u)] - dj,y_j,(u)) 


du - 

du . 
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3y manipulation, by introducing the variable v = oj^u/oj^ in the second 
Integral and replacing v by u, we have 

yj 2 (t) - yj,(t) = (Cj 2 - Oj, )e + (1 - e J’ * 


+ (e® - e')e J e * 

, '^"'’"’'{qjaty"(u)] - 4 qj,[y’(4 u)] - dj 2 yj 2 (u) 






u^oy t/flu 


(4.9) - dj,yj,(4 u)}du = s, . .. 


For 0 ^ t ^ V we have |s.|| ^ \\o^ - c'|l, and 


(lt)e^®^d3 ^ RVhj, - Tjgl RVQlo)® - (o’| , 


S-Tjl-Tjg 


since Tjg « lajoj^/bj, s = 1, 2, and we take Q = max ^j/bj, j = 1, •••, v. 

By snd by (l.ii) taking N = 2, and by (3.2), we have 

T 

■^2 

I33I < 5 ’ 2 J |qj2ty^('i)l - ^21^2(1 + r'^R)?' . 


In 3|^ the integrand is periodic of period Tg, of class C ^ and mean 
value zero. By (l.ii), taking N « 2, we have “ 

1^41 < 2e’ f ■ (®^/“>’)qj,y’(“^/“^) + 


+ |djg - (<0 ^/<d’) dj, 11 yj2('i) + (o>®/<o’) |dj,| |yj2('i) - yj,(a®u/<D’)lj-du, 
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and, by (4.6), (4.7), (4.8), also 

“ ((o^/cokqj^y’(aj^u/iokl 

< kj2[y^(u)] - qjT [y^ (oi^u/ookI + |i - 0)^V I kji [y^ (£A>^u/a)k]I 

< [nA + nP|a>^ - 0 )^ I + ]^(t) + 0)^1 - a>^ |\|f(t ), j = 1, •.., n ; 

|dj 2 - (co^/oj'')dj J ^ r“^K(r“^||c^ - || + nA + nPk^ - | + 5«) 

+ - 0 )^ I , 

I (oj^/tok|dj.J lyjgk) - ^ “ ^^\]> 

j = 1, •••, V. 

Thus 

|3^| ^ e’p'A + P"|a>^ - I + P'" ||o^ - o’II + P^’'5' , 

for convenient constants P', P", P'", P^’^. Finally, s^ may be not 
zero only in the autonomous case, and 

|Sg| ^ (K + r;‘’KR) . 

By (4.9) and the present evaluations, we have 
lyja^t) - yji(t)| ^ |a, I + Isgl + iSjl + Is^l + ISjl 
(4.10) £ e'qiA + Q"|a)® - m’ | + Q" ' |l<^ - o'|| + Q^''? ' , 


j = 1, ..., V , 


for convenient constants Q. 

For j = V + 1, ..., n, by (2.1o) we have 

yj2(^)“yjl Je qjgty^ qjl[yku)]du « 

= (e^-eke^'^^ Je ^ qj 2 [y^k)]du + )Je qjgty^k)] du + 

+ qj 2 [y^(u)] du - J e qjgty^^^)] du| + 

+ Je -j^qjgfy^^^)! “ qjlCyku)]| du « cr^ + ... + . 
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For 0 < t ^ V, by ( 4 . 7 ), and for convenient constants N, 

H « e^^ 7 * max | p^ (e) |, 0 ^ e , j = 1, • •n, we have 

|a^ I < IHNKT, 

la^^l < HMT [nA + nP |a)^ - J | + ^ ’ ] , 

lag I ^ e’nET < e’HMRIV [pjg - pj, | 

^ e’ HNErV5' . 

Finally, by (l.iv), we have 

T 

I03I < e’HC|pgj - p^jl J |qj2[y^(u)l| du < e^HCKT^' . 

0 

Thus, for 0 < t < V, we have 

(^• 11 ) ^ I + j = V + 1 , ..., n, 

for convenient constants N’, N", N***. 

By (4.10) and (4.1 1 ) we have now 

I yj 2 (t) - yji(t)| < eV'A + M" loi^ - m' | + M" ' \\o^ - c’|| + ' , 

for all j = 1, ..., n, 0 < t ^ V, and hence, if we taJce « mln[e^, 1/2M*]; 

for 0 ^ e\ < Eg, we have 

A < (l/2)A + M" Io)^ - 0)^ I + M*“ ||c^ - c^ll + 

and finally 

A < 2M" - CO^ I + 2M**‘ ||c^ - o'* II + . 

If we suppose N « 2M^^ and M = max [2M'*, 2M’*’], ve have 
= N5’ =5 and 

(4.12) lyjg^^) “ ^ ^ ^ I + ||c^ - c’||] + 5 

for all 0 ^ t ^ V, j « 1, ..., n. This proves (4.1). 
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(o)* Further properties of y In the autonomous case and 

V * 2 < n. The theorems (3.i)> (4.1) admit of a stronger form under 
additional hypotheses. We consider here only the autonomous case with 

V . 2, - ag = a, = a = 1, b, = bg = b = 1, - Og- = 0, = 0 > 0, 

- Tg “ “ aco/b. We need the following additional hypothesis: 

(K* ) C3_j(0> 0, •••f e) = Of j=l;2. 

The following statement is stronger than (3»i): 

(4.1i). In the situation above and under hypotheses (of), (L), 

(K* )# given a, b, and any r^, o < r^ < R, there is an 0 < ^ e^, 

such that for every c, 0 < c < Tg and is a con¬ 

traction and into, where is a convenient closed subset of fi. 

PROOF. The proof is the same as for (3*i) with the following 
modifications. First, by virtue of (L) and (K*); we have 

|qj(x, e) - 0| ^ K[|x^I + l^gl], j = 1, 2 . 

For ^ o ^ Tg Theorem (3.1) holds. Suppose O < c ^ r^/S, and 

define as the closed subset of n with |cpj(t) - Zj(t)| £ 2c, 

J * 1, 2, |<Pj(t)| ^ Tg, j « 3, n, where zU) « (ce^*^^, - ce”^*^^, 

0, ..., 0). Thus |(Pj(t)| £ |zj(t)| + 20 ^ 3c < Tg < R, j « 1, 2. In¬ 
stead of (3*2) we have now 

T 

|dj| ^ y' |qj(<p(u), e]| du 

o 

T 

< c"^T“'’k J' [|q)i(u)| + kgCu)!] du ^ 6K, J = 1, 2 . 

o 

Relation (3*3) is now replaced by 

lij(t) - Zj(t)| ^ 2e[6KTc + 6KT3C] = 48eKTc, j ® 2 , 

while relation (3*^) remains the same 

|i|rj(t)| ^ eHNET, j « 3, n . 

If M « max [24KT, HNET], * min [e^, l/M, Tg/M], 0 ^ e ^ e^, we have 
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|i|rj(t) - Zj(t)| ^ 2eMo ^ 20 , 
[♦jCt)] ^ 6M ^ rg. 


J “ 1 , 2 , 

•••, n , 


i.e., 1 Oq C Oq. For any two <p® € a^, s = i, 2, we have. Instead of 

(3.5L) 


o(d,j - d^^) = '>i( 


gj) = '>i([^e ■> -|qjfq)’(u), e] - qj[5p^(u), e ]|J , 

'](u) - <p^(u)| du< nK • *[!p’ - <p2] ^ 


T n 

OldlJ - dgji f K Y 


i=l 


^ 3° l<3ij - <32 jI ^ 3nK • * [ 9 ^ - 9 ^], j = 1 , 2 . 

Finally (3*6L) is replaced by 


Itlj(t) - ^ 2e[nEP + 3nKT + 3KnT] 9? [cp^ - cp^ ] 

^ llfenKT [<p^ - 9^], j = 1, 2 , 

while (3*7L) remains the same. For Mg = max [l4nKT, nHMT] , 
e] = min l/2Mg], 0 ^ e < e], we have 

9? [i|f^ _ ijf2j ^ j.^1 . (p2^ ^ g-l ^ 

and thus i | is a contraction. Thereby, (i4-.ii) is proved. 

In analogy with (3*12) we have now 

|yi(t)|, |y 2 (t)| ^ 30, |yj(t)| ^ Tg, j = 3, ..., n , 

|y^(t) - oe^'^^l, |yg(t) + ce"^'*^^| ^ 2c , 

!yj(t)| ^ eHNKT, j = 3, ..., n . 

If we suppose; (K*') the requirement (K*) holds for all q^, j = i, n, 

then we have also 

|yj(t)| ^ SHTlKhO, 


J - 3, •••, n 
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The statetaents of this section hecome, under hypotheses (oc), (L), 

(K‘): 

(4.iii), Under hypotheses (of), (L) and (K*), given a, b, 
and as in (4*ii), there is an e^, 0 < < e^, and M > o s^ch 

that, for all c®, 0 < < rg, s = 1, 2, 0 ^ e ^ e^, the conclusions of 

(i+.l) hold. 


§5. FIRST EXISTENCE THEORMS FOR REAL SYSTEMS 


(5.1 ) 


Consider the real system, of order N = ^ + n, 
Xj + 2ofjXj + (TjXj = efj(x, X*, t, e) j 

Xj + PjXj = efj(x, X*, t, e), j 


1 > • •• t > 


M+ 1, •••> n> 


where (*) = d/dt, - » < t < + «>, 0 ^ ^ n, x = (x^, x^^), 

x’ * (x^, ..., x^), aj > 0, ofj, p. real constants, or continuous functions 
of 0 ^ and where v, t, e), j = l, n, are real 

functions of the n-vector u, of the jji-vector v, of - » < t < + », 
and of e > 0, 

For the sake of simplicity we shall assume ofj < CTj, 
j = 1, •••, |i, and put 7j = ('Jj - > 0, Pj^(e) = PjpC^) = 

-Uj + y j 1; •••; 

We shall order the first ^ equations (5*1 ) in such a way that 

for some fixed o) > 0 we have Qfj(o) = 0, ffj(o) ® ^ ® 

Integers, j - 1, ..., v, and pj^(O), PjpCo) i Imca/bQ, j = v + 1, ..., p 

ID = 0; ± +2, ... . The latter can be expressed by saying that either 

cfj(o) 9 ^ 0, or aj(o) = 0 and cj 4 tnco/bQ, b^ =b^...by, 
m = 0, 1, 2, ..., (j = V + 1, p). We shall order the last n - p 

equations (5*1) in such a way that ^ f*or j = p + 1> ..., r, 

and Pj(o) = 0 f'or j = r + 1, •••, n, with p < r ^ n. 

Thus we have 0^v^P;^r^n. 

We shall finally assume that the functions fj, j - 1, ..., n, 
satisfy condition (L) (with respect to the n + p vector (x-, ..., x , 

II I 11 

x^> ...^ ^p^)* 

Let us introduce in (5*1) the new variables y^, ..., y^^, 

N « n + p, by the usual relations 
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(5.2) 


^aj-i * “* PJ2^J y’aj “ pji^j *“ 




J = 1, . • •, 4 , 
j * 4 + 1, ...> n, 


and hence 

(5.3) xj - (2irj)-’(y2j.i ^ yaj)' fpjiyaj-i ^ ^jayaj^' 

j = 1, B m», ^ • 

Then system (5.1) is transformed into the system of N = 4 + n first order 
differential equations 

(5.4) y' = Ay + eq(y, t, e) , 

where y = (y,, ..., y^^), q = (q^^ •••> q^j), A is the diagonal matrix of 
the N elements 

A ® diag (Pji^ ^j2' ^ ~ •••> j = 4 + 1> ...y n) , 

and 

J “ •••■’ *"' Vj “ fj' J = I" ^ •••■> " ' 


where the N + 2 arguments of the q*3 are, in order, y^, ••«, y^^; t, e, 
and the N + 2 arguments of the f*3 are, in order 

(2l7j)’''(ygj.i + j = j = 4 + l, n ; 

(2irj)"Upjiy2j.-, + J " **’•' ^ • 

System (5.4) is of the type considered in §2, where the first 2v 
equations and the last n - r equations replace the first v equations 
of §2; hence 2v + (n - r) replaces v, N = n + 4 replaces n, and 
n + 4 - [2v + (n-r)] = 4 + r-2v replaces n - v. The numbers 
pj(o) - itj, j = 1, ..., V, of §2 are now replaced by the following 
2v + (n-r) numbers 

It.,, - 1t^, iTy, - ix^, 0, 0 , 

(the zero repeated n-r times), where tj = ajoj/bj, j = 1, ..., v. In 
other words, for the numbers a^, bj of §2, say al, bj, we have now the 
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integers a^j_, = aj, a^j = - a^, =■ b^j = bj, j = l, ..., v, al = 0, 

^j“ 1 ^ j“^+ 1 ^ •#., n. Let us take for the v numbers c of §2 the 
following 2v + (n - r) numbers 

°2j-i “ °2j " “ ^y ^ complex, j = 1, V , 

Cj ^ 0, cj real, j = ii + r+ i, ..., n + n . 

Then the vector z(t) of §2 Is now the N-vector 


iT.t -iT^t 

z(t) = (cje J , - Cj.e J 


j - 1, 


., v; 0, 


., 0 ; 0 , 


0; Cj., j = ^ + r + 1, |i + n), 


where the zero Is repeated (2n - 2v) + (r - n) times. In the present 
situation we may consider the space fi, analogous to the one of §2, of 
continuous periodic N-vector functions q)(t) = (q>^, ..., (pj^) of period 
T =. 2«bo/a), bg = b,...b^, with <P2j_, = - j = 1, 

real, j = j = 24 + 1, 4 + n, and 


{® ^ ° •* = - Oj. j = 1, V , 

m{q)j(t)) = Cj, j = 4 + r + 1, ..^ + n . 


Then z(t) 7 si, and we may note that, for every 9 7 n, the N ex- 
pressions ( 21 r_j T'( 21 yj)'''j-i ^ Pj2''’2j>' J = 1. •••, 
4; j = 24 + 1, •••, 4 + n, are all real, and thus the functions 
q.j[ 9 l^); u, e], j = 1, N, are defined, provided the absolute values 
of the same expressions are all below some prescribed constant R' > 0. 
This certainly occurs if |cPj I < j = 1 , ..N, for some R > o. The 

transformation analogous to the one of §2 is then defined for all 9 € 
= [9 € n, | 9 j I ^ j = 1; ..., n + ^] and l Sij^C Si as in §2. Ae in 
§2, there is a sphere si^ about z(t) in n with -(ilQ)C The 

transformation t = ^9 is defined by the following relations: 


iT^t It .t p -ix^ur 
= c^e J + ee J j e J 

( 5 . 5 ) 

-iT^t -iT .t p It .u r 

)|f2j = - Cj.e J + ee ^ J e ^ -jqejf^Cu), u, 


e] - ' 


j = 1^ V , 
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J e Qg j_, [<p(u), u, e] du , 

(5.6) 

P -to^ P 

♦gj = ee J j e cjgj[q>(u), u, e] du, j = v + l, > 

-P.t 

(5.7) tj = e 


I 


p .u 

e ‘J qj[q)(u), 


u, e ] du, 


j = 2^ + 1, 


(i + r 


(5.8) = c 

where D = D[q)] = (d^; 6 .^^, 0 , ..., O, 

{® ^ ^j-1 ' 

r ^ 

(5*9) - Cjdgj je qgjlcpCu)^ u, eij-, j = •••; v , 


; f |qj[9(u), u, e] - 


du , j = n + r + 1, 


n; 


Cjdj = 'K qj[cp(u), u, e] 


j=^+r+1, ..., H+n. 


( 5 . 1 ). LEM 4 A. For every cp e we have )}( e n, 
and ^2j-l ” '^2j^ ^ •••f real, 

j^H + r+1, ...; [i + n. 

PROOF. We have ^ 2 ^-} " j = •••> 

Ix.u -It.u 

hence = - q^y ^hile e , e J are complex conjugate. By 

(5.9) we conclude that ^ 2^1 " ^2j' ^ Integrands In ( 5 . 5 ) are 

complex conjugate and of opposite signs. Thus, also their unique primitives 
of mean'value zero have the same property, and ( 5 . 5 ) implies i 2 ^-^ " ‘ ^2j' 

j = 1 , ..., V. 

Since Pjg = Pji^ j = ^ we can repeat on relations 

(5.6) the same reasoning above and thus = - l/^y j = v + l, ..., p. 

Since p . Is real, qj is real, j = 2^ + 1, .. •, p + r, by ( 5 * 7 ) we 
conclude that \|r, is real, j = 2^l + 1, ..., ji + r. Finally, for 
j = ^ + r + 1, ..., n + n, relations (5-9) and (5-8) assure that dj and 
ijfj are real, j = ii + r+l, •»•, f^ + n. Thereby, ( 5 *i) is proved. 

By (5.i) we conclude that ^ C n and, as in §§2, 3 , there is 
a sphere about z(t) in with i C %, for e> o sufficiently 

small. A fixed element y(t) = (y^, ..., 7 ^) exists in n^, : y = y, and 
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D[y] verifies the same relations of (5*i)* 

W© shall consider now the deteraining equations of §§1, 2, 3 , 
which are in number of 2v + (n - r), namely 

''ji “ J ■ ''' '' ' 

“ ®'V+J ' j = r + 1, n . 

By the remark above we conclude that for every j = 1 , •••, v, the two 
equations above are equivalent, and thus w© have aot\ially only v + (n - r) 
determinihg equations 


Pj^ = i'Tj “ ^ j-i>***>v, 

(5.10) 

3 j *= edj^^j f jsp+i,,,,,n. 

is . 

We shall write Cj «= \^e j = 1, •••, v, tij = °ii+r+j ' 
j = 1, n - r, ^ 0 , r]j ^ 0, 0 j all real, ej(mod 2 j(), \ ^ (x^, ..., 

® “ (®-l> * (^l^ •**> 

^2j-i “ ^y j = •••> V , 

^,a+r+j " ^y n-r, 

where Pj ® Pj(a, b, X, 0 , t^, ^Qj ~ Qj(•••), ~ Rj(...). Then 

©q\iations ( 5 . 10 ) reduce to the following 2v + (n - r) real equations 


ePj = Qfj(e) , 

(5.11) eQj “ ' 

eRj - ' 


j = 1 , .• V , 

j = 1, ..., V , 

j = 1, n - r. 


where ofj(o) = 0 , ajbj^oj - 7 j(o) = 0 , j * 1 , v, = 0 , 

j * 1, ..., n - r. Equations (5.11) are the 2v + (n - r) determining 
equations in real form. By (5.9) w© have 

. -i0:j r -ix.u 'I 

Pj + iQj « Xj © ‘^w-j© ^j-lj * j * V , 

Rj - nf a'f ' 


j » 1 , ..., n - r , 
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and, by obvious manipulations, also 
Pj = [cos cos ajbj^oju) - sin sin a^.b'J^cDu)] , 


a j 'I't ti j sin “jD j 


Qj = aj.bj^aju) - cos ajbj^cou)] , 




j = 1 , ..., n - r , 


where the n + n + 2 arguments of fj are 


Xj(u) = (2l7j)"''(ygj_, + Jgj), j = 1, ..., n; Xj(u) = 


J=n+ 1 , •••, n; 


X j (l"l') “ ^ •••> ^ • 

By the continuity, with respect to e proved in ( 4 .ii), we can 

take the limit of both conditions ( 5 * 1 l) and solution ( 5 * 12 ) as e -> o. 

By using the notation Xj(t, e), Pj(e)> etc., we'have 

Xj.(t, 0 ) * XjTj^sinCtjt + Sj), j = V , 

( 5 . 13 ) x^(t, 0 ) = 0 , j = V + 1 , ..., M, and j = n + 1 , ..., r , 


x^(t, 0) = 


j = r + 1, 


Xj(t, 0) = Xj COS(Tjt + 0j), 


( 5 . 14 ) 


xj(t, 0 ) = 0 , 


j = v + l, ••*, JI 


"jo " 


[ X x 

cos ej J" fj(..., u, 0 )cos ajbT^oou du - sin J" fj 


(..., u, 0 ) sin a^b 


jb oju du j , 


(o) « (TXj)”^j^- sin 9 j y'fj(..., u, o)oos ajbj^oou du - cos 

o o 

(•••, u, o)sin a^b'^^ojuj du, j « 1 , •..,v. 
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T 

Rjq ■= Rj(o) » f u, o) du, j = 1, n - r, 

o 

where the missing n + n arguments in the f's are the ones listed in 
(5*13) and (5*1^)* We shall use the notation of = (oc^, a^), 

7 « ( 7 ^, 7 y), 3 = The previous considerations prove 

the following 

(5.ii)- THEORM. If for some a, b, X(£), 0 (e), T)(e), oc{e), 

7 (e), p(e), all real and for e > o sufficiently small, equations ( 5.11 ) 
hold, then system ( 5«1 ) has a real periodic solution of the form 

Xj(t, e) = sin(Tjt + 0j) + 0(e), j = •••$ v , 

(5.16) j = V + 1# •••> r f 

Xj(t, e) = Tij_^ + 0 (e), j = r + 1, ..., n . 

In particular, for e ^ o sufficiently small, given a, b, X(e), 0 (e), 

Ti(e), there are always a(e), 7 (e)# P(e) sxich that equations (5.11 ) are 
satisfied and system (5*1 ) has a real periodic solution of the form ( 5 . 16 ). 

We shall now consider the more usual question as to whether given 
or, 7 , p it is possible to define X = (x^, x^), 0 = ( 0 ^, •••, 0 ^), 

T] = (t)^, T)^_p) in such a way that equations b-H ) are satisfied and 

system (5.1 ) has a periodic solution of the form ( 5 . 16 ). Let us suppose 
that the derivatives aj(o), 7 ](o)> Pp+jC®) exist and are finite. By 
dividing relations ( 5.11 ) by e and talcing the limit as e - 0 we have 

PjQ(a, b, X, 0 , T), 0), 0 ) = ofj(o) , j * 1> •••> V , 

( 5 . 17 ) CO, 0) = - 7^(0), j “ 1; --M V , 

RjQ(a, b, X, 0 , T), CO, 0 ) = Pr+j(o) f J = 1> •••» n - r . 

We shall suppose that these relations are satisfied by some X^ « 
j » 1 , ..., v), 0 Q = J * *•** ' ^^jo^ J “ 1 > •••> 

If we suppose that the functions fj have continuous first ^ 
partial derivatives with respect to the variables x^, ..., x^^, x^, ..., 
Then by (§4, Note 1 ) the functions y^ have continuous partial derivatives 
with respect to all Xj, 0 j, tjj, €ind the same holds for the Pj, Qj, Rj. 

If equations (5*17) hold for X^, 0 ^, tiq, and 
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( 5 . 18 ) a(p, Q, R)/a(x, e, 1 )) 0 

for the same e^, t)q, then equations (5*11 ) have a solution x(e), 

e(e), T)(e) in a neighborhood of for all e ^ 0 sufficiently 

small. This proves the following theorem which is essentially of the type 
usually proved by PolncarS periodicity conditions. 

(5.iii). THEORM. If real x^, 0^, exist such that equa¬ 
tions (5.17) and ( 5 . 18 ) hold, then for e ^ 0 sufficiently small system 
(5.1) has a real periodic solution of period T = Sirb^/o) of the type 

Xj(t, e) = XjTj^3in(Tjt + 0j) + 0(e), j = 1, ..., v , 

(5.19) j = V + 1 , ..., r , 

Xj(t, e) = + 0(e), j = r + 1, ..., n . 


RMARK. The differentiability condition concerning the functions 
fj used above to prove (5.111) requires more than needed as we shall see 
below (cf. (5.iv), (5.vi), etc.). The present first remark may be of in¬ 
terest. For instance, let us require that only f (x, t, 0 ) has con¬ 
tinuous first partial derivatives with respect to x (and f(x, t, e) is 
continuous in x and e). Then the functions P^.^, Rj^ have con¬ 

tinuous first partial derivatives with respect to x, 0, t). If the 
Jacobian of the Pj^, Rj^ with respect to X, 0 , t] Is ^ 0 at 

(Xo^ ©o^ t 1 q)> then, for a conveniently small solid sphere^ a of center 
(V mapping Uj = Pj^ - aj(o), Vj = + yj(o), = Rjo “ 

Pp+j(0)> (X, 0 , Ti) € (J, has topological index one with respect to the 
origin. By force of continuity only, this holds true also for the (per¬ 
turbed) continuous mapping Uj = " e’^ofj(e), 

e"’( 7 j(e) - ajtj’cn), Wj = Rj - (i, e, i)) € a, provided e > o 

is sufficiently small. We shall discuss this point in more detail in the 
papers mentioned in the Introduction. For the present argument, see, 
e.g., J. Leray and J. Schauder, Topologie et equations functlonnelles, Ann. 
Ec. Norm. ( 3 ) 51, 45-78, 1934. 

Let us consider now real systems (5.1 ) where the functions fj 
do not depend on t, i.e., autonomous systems. 


II I P 

Xj + SQfjXj + ajXj = efj(x, x’, e), 
Xj + PjXj « efj(x, X*, e), 


j a 1 , . • . , ^ , 

ja|i + l, ..., n , 
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satisfying the hypotheses listed at the heglnnlng of § 5 , where now a> ,in 
condition (K) is actually arbitrary. As mentioned in §2 and §l^ we shall 
suppose 0 ) e U, where U is a sufficiently small neighborhood of any 
number co^ for which <yj(o) = a^oi^/bj, j = 1 , v, ^ 

imco/b^, j + v + 1 , n, m=o, + 1 , and we may expect to 

satisfy (5*11) by a convenient function m = co(e) with (o(o) « co^. Thus 

( 5 .iv). The same as (5.ii) for system ( 5 . 20 ) with cD(e) added 
to the list of parameters. 

For every solution x(t) of ( 5 * 20 ) also x(t + e) is a solution 
for every arbitrary constant phase e. Thus we may expect that (at least) 
one of the phases e^, j = ..., v, considered above, say 0 ^, remains 

arbitrary and we put 0 ^ = 0 . Note that now the 2 v + (n - r) expressions 
P, Q, R are still functions of 2 v + (n - r) arbitrary parameters, 
namely \y j = 1, ..., v, e^, j = 2 , ..., v, r^y j = 1, ..., n - r, and 
0 ) e U. ¥e may now denote by 0 the (v-l )-vector ( 0 ^, ..., 0 ^). Again, 
as above, let us suppose that the functions e) have continuous 

first partial derivatives with respect to the variables , ..., x^^, x^, 
..., X|J^. If equations (5*17) hold for some 0 ^, r)^ and a> = co^, 

and the Jacobian 

( 5 . 21 ) d(P, Q, R)/^(X, 9 , n, cd) 0 

for the same x^, 0^, cu^, and e = 0, then equations (5*11 ) have a 
solution X(e), 0 (e), Ti(e), a>(e), in some neighborhood of X^, 9^, ti^ and 
0 ) € U for all e ^ 0 sufficiently small. In analogy with ( 5 •ill) we have 
now the Poincar$ type theorem for autonomous systems: 

(5.v). THEORM. If real x^, 0 ^, cd^ exist such that equa¬ 
tions (5. IT), ( 5 * 21 ) hold, then for e > 0 sufficiently small system ( 5 . 20 ) 
has a real periodic solution of period T « of the type (5.19) 

with 0 ^ =0 (and then also all other solutions with t replaced by 
t + 0 , 0 arbitrary). 

VTe proceed to prove a theorem of a more general type (others will 
be given in § 6 ). For the sake of simplicity we shall consider a system 
( 5 . 20 ) with V = 1 , r «= n, so, i.e., an autonomous system of the form 

It p 

x^ + o^x^ = ef^(x, x‘, e) , 

It 2 2 

( 5 . 22 ) Xj + SofjXj + ajXj = efj(x, x», e), j = 2 , ..., \x , 

Xj + pjXj- = efj(x, x‘, e), J “ P + 1# •••; ^ ; 
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wheiT© 1 = V ^ n ^ n, X » (x^, x^), x* = (x|, x^^), > o, 

(Xj(e), Pj(e) real functions of e, ^J(e) 0, (or constants), 0 < e ^ e^. 

Also, we assume that a = b * 1, and hence a^(o) *= (o^, pj^(o), ^ 

imo), j « 2 , ..., n, m = 0 , + 1 , + 2 , ... . Thus = “o “ 
there will be only one c. The functions fj are assumed to satisfy a 
condition (L). There is only one equation ( 5*1 o), namely, ico - ed^ (c, oi, e) = 
ip^(e), or, in real form, two equations ( 5»11 ), = 0 , a> - eQ = p^(e). 

Since there Is only one phase 0 ^ It Is not restrictive to taJce It equal 
to zero, l.e., c = x, O < r^ ^ x < rg < R, x real and positive. Thus the 
two determining equations are actually 


(5*23) P^ (X, 0 ), e) = 0, o) - eQ^(X, co, e) = (e) . 


Note that 

P^ (X, CO, 0) = (TX)”^ 


T 

f^ [Xco^^sin cDt,0, 

0 


(5.24) 


(X, CO, O) 


T 

(TX)“^y'f^ [Xco“^sln cot,0, 
0 


,0, X cost cot, 0, ..., 0; 0]COS cot dt , 


,0, X cost cot, 0,..., 0; 0]sin cot dt , 


where T = 2 jt/co. We shall suppose that for some X^ we have P^(X, co^, 0 ) = 0 , 
and that for two X', x", ^ x« < X^ < x" < rg, the two numbers 

P^(X», cOq, 0 ), P^(x’', cOq, 0 ) have opposite signs. 

(5.vi). Consider system ( 5 . 22 ) where the functions fj are in¬ 
dependent of t, Lipschitzlan in x, x* and continuous in e, for 
|Xjl 1 R. j = •••. n, |xj| < R, J = 1 , P. 0 < e ^ Eq. Suppose that 

(fj, ofj, pj are continuous functions of e [or constants] and that 
aj(o) > 0, j = 1, n, Pj(o) 0, j = H + 1, n, and either aj(o) 0, 

or aj( 0 ) = 0 , aj(o) ^ 0 , mod a^(o), j = 2 , p. Let co^ = (o), 

c € [cOq^, co^g], X e [r^, Tg], with 0 < < co^g, 0 < r^ < Tg < R. 

If there exists x», x^, x", r^ < x» < x^ < x" ^ Tg such that P^ (x^, co^, 

0) = 0, and P^(X», cOq, o>, P^ (x", co^, o) have opposite signs, then there 
is an > 0 such that, for every e, o ^ e < e^, system (5*22) has at 
least one periodic solution of the form 


(5.25) 


x^ (t, e) = x(e) cd”^ (e )sln cD(e )t + o(e) , 

Xj(t, e) « 0(e), j “ 2, ..., n , 


for conveniently chosen a)(e) e [cd^^, ^(e) « System ( 5 * 22 ) 

has also any other solution we obtain by replacing t by t + e, e an 
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arbitrary constant. 

PROOF. Let us use statement (l.vi). Take (x, oi, e) * 

(\, 0 ), e), where o) e U, say U = [o)*, o)*'], co‘ < cd^ < cd", \ e V » [X*, x"], 
e e [0, Eq]. Thus P^(x*, cd^, o), P^ (x'*, O) have opposite signs, 
and, if we suppose U » [cd*, oj"] sufficiently small, also P^(X>, cd, O), 

P^ (x", 0 ), 0), 0 ) e [o)', 0 )"], have opposite constant signs. Take 
PgCx, 0 ), e) « a> - a^(e) - eQ^ (x, oi, e), and note that FgCa)^, X, o) « 
cDq - a^(0) « 0, FgCo)*, X, 0) < 0, PgCcD*', X, o) > 0 for all X e [x*, x"]. 

By (l.vi), with M = [0, Eg], K « [X‘, x"] x [a)‘, (d"]> we conclude that 
there are a neighborhood [o, Eg) of e * o, and xCe) e [x*, x"], 

(d(e) € [a>', as"] for every 0 < e £ Eg, such that F^ * Fg = 0. Then 
(5.vi) is a consequence of (5.iv). 

REMARK 1. Theorem (5.vi) is more general than the usual theo¬ 
rems which are proved by Poincare periodicity condition, since no differ¬ 
entiability property is Involved (other theorems will be given in §6). 

Note that the condition of (5.vi) is certainly satisfied if 
P^ (X, oSq, 0) happens to have derivative with respect to X at ^ 
and ^P^/^X 9 ^ 0 at that point. 

Finally, under usual conditions where the functions f^ have 
continuous first partial derivatives with respect to x^, ..., x^^, x^, ..., 
Xj^, then F^, Fg have also continuous first partial derivatives with 
respect to X and os, and ^(F^, Pg)/^(X, os) « ^1x^20) “ ^ia)^2X^ where 
J'u ' ^2X ‘ 0(e). Thus we have 

^(F^, Pg)/a(X, os) = BP^/ax + 0(e) . 

The condition just mentioned assures that this Jacobian is 0 for 
X B Xq, 0 ) - oDq, e «= 0, and finally assures the uniqueness and continuity 
of a)(e), X(e) for 0 ^ e ^ e^, and some > 0 sufficiently small. 

Note that, under the same conditions, the inequality 

T 

/' X cos a>t, 0, ..., 0; 0] dt < 0 , 

or the equivalent Krylov-Bogolyubov condition ^P^/^x < 0 [in both 
X - Xq, 0 ) = oJq, e = 0], together with 3 = 2, ..., n, Pj < 0, 

j a |i + 1 , ..., n, assiire that the same periodic solution is asymptotically 
orbitally stable. [For these and more general stability conditions see J. 

K. Hale, 9i> and E. W. Thompson, 11]. 

REMARK 2. The following considerations may help to understand the 
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generality of (5*vl). The real numbers (or functions of e) Pj(e), 
j « + 1, •••, n, cifj(e), cjj(e), j = 2, n, have no bearing on 

(\, CD, 0). We require for them only pW 0, j = + i, n, 

aj(o)> 0, j = 1 , n, and either aj( 0 ) o, or ckj(o) = 0 , 

«^j(o) ^ o(mod cy^(o)), J = 2 , fi, a^(o) * co^. The functions 

fj(x, x’, e), j = 1, •••, n, are supposed to be continuous in 

X, X*, e, and fg, f^^ have no bearing on (x, co, o). If ve put 

Z^(x^, x^) = 0 , 0 , x^, 0 , 0 ; 0 ) , 

g^(x, X*, e) = f ^ (x, X*, e) - (x^, x^*) , 

then + g^, g^(x^, 0 , 0, x*, 0, 0; 0 ) = 0 and g^ has 

no bearing on P^(x, oj, o)* Finally, if we put 

Z^ ^ « 4““' [Z^ (x^, ) + Z^ (- x^, x^*) - Z^ (x^, - x^') - Z^ (- x^, x^') ] , 

and we define Z^^, Z^^, Z^j^ analogously by changing the signs (+, -) 

into (+, +, +), (-, +), (-, +, -), then is even in x^ 

and odd [even] in x^, Z^^[Z^i^] is odd In x^ and odd [even] in x^ . 

We have f^ = Z^ S-i * 1 2^2 + Z^^ + Z^j^ + g^, and Z^^# 

g^ have no bearing on P^(x, co, o)# We have 


T 

P^(X, (D, 0 ) = (TX)“^ y Z^^ (XcD“’’*3ln cDt, cos cDt) dt , 
o 


where T = 2 7 t/(D, and cd^ = cy^(o). In the particular case where Z^ ^ is 
a polynomial in x^, x^, hence necessarily of the form 

Z11 ' h^o, k^i , 


then 


P,(x, 0) - ( 

1 o ^ ^ hlkl(h+k)l ^ 


^2h+2k-2 


where a, « a^(0). If, for instance, a^^ and the coefficient of the 
maximal power of X are {4 0 and) of opposite signs, then certainly ( 5 . 22 ) 
has a periodic solution [cf. J. K. Hale, 90 , for the analytic case]. 

EXAMPLE 1. The real system (5*22), without restricting its 
generality, can be written as follows: 
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(5.24) 


= e[Z^^(x^, x^ ) + Z^2(x^, x, ) + Z^^Cx^, x^) 

+ Z^j^(x^, xj ) + g, (x, xS e)] , 


” '2 / . N 

x‘- + P jXj = ef j(x, x‘, e), 


j = 2 , . .•, ^ , 

js=^i+l, •••ill; 


where Z^^, ..., Z^j^, g^, fg, ..., are Lipschitzian In x, x*, e where 
Z^,[Z^ 2 ] is even in x^ and odd [even] in x^, is odd in x^ 

and odd [even] in xj, where g^(x^, 0, ..., 0, x‘, 0, ..., 0; o) = 0, 
where a.(e), aj(e), Pj(£) continuous functions of e [or constants] 

with aj(0) > 0, j = 1 , ..., n, Cj(o) ^ 0 , j = ^ + i, n, and either 

c«j(o) i or ofj(‘^) = ^ = ^Qf j “ 2 , •••> n. 

If we take ^ = (l - x^)x’, then = (i/2)(l - \^/ka^). 

Thus for every £, 0 < e ^ e^, and some > 0, system (5.24) has a 
real periodic solution of the foiro 


( 5 . 25 ) x^ = Xa)“^3in (mt + 0 ) + 0(e), Xj « 0(e), j « 2, •••, n , 

with X = 2cy^(o) + 0(e). For Z^g = Z^ ^ = Z^ = 0, = 0, n = n = 1 , we 

have, as a particular case, the well known Van der Pol equation 

x’’ + (j^x^ = e(i - x^)x*. By (9.i) we can see that the solution (5*25) is 
asymptotically orhitally stable. 

If we take Z^ ^ = (i - x^ - x|^)xj, then = (l/2)(l - X^/a^) 

and (5.24) has a real periodic solution of the form above with 

X = ( 0 ) + 0(e), 0 ) = ar^(O) + 0(e). 

EXAMPLE 2. As in Example 1 with Z^^ = (l - jx^Dxj. Then 
T 

P, = (TX,)"'' f (1 - Xo)”^ I Sin a)t|) 003^ a)t dt , 
o 


and P^(^., oi^f 0 ) = (i/2)(i - x/jtcr^ ). Hence, system (5*24) has aperiodic 
solution of the form (5-25) with X = + o(e), oj « + 0(e). 

EXAMPLE 3 . The real system 


x” + X - e(i - x^ - y^)x» = ef^(x, y, y') + eg^ (x, x‘, y, y* )y , 
y" + 2 y - e(i - x^ - y^)y' = ef 2 (x, x», y) + x», y, y')x , 

where f^(- x, y, y*) » - f^(x, y, y*), x*, - y) » - x', y). 
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There are two periodic solutions of this system given by 

X “ \ sin (cot + e) + 0(e), y = 0(e), co = 1 + 0(e), X = 2 + 0(e) ; 

X = 0(e), y = X sin (cot + 0 ), co = 2 ^/^ + 0(e), X = 2 + 0(e) 

[See J. K. Hale, 9c, for the analytic case. In 9i it is proved that both 
solutions are asymptotically orbitally stable.] 

The following further examples have been studied among others, 
in the lines above, by R. A. Gambill and J. K. Hale [8] with emphasis on 
the existence of harmonic and subharmonic solutions. In [i ], [3], and 
[9i] the stability of some of these solutions has been discussed. In all 
examples e is a small parameter. 

4. x" + cr^x = B cos 2cot + eof cos 2cot • x + ebx^ ; 

5. x" + ff^y = B cos cot + ex^ ; 

6. x" + X = e(l - x^^)x* + epco cos (cot + a) ; 

r x'* + cr^x = eox + eA cos t • x + epx^ + e/xy^ 

7 • 1 II 2 ^2 

7 + = eSy + B cos cot • y + SMy-* + evx y ; 

r x” + 4x = cos t + e[co3 t • X + ky^ + by] , 

8 . 4 ^ 

^ y" + y = e[cos t • y + cx^] ; 

r x” + a^x^ = e(a - 7 y^)x' + 6 cos t , 

^ y” + ^ 2 ^ = e(6 - px^)y' + r cos 2t ; 

Example 4 is a nonlinear Mathleu equation with a large forcing term, 5 is 
a Duffing equation, 6 is a generalization of the Van der Pol equation, T 
is a system of nonlinear Mathieu equations, 8 is a system of nonlinear 
Mathieu equations of which one has a large forcing term, 9 is a system 
of Van der Pol equations. 

§6. REAL SYSTEMS PRESENTING SYMMETRIES 

We shall consider now read systems (5*1 ) presenting symmetries 
as defined below. In addition to the hypotheses listed at the beginning 
of §5> we shall suppose 
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aj " 0 , 

0 <v^^ = r^n, 

Then we have Pjl ” ^j2 

tlons ( 5 - 2 ), (5.3) become 

^£j-i ° ’'3' ^2j ° 

( 6 . 2 ) 

xj = ( 2 laj)-’(y 2 j., ^ y^j), x’. 

(6.3) 


j = 1 , . . |i , 

j*»n+1# •••^n • 

- ia^, j = 1 , and equa- 

Xj, J - 1, y^^+j - Xj 

•••^n f 

2‘’(y2j., - yaj)' 

j = 1 , ..., ^i• 


Also, If u = (x^, •••f V “ ^^+ 1 ^ •••> ^ ~ ^n^' 

hence x = (u, v, w), x‘ = (uS v*), for some 0 ^ m < v, we have 


(6.k) 


f j (u,-v,w, -u* ,v*, -t, e) 
f j (u,-v,w,-u*,v*,-t,e) 
fj(u,-v,w,-u*,V*,-t,e ) 


= - fj(u,v,w,u*,vSt,e), 
= - f j(u,v,w,uSvSt,6 ), 


j = 1, ..m , 
j=m+1, • • • f 
j=^+1, ..., n. 


For ra = 0 all f^ are odd with respect to (v, u’, t). For m > 0 the 


first m of the fj are even and the 
to (v, u’, t). 

We shall taice 0j = Jt/2, j = 
and hence Cj = l\y j = 1, •••, m, Cj 
we shall take Cj = j = ^ + r - 

T 

Pj = - (T\j)"'y' fj sin Tjt dt, Qj = 
o 

( 6 . 5 ) 

T 

Pj = (TXj)“^ y fj cos Tjt dt, Qj = 
0 

T 

O 


remaining ones are odd with respect 

1 , m, j = m + 1, ..., V, 

=\j, j=m+l, •••f V, Xj real^ 

• 1 , |i + n. Then we have 

T 

- (^^3^"’/ '■3 COS Tjt dt , 

o 

j = 1 , ..., m , 

T 

- (TXj)"^y' fj sin Tjt dt , 

o 

j = m + 1, ..., V , 
j = 1, ..., n - r , 


where the arguments of the f'S; besides t and e, are given by the 
(5.12) of §5, thus, in the present case, by relations analogous to the (6.3)* 
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We shall restrict the space fl to all 9 = (cp^, ,,,, cp ^ ) as 
in §5 ¥hich besides verifying j = 1, 9j 

real, j = 2|i + 1, i-i + n, have the following properties: 

'PgjC-t) = - 92 j(t), j = 1, m, 

^2 J —1 ^ ” ^2 j-1 *^2 J ^ ~ ^2 J j=Tn+1, f 

( 6 . 6 ) 

= 9 j(‘t) > j = 2 m + 1 , ..., + n . 

This is the same as requesting that for j = 1, ..., m, all 

^2j real parts (r.p.) and even Imaginary parts (l.p.), 

that for j=m + 1, ..., m, all even r.p. and odd i.p., 

and that for j = 2 m + 1 , ..., m + n, all 9^ are real and even. Also the 
first two lines of (6.6) are equivalent to requesting that for j = 1, •••, 
ra, the expressions (21 ctj )-^ (Ogj^^ + 93 j) are real and even, 
and the expression 2*"^ (92j_^^ - *?2j^ real and odd, while for 

j=m+i, M> the former are real and odd and the latter are real 

and even. 

Because of ( 6 . 4 ) the integrands for the and Pj are all 

real and odd, hence ?. = 0, j = 1, v, Rj = 0, j = 1, n - m. As 

a consequence, for j= 2 M+i; M+n, we have d^ = 0 and, by (5.8), 

since qj is real and odd, we conclude that T|fj is real and even. 

Relations ( 5 * 7 ) are not present here since r = m* 

For j = V + 1 , ..., M^ by (5*6), and since is real and 

odd, and pj^ is purely imaginary, we seo that the integrand has odd 

r.p. and even i.p., hence ^2j-i even r.p. and odd i.p. By §5 the 

same holds for t2j* 

For j = 1, ..., m, we have Cj = iXj, Cj is Imaginary, 

qgj^^ is real and even, and by (6.6), the expression under ( ) in (5.9) 

has even r.p. and odd i.p., hence ^2j-i 

Imaginary. Then the expression under { ) in (5.5) has even r.p. and odd 
i.p. and the same holds for the Integrand. Hence, the integral has odd 
r.p. and even i.p. and the same holds for tg j.-j • By §5 the same is true 
for t2j* 

For J = m + 1, ..., V, we have Cj = Xj, c. is real, <l 2 j-i 
is real and odd, and by (6.6) the expression under ( ) in (5.9) has odd 
r.p. and even i.p., hence Cjd^j^^ is imaginary and is Imaginary. 

Then the expression under { ) in ( 5 - 5 ) has odd r.p. and even i.p and 
the same holds for the Integrand. Hence, the integral has even r.p. and 
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odd i.p. and the same holds for and finally for 

In connection with §5 we conclude that \|f « l cp c n for every 
cp € i*e«^ ^ ^R ^ 

Also, the first v and the last n - r equations ( 5 » 1 l) are 
Identically satisfied and the second v equations become 

(6.7) ” eQj(a, b, X, n, 0), e) = aj(e), j = 1, v , 

where, for e = 0, we have 
T 

(T\ j ) fj(««*, t, 0 )cos a jb j cot dt, J“i^ •••, m, 

o 

T 

(TXj ) fj(*««, t, o)sin ajbj cot dt, J=m+1 , •••, v , 

o 

and the missing arguments are 


Xj(t, 0) = XjTj cos Tjt, Xj(t, 0) = - Xj Sin Tjt, 

j 

= 1,... 

.,m , 

Xj(t, 0) = XjTj^sin Tjt, Xj(t, 0) = Xj cos Tjt, 

j 

= m+1, . 

...,V, 

Xj(t, 0) = 0 , 

j 

= v+1,, 

.. .,4, = r, 

Xj(t, 0) = 

j 

= r+i,. 

...,n . 


Qjo “ “ 

( 6 . 8 ) 

Qjo = - 


In connection with §5 we may summarize the preceding results as follows. 
Consider the real system 

x*j + X*, t, e), J = 1; •••> » 

(6.10) 

x] = sfj(x, X', t, e), j = (X + 1 , n , 

where x = (x,, ...» x^), x' = (x,', x^^), aj(e)> o are oontlnuoue funo- 

tlons of e for 0 < e < e^, and for some integers o^m;^v^u^n 
the following occurs: 

aj(o) » ajoj/bj, J * 1, V, aj, bj > 0 integers; 

aj(0) j « V + 1, ..., n, b^ =t)^...by, m = 0, 1,2, ... . 
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The functions fy j « 1, n, satisfy condition (L) and the con¬ 

ditions of syrnmetry (6.1^). As usual we shall put a = (a^, •••, a^), 

h = (b.j/ •••> by), 0 ® •••> ®y)> ^ * (^1^ •••» •••> ^n-|i ^ 

(6.1). If for some a, b, X, r\, all real, and e sufficiently 
small the determining equations (6.7) are satisfied, then (6.io) has a 
real periodic solution of the form 


Xj(t, 

e) 

= Xj.Tj’ooa + 0(e), 

Xj(t, 

e) 

= XjTj’aln Tjt + 0(e), 

Xj(t, 

e) 

= 0(e), 

Xj(t, 

e) 

= + 0(e)> 


j = 1, m , 

j = m + 1, ..., V , 
j=v+i, •••, ra, 
j = ii+1, ..., n. 


and Xj(- t, e) = Xj(t, e), j = i, •••, m, j = n + 1, ..., n, and 
Xj(- t, e) = - Xj(t, e), j = m + 1 , ..., n. In particular, given 
a, b, X there is always a (T(e) such that equations ( 6 . 7 ) are satisfied 
and system (6.10) has a real periodic solution of the form ( 6 . 11 ). If 
system ( 6 . 10 ) is autonomous, the parameter co has to be added. 

(6.11). If the functions fj have continuous first order 
partial derivatives and, given a, b, X, tj, there are v numbers 
Xo « (X^Q, ..., Xy^) such that Qj(a, b, X^, u, co, O) = 0 , j = 1 , ..., v, 

and the Jacobian 8Q/^X ^ 0 at x « x^, e = 0 , then for all e 

sufficiently small system ( 6 . 10 ) has a periodic solution of the form ( 6 . 11 ) 
with convenient X(e), X(o) = X^. 

Obviously here the Jacobian of §5 of order 2v + (n - r) may be 
identically zero while the Jacobian above ^Q/8x of order v may well be 

y 0 . In the case ( 6 . 10 ) is autonomous, also the paj?ameter co can be taken 

into consideration as in §5* 

The following resiat is also of interest since it is an explicit 
existence theorem of a (n-n+2)-parameter family of periodic solutions. It 
concerns autonomous systems ( 6 . 10 ) with v'=l,m=o, or m=1, 

« b^ = 1. 

(6.111). Consider an autonomous system 

j=l, ..., 4, 

j « 4 + 1 , ..., n , 

where the functions fy ^ ••y are Lipschitzlan in the n + 4 

variables x^, ..., x^^, x^, ..., x^, and continuous in e, for 
4g| £ R, s = 1, .... n, |Xg| ^ R, 3 - 1, n, and o ^ e ^ In 


( 6 . 12 ) 


>> o 

Xj + OjXj = efj(x, x», e), 
Xj * efj(x, x’, e). 
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addition suppose, for only, that f^(0, x^, ..., x^, 0, Xg, ..., 

x^, e) = 0. Suppose that either all fy j - 1, n, are odd in 

(x^, •••, x^), ^or is even and fg, ..., are odd in 
(Xg, ..., x^, x^). Suppose ffj(e) > 0, j = 1, n, are continuous 

functions of e [or constants] and <yj(o) 0, mod a^(o), j = 2, n. 

Put oJq = (T^ (0), and let rg be any number, 0 < rg < R. Then there ex¬ 
ists an 0 < e-i Eq# such that, for all real e, r\^, ..., 

0 < ^ < Tg, 0 < e ^ e^, system (6.12) has a real periodic 

solution of the form 

x^ (t, e) = X^oj'^sin ot + o(e), or X-j (t, e) « X^co'^cos cot + o(e) , 

(6.13) j = 2, ..., [I , 

X j (t, e) = 0(e) , j “ 1 > u. , 

where x^ is odd or even in t, Xg, ..., x^ are odd, , •••, x^^ are 

even, where od = caie, X^, t]^, ..., is a continuous function of the 

same parameters, and m = for e = 0. Also, t can be replaced by 
by t + 0 In (6.13), 0 an arbitrary constant. [See J. K. Hale, 9 cf, 
for the analytic case, and W. R. Puller, 10, for the present situation 
with M = n.] 

PROOF. By ( 4 .ill) we know that the unique o)/ e) 

where r\ = (r\^, ..., ^ uniformly continuous and Llpschitzlan 

function of x^, t), od, and uniformly continuous functions of e. The 
only determining equation (6.7) is 

0) - eQ,^ e) = (j^(e) • 

If 03 € U = [ 03 ^^, 03^2] With cDq^ < % < ^^02' ^^02 ‘ “^01 sufficiently 

small, if 0 < E ^ E^ and 0 < sufficiently small, we put 

P^ (03, e) = 03 - eQ^ (03, e) - (e) . 

1 2 

For all 03 q^ < “ ^ “^02^ ® ^ ^ ^ have 

IQ^ (03^, e) - 0^(03^ e)| < M(o 3 ^ - 03M , 

P^ (03^, E) - P^ (03^ e) ^ (1 - eM) (03^ - 03M , 

where M is a constant, independent of x^, t), e, 03. For 0 ^ e ^ e*, 

E* = mln[e^, I/2M], the last expression above is positive. Thus P^ is 
an increasing continuous function of a> with o) = 0 . Hence, 
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F, 0) < 0, F(a5Q2, o) > 0, and finally F^(a)Q^, e) < 0, e) > 0 

for all r\ as above, and 0 ^ e ^ e", e" sufficiently small. Thus, 
for the same tj, o ^ e < e", there is a unique co with (o), e) *= 0. 
By the usual argument of implicit function theorem we know that a> is a 
continuous function of the same parameters. Now (6.1ii) follows from (6.i) 
and the previous considerations. 

NOTE. If system (6.12) verifies the conditions of (6.ill) when 
any one of the variables Xj takes the place of x^ and correspondingly 
the equation replaces the first one, j = i, ..., |i, then (6.111) 

assiires the existence of \x families of periodic solutions, each a 
(n-n+2)-parameter family. 

EXAMPLE 1. The equation x" + x = ef(x, x') with f(o, o) = o, 

and either f(x, - x*) = f(x, x'), or f(- x, x‘) = - f(x, x’)^ has a 

family of periodic solutions of the form x = Xuj“'*co3 (oit + e) + 0(e), or 
X = sin (a)t + 9) + 0(e), with o) = a)(X, e) = 1 + 0(e), X, 9 arbitrary, 
e > 0 sufficiently small. We may take, for Instance, f=x+x^+x’^, 
or f = |xI + |x'I, or f = x|x*|• Also we may take f = (2 + x) (|x’| 

+ x). 

EXAMPLE 2. The system x" + x = e(l- |y|)|x’|x, y” + 2y = 
e(l - |x|)|y*|y, has two families of periodic solutions of the forms 

X = Xm’^cos (cot + 9) + 0(e), y = 0(e), cd = co(X, e) = 1 + 0(e) , 

X * 0(e), y = Xcu^^cos (oit + 9) + 0(e), o) * a)(x, e) = + o(e). 

EXAMPLE 3- The system x" + x = ef^(x, y, z, x‘), y’ = 
ef 2 (x, y, z, X*), z‘ = ef 2 (x, y, z, x'), with f^ (O, y, z, o) = o and 
either 

fj.(-x, y, z, x») = - fj(x, y, z, x»), j = l, 2, 3 , 
or 

f^(x, y, z, -x») = f^ (x, y, z, x»), fj(x, y, z, -x») = 

= - fj(x, y, z, X'), j = 2, 3 , 

has a four parameter family of periodic solutions, for every e sufficiently 
small, of the form x = Xm'^sin (a)t + e) + 0 (e), or 

X = Xa)“^C0S (u)t + 9) + 0(e), y =* t)^ + 0(e), z = + 0(e) t 

with 0 ) » <o(x, ^2 aJ^tiltrary. 
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EXAMPLE 4. A third order equation x’*' + a^x” + agX' + 
a^x « ef(x, x», x”, t, e), with f periodic could be studied in the 
lines of §§5, 6. For instance. If f(x, -x*, x", -t, e) « 

- f(x, x', x", t, e), then equation x*** + a^x' *= ef, o > 0, has 
periodic solutions of the form x(-t, e) = x(t, e), x(t, o) = 

—2 —1 —I 

- c^ama b cos ab a)t + c^, a, b integers, c^, Cg / 0 real, provided 
ab”1cD - eH * o, where H * H(a, b, , Cg, a, a, e) and 

T 

H « ( 0 , T)“’ J' f[x(t,0),x'(t,0),x"(t,0),t,0]3in ab'^iot dt + o(e) . 
o 

If a = aoi/hj and there is a C-jo " ^ ° ^ 

3H/^c-| ^ 0 for c^ = then the equation has a non-zero solution for 

every c^; that is, a one-parameter family of periodic solutions [J. K. 
Hale, 9f ] • 
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VII. THE APPLICATIONS OF A FIXED POINT THEOREM TO A 
VARIETY OF NON-LINEAR STABILITY PROBLE3yiS 

Arnold Stokes 
§1. INTRODUCTION 

We use a fixed point theorem for locally convex linear spaces, 
due to Tychonoff^ to reduce the study of the boundedness and stability 
of certain n-dimensional vector differential equations to the study of 
the corresponding properties of related first-order equations. In this 
manner, we very simply obtain a variety of known results, and in certain 
oases, we are able to clarify some of these results. 

Fixed point theorems have been used to study the stability of 
systems of differential equations before, notably by Hukuwara^, and 
Bellman^, but the present approach, by using Tychonoff's theorem rather 
than Schauder's result^ gives many more resiats in a greatly simplified 
fashion. 


§2. DEFINITIONS 


We will let E be the real vector space of all continuous func¬ 
tions from the non-negative reals into R^, the n-dlmensional vector space 

^ The results presented here are based on materied. contained in the author’s 
thesis, written as partial fulfillment of the requirements for the Ph.D. 
degree at the University of Notre Dame. The author wishes to thank Dr. J. 

P. LaSalle for his valuable suggestions and constant encouragement during 
the development of this study. The author also is grateful to the Office 
of Naval Research for their assistance while at the University of Notre 
Dame. 

^ A. Tychonoff, Ein Flxpunktsatz , Math. Ann. Ill, 767-776, 1935. 

^ M. Hukuwara, Sur les Points Singullers des Equations Diffeyentielles 
Lineaires, J. Faculty of sci., Hokkaido Imp. liniv. Ser. I, Math. 2 , 13 - 08 , 

^ R. Bellman, On the Boundedness of Solutions of Non-Linear D3£feTOnc e 
and DifferentiainEquations , Trans. Amer. Math, soc., 62, 357-3^^,^9^7. 

J. Schauder. Per Flrounktsatz in Funktlonalraum , Studia Math. 2 , 171 - 181 , 
1930 . 


173 



174 


STOKES 


over the real field. The topology on E shall be that Induced by the 
family of pseudo-norms fPnC=l^ where for x c E, 

p (x) = sup ||x(t)|| 

0 ^ t ^ n 

where ||x(t)|| Is any vector norm. A fundamental system of neighborhoods 
Is then given by where = (xeE | Pn(^) ^ ^5. Under this 

topology, E becomes a complete, locally convex linear space. For such 
a space, we have a theorem of Tychonoff*s: 

THEOREM 1. Let E be a complete, locally convex 

linear space. Let T : E-E be continuous, 

and let A be a closed convex subset of E. If 
T(A) C A and t(a) is compact, then there exists 
a fixed point of T in A. 5 

If T is a compact (completely continuous) operator and if A 
is bounded, then T(A) is always compact. We then obtain: 

COROLLARY 1. Let E be as in Theorem 1. Let 

T . E -E be continuous and compact, and let 

A be a closed, convex, bounded subset of E. If 
T(A) C A, then there exists a fixed point of T 
in A* 

§3. REDUCTION TO A FIRST-ORDER EQUATION 
We shall consider theee types of n-dimenslonal systems here: 

(1) ± = f(t, x) 

(2) X = A(t)x + f(t, x), where 


(3) X = A(t)x + f(t, x), where 


l|X(t)|| ^ K , 

||X(t)X‘'' (s)|| ^ K, K > 0 

||X(t)|| ^ Ke"”^ 

||X(t)X"’( 3 )|| ^ K, o > 0 , 


' 5 ' ' *' '—-- 

This theorem, while not explicitly stated by Tychonoff, follows from a 
theorem given in No. 1 in the same manner that the second fixed point 
theorem of Schauder*s in No. 4 follows from his first theorem. 
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where by X(t) is meant the principal matrix solution of the system 
X = A(t)x, where A(t) is a continuous function of t for t > 0 . If 
A(t) is a constant matrix, or periodic in t, examples of systems 
satisfying the inequalities in (2) or (3) are well-known. 

In addition we shall assume that f is continuous on 
into R^, and that 

( 4 ) |lf(t, x)|| ^ G(t, 11 x 11 ), for t > 0, X € DC 

where G(t, r) is piecewise continuous on R^, positive for t, r ^ 0 , 
and nondecreasing in r for fixed t; and D is some subset of R^. 

With (i) above, we shall associate the Integral operator 

t 

(5) T^(x)(t) = b + y' f( 3 , x( 3 ))d 3 , 

o 

and with (2) and (3) above we shall associate the operator 

t 

(6) T^(x)(t) = X(t)tl + J' X(t)X‘’(s)f(3, x(3))d3 , 

0 

where b is a vector in R^. 

Clearly fixed points of these operators correspond to solutions 
of the associated equations, the solution passing through b at t = 0 . 
Also it is evident that both operators are compact in the topology of our 
function space E. 

To apply Corollary 1 , we shall proceeds as follows: Let B be 
a bounded subset of R^, and let A be a subset of E defined by a 
positive real-valued function g(t), continuous for t > 0 , that is, 

(7) A *= {x € E I ||x(t)l| ^ g(t)) • 

For such a A is closed, convex, and bounded in the topology 
given above on E. We will further assume that for x cA, x(t) eD for 
all t ^ 0 , so that ( 4 ) may be used. 

Now take b c B, x € A. To apply Corollary 1 to either of the 
operators in (5) or (6), we must show T^(A) C A, or, by ( 7 )> 

||T-^(x)(t ) 1 | £ g(t). Using the operator in (5), we obtain 
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t 

l|Tt(x)(t)|| ^ llbll + f l|f(a, x(a))||da 
o 

t 

£ llbll + f G(s, I|x(3)||)ds, by (i») , 

o 

t 

^ ll'bll + J 0(3, g(3))ds, by the definition of A, 
o as G is non-decreasing. 

Thus, for (5)y we have T^(A) C A if g satisfies 

t 

(8) ||h|| + J G(3, g(3))d3 ^ g(t) for b e B, t > 0 . 

o 

Now consider (6), and let A(t) be such that X(t) satisfies 
the inequalities in (2). In precisely the same fashion as before, we 
have T^(A) C A if g satisfies 

t 

(9) K ||b|| + J' KG(3, g(3))d3 ^ g(t), for b e B, t > 0 . 

o 

If X(t) satisfies the inequalities in (3)y we have T^(A) C A 
if g satisfies 


t 

(10) K llbll e"®* + f g(3))d3 ^ g(t), for b € B, t ^ o . 

o 

Equations (8) antf ( 9 ) may be combined into 
t 

( 11 ) ||b|l + J K^G(s, g(3))ds ^ g(t), for b c B, t ^ 0 . 

o 

where = 1 if equation (i ) is being considered, or K, if ( 2 ) is 
being discussed. 

Now g will clearly satisfy ( 11 ) if it satisfies the differ¬ 
ential inequality: 
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(12) g(t) > K,G(t, g(t)), g(0) ^ K, llbll, for b € B, t > 0 , 

and g will satisfy (l0) if it satisfies the differential inequality: 

(13) g(t) 2 - <?g(t) + KG(t, g(t)), g(o) ^ K llbll, for b € B, t > 0 , 

where by a solution is meant a differentiable function g satisfying (12) 
or ( 13 ) wherever G is continuous• 

Thus, to demonstrate the existence of a solution to any of the 
equations ( 1 ), ( 2 ), or ( 3 ) which satisfies llx(t)ll ^ g(t), we must choose 
B C and a g satisfying ( 12 ) or ( 13 ), (and, of course, g must possess 
the property that llx(t)ll ^ g(t) implies x(t) c D). 

§i»., STATEMENT OP THE THEORMS 

(i) On existence in the large. We will consider equation ( 1 ) and 
assume that f is dominated by G everywhere, that is, D = R^. 

THEOREM 2. If the equation r * G(t, r) possesses the 
property that for any r^ > 0 there exists a solution 
defined on [0, »), passing through r^ at t = 0 , 

then for an arbitrary vector b € R^, there exists 
a solution of (l) defined on [o, «) which passes 
through b at t = 0. 

PROOF. Take b € R^, let B = (b). Choose g to be a solution 

of r = G(t, r) with g(o) > HbH which is defined on [ 0 , «>), Clearly 

such a g satisfies ( 12 ), so the operator in ( 5 ) maps A into A, where 

A is defined as in ( 7 ). So by Corollary 1, T^ has a fixed point in A; 
that is, there exists a solution of (l ) defined on [O, <») passing through 
b at t « 0 . 

COROLLARY 2 . Assume l|f (t, x)|| ^ M(t )L( llx|l), for 
t ^ 0 , X € R^, where M, L are piecewise continuous, 
positive, and L is non-decreasing. If 


00 



for positive r^, then for any b c R^, there ex¬ 
ists a solution of ( 1 ) passing through b at t = 0. 
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PROOF. Observe that the equation r » M(t)L(r), r(0) = may 
be solved for any r^ > 0, for If we write 

r t 

r J— ds = r M( 3 )d 3 , 

note that the function of r on the left is strictly increasing, so the 
inverse function exists, and by our ass-umption concerning L, the domain 
of the inverse functions is [o, 00 ), 30 the solution through r^ at 

t = 0 is defined on [ 0 , «) for all r^ > 0 . The result follows from 
Theorem 2. 

Corollary 2 is a theorem due to Wintner^, which was later improved 
by him by removing the requirement that L be non-decreasing'^. Later 
Conti generalized this result still further, by replacing the norm function 
by a more general function. The above proof is considerably simpler than 
Wlntner’s original proof, however. 

For an example of a function dominated as in Corollary 2, con¬ 
sider any function f(t, x) such that ||f(t, x)|| = o(||x|l) as ||x|| —> 00 

for fixed t. 

(ii) On Boiandedness. We will consider Equations (l ) or ( 2 ), 
and again assume that f is dominated by G everywhere, or D = R^. 

THEOREM 3» If the equation f = G(t, r) possesses the 

property that for any r^ > 0 there exists a solution 
defined and bounded on [o, «), passing through r^ 
at t = 0 , then for an arbitrary vector b c R^ there 
exists abounded solution of ( 1 ) or ( 2 ) defined on [o, ») 
which passes through b at t = 0 . 

PROOF. The proof is precisely the same as for Theorem 1, where 
B = (b), for b e R^, and here g is taken as any bounded solution to 
f* = G(t, r), with g(o) ||b||. 

^ A. Wintner, The Non-Local Existence Problem of Ordinary Differential 
Equations , Amer.'J. of Math., 27 Y- 2 H 4 , 1945 . 

A. Wintner, The Infinities in the Non-Local Existence Problem of 
Ordinary Differential Equations , Amer. J. of Math. , 68,'"’I’fB-l'YB', 1946. 

R. Conti, LlmitazionL >in Ampiezza' della Soluzioni dl un Sistema dl 
Eauazloni Dlfferenzlali e Appllcazlonl, Bolletlno della Unione Mat. Ital.. 
Her. '5, il i$$6. - 
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COROLLARY 3 » Assume |lf*(t, x)|| < M(t)L(||xl| ) for 
t > 0 , X e R^, where M, L are piecewise continuous, 
positive, and L is non-decreasing. If 

= » , 

i Us) 

o 

for positive r^, and 

00 

J M (3 )d 3 <00 , 

O 

then for any h e R^, there exists a bounded solution 
of (l ) or (2) defined on [O, 00) passing through b 
at t = 0 . 

PROOF. The proof follows from Theorem 3, if we observe that, as 
in Corollary 2 , our assumption on L implies that for any r^ > 0 , there 
exists a solution to r = M(t)L(r) defined on [o, »), passing through 
r^ at t = 0, and further that 

00 

J' M(s )d 3 < CO 
o 

implies that this solution is bounded. 

With reference to the following theorem, observe that the above 
bounds in general depend upon the initial conditions. 

For an example of a function dominated as in Corollary 3, let 
f(t, x) = B(t)x, where B(t) is an n x n matrix, continuous in t, 
such that 


J ||B(t)|ldt< » . 

o 

Such a theorem appears in Bellman^, where the proof uses Gronwall^s in¬ 
equality. The above corollary shows that the linearity of L is not 
essential, but rather that it suffices that 

r 

“—L- ds 

L( 3 ) 

^ R. Bellman. Stability Theory of Differential Equations , (McGraw-Hill 
Inc., New York, 1953). 
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diverges as r-«>. 

(ill) On Ultirnate Bomdedness. Here we use ultimate boundedness 
in the sense of Yoshlzawa^ that is, through every point there passes a 

solution which is not only bounded but as t -> <», enters a bounded 

region, which is independent of the initial conditions. We will now con¬ 
sider Equation (3), and again we assume f is dominated by G everywhere. 

THEORM t. If G is such that for every positive 
initial condition r^, there exists a solution to 
the Inequality r > - ar + KG(t, r) passing through 
r^ at t = 0 which is ultimately bounded, then 
for any b e R^, there exists a solution of (3) 
passing through b at t = 0 which is ultimately 
bounded. 

PROOF. The proof is the same as for the above two theorems, 
where B = (b), for b e R^, and here g is taken as any ultimately 
bounded solution to r > - ar + KG(t, r), with g(o) > K |lb||. 

COROLLARY 4 . For any € > 0 , assume there exists 
R(€) > 0 such that ||f(t, x)|l ^ N, ||x|| < R, t > 0 , 
and llf(t, x)|| < ellxll, |ix|| > R, t > 0 . Then all 
solutions to (3) are ultimately bounded. 

PROOF. Here let 


N, r ^ R 

G(t, r) = 

€r, r ^ R 

By Theorem 4, all we must show is that for e sufficiently small, there ex¬ 
ist ultimately bounded solutions to r ^ - ar + KG(t, r) passing through r^ 
at t = 0 , where r^ > K |lb|l, for b an arbitrary vector in R^. 

Now choose c > 0 such that e < a/K, and choose P such that 

0 < P < 1. Let g(t) = K llbll + NK/a. By our choice of e, 

g -.> as t -> and so g is ultimately bounded. And 

g(o) > K llbli, so all that remains is to show that g satisfies the differ¬ 
ential Inequality; 

N, g(t) ^ R 

g(t) ^ - <Tg(t) + K I 

eg(t), g(t) > R 

T. Yoshlzawa, Note on the Boundedness and the Ultimate Boundedness of 
Solutions of X » F(t^ x;, Mem. of the Coll, of Sol., bniv. of i^oto, Sen. A, 
2^, Math”""No. 3, 275-291, 1955. 
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Now g(t) = P(€K - a)K lib 1 and 

(U) g(t) + ffg(t) = K llbll + a{^ - 8)] + NK . 


By our choice of 0, this is clearly > NK for all t > 0, and so half 
the inequality is satisfied. Now Kg(t) = ||b|| + NK^/a, and 
upon comparison with (l4), we see that the Inequality 

g(t) > - org(t) + eKg(t) 
reduces to the two inequalities 


and 


PeK+a(l - 8)>eK 
NK > eK m/a . 


But the first of these is equivalent to a(l - p) > e K(1 - 3), or 
€ ^ a/K, and the second reduces to eK/a ^ l, or c < a/K. So by 
choosing € < a/K, we see that the conditions of Theorem k are satisfied, 
and so all solutions to ( 3 ) are ultimately bounded. 

For an example of a function f(t, x) 'dominated as in Corollary 

4 , it suffices to choose f so that ||f(t, x)|l = o(l|xi|) as ||xl| -», 

uniformly in t. 

(Iv) On Stability of a Critical Point. Here we will suppose 
(1 ) or ( 2 ) has a critical point at the origin, that is, f(t, 0 ) = 0 for 
all t_> 0, and we wish to examine the stability of this point. We will 
say the origin is stable if given any e > 0 , there exists a 5 > 0 such 
that for any b e such that |lb|| < 6, there exists a solution through 
b at t = 0 which is bounded in norm by e for t > 0. As this is a 
local problem, we will assume f to be dominated by G in some neighbor¬ 
hood of the origin, that is D = (x c R^ | ||x|| £ t]), where n > 0 is ‘ 
given. 


THEORM 5 . If the equation r = K^G(t, r) possesses 
a stable critical point at the origin, then (l) or 
( 2 ) also possesses a stable critical point at the 
origin. 

PROOF. Take e > 0, and let 8 > 0 be such that if 0 < £ 8, 

there exists a solution to r = K^G(t, r) which passes through r^ at 
t * 0 and is bomded by rain(€, ti) for t > 0 . To apply Corollary 1, 
let B = {b 6 R^ I ||b|l ^ 8), and let g be a solution to f = K^G(t, r) 
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which l3 bounded by min(e, t) ) for t > 0, and g(o) = 6. Thus for 
b € B, T^(A) C A, or there exists a solution to (l ) or ( 2 ) through b 
at t » 0 which lies in A. The theorem follows. 


COROLLARY 5- Let ||f(t, x)ll ^ M(t )L( ||x|l), for 
t ^ 0, ||x|| ^ T), where M and L are continuous, 
and for r > 0, L is positive and non-decreasing. 
If L(o) = 0 , and 


lim 
ro~. o 


r 



for r small and positive, and 


00 

J M(s)ds < 
o 


00 


then ( 1 ) or ( 2 ) possesses a stable critical point 
at the origin. 


PROOF. By Theorem 5, if the equation r = K^M(t)L(r) possesses a 
stable critical point at the origin, the result follows. But by consider¬ 
ing the equation 

r t 

r —^— ds = r M(s)ds , 

J L(s) J 

V o 

o 

and by the above assumptions on L and M, clearly given any e > 0 , 
there exists a 5 > 0 such that 

e 00 

8 O 


or, there exists a solution through r^ at t = 0 which, for Tq < B, 
is bounded by e for t > 0 . The corollary follows. 

A result of this type, where L(r) = r, is given by Bellman^, 
where again Gronwall’s inequality is applied. As before. Corollary 5 
demonstrates that the linearity of L is not important. 

For an example of a function of this type, consider f(t, x) 


^ R. Bellman, Stability Theory of Differential Equations , (McGraw-Hill 
Inc., New York, 1953^« 
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where the 1-th component is the product of a polynomial in the components 
of X, without a constant term, with a function 9 j_(t), where 

00 

1 9^(a)|d3 < <» . 

0 

(v). On Asymptotic Stability of a Critical Point. Here we 
shall consider (3)^ and assume that ( 3 ) has a critical point at the 
origin, that is, f(t, 0 ) = 0 . By asymptotic stability we mean, of 
course, that the origin is stable, and in addition, there exists a 6 > 0 
such that through any b, |lbl| ^ 5, there passes a solution which approaches 

0 as t -> As this is again a local problem, we will assume f to 

be dominated in G in some neighborhood of the origin, that is, 

D = {x € I 11x11 ^ Tj). For our purposes, here we wish to taice as a 
function of e, where e is a small parameter, and we will also assume 
that G(t, r) = G(t, r, €) is also a function of this parameter. 

THEOREiyi 6. If the inequality r > - ar + KG(t, r, e) 
possesses an asymptotically stable point at the 
origin for e sufficiently small, then ( 3 ) possesses 
an asymptotically stable critical point at the origin. 

PROOF. Take € > 0 so small that the differential Inequality 
above is asymptotically stable. Then there exists a 5 > 0 such that 
for 0 < Tq < 6, there exists a solution to the inequality which passes 

through Tq at t = 0, tends to 0 as t - and for all t > 0, 

is bomded by t] (c ). Then, to apply Corollary 1, let 

B = (b e R^ I l|bll < 8), and choose g to be a solution to the Inequality 
having the above properties, with g(o) = 5, The theorem follows. 

COROLLARY 6. Assume that for any c > 0, we have 
llf(t, x)li < e 11x11, for t > 0, 11x11 < Ti(6). Then 
in ( 3 ), the origin is asymptotically stable. 

PROOF. By Theorem 6, we must show only that for sufficiently 
small € a solution g(t) can be found to the differential inequality 
g(t) > - ag(t) + 6Kg(t) which is bomded by and tends to 0 as 

t -00, But. for € < a/K, we may choose g(t) = Ti(e and the 

corollary is proved. 

As an example, we may take any f(t, x) for which llf(t, x)ll « 

o (11x11) as 11x11 -> 0 uniformly in t. This result, by now classical, 

is originally due to Perron. 
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COROLLARY 7. Assume that for emy e > 0, we have 
T(€) > 0 such that 


x)|l £ { 


k ||x|| + t^ 
6 ||x|| + t^ 


11 x 11 

llxll 


0 ^ t T(€) 
t > T(€) , 


for ||x|l ^ ii(e), where k, b, > o, a > o. Then in 
(3)# the origin Is asymptotically stable. 


PROOF. Again by Theorem 6, we must show only that for sufficient 
ly small c, a solution g(t) can be found to the Inequality 


g(t) > - ag(t) + K 


r kg(t) + t^g(t)^‘^®', 
^ €g(t) 4- t^g(t)^•"^ 


0 ^ t ^ T^ 
t > T^ , 


where T-, > T(€), which is bo-unded by 11 (e) and tends to 0 as t -» 

Now, for o^r^l, 0;^t^T^, -ar + K(kr + t^r^'*’®') ^ Cr, 
for some constant C, so clearly we can find a solution to the Inequality 
over [0, T^], for any T^, with an arbitrarily small bound on [O, T^ ], 
simply by choosing g(o) sufficiently small. So we may assume 
g(t) ^ TiCe) on [0, T^ ]. Let g^ « g(T^ ). We now wish to define g 
for t ^ T^. 

Take e > 0 so that e < a/K, and choose P so that 0 < p < 1 
Take T^ > Tie), and let g(t) = Clearly, by our choice 

of €, g - 0 as t - 00 , and as g^ ^ Tl(e), g(t) ^ Ti(e) for all 

t ^ 0 . We now wish to show that for T^ sufficiently large, and g^ 
sufficiently small, g satisfies the differential ineq-uallty 
g(t) ^ - ffg(t) + 6Kg(t) + Kt'^g(t)''^® for t ^ T,. Now 

g(t) - (6K - <T)g(t) = (e - l)(cK - ) . og(t) , 


where or = (p - 1 ) (eK - 0 ) > 0 by our choice of P and €. So we must 
show that ag(t) ^ Kt^g(t or, as g is positive, cc > Kt^g(t)®'. 

But 

Now choose T^ so large that -t^eQ-PCcK-a )t ^ ^qp t > T^, and choose 
gQ so small that g^Q-aPCeK-a )T^ ^-/a . Clearly both these choices can 
be made, and the corollary is proved. 

Corollary 7 appears in Coddlngton and Levinson^ ^ • 
have an example of a system to which Corollary 7 applies. 


There we also 



VIII. QUAimTIC DIFFERENTIAL EQUATIONS AND 
NON-ASSOCIATIVE ALGEBRAS 

Lawrence Marlcus 

§ 1 . STATEMENT OF THE PROBLEM AND THE RESULTS 

In order to obtain a thorough knowledge of the qualitative be¬ 
havior of the solutions for a class of non-linear differential equations, 
we classify and analyse differential systems which have quadratic poly¬ 
nomials as coefficients. We find all such differential systems in the 
plane, and an Interesting collection of such systems in higher dimensional 
spaces. 

The method of classification is based on an algebraic technique 
and thus differs from the geometric methods which are customarily used in 
the qualitative theory of differential equations. While the algebraic 
method is somewhat more intricate than the geometric analysis in dimension 
two, it is available in higher dimensions where the geometry is more diffi¬ 
cult to manage. 

To each quadratic differential system we attach a certain non- 
assoclatlve, but commutative, real linear algebra. The problem of affine 
equivalence of differential systems is shown to be the same as the iso¬ 
morphism problem for the corresponding algebras. This is analogous to the 
classification of linear differential systems by canonical forms for the 
coefficient matrix, that is, by means of certain linear endomorphisms of a 
vector space. 

Thus we first find all real, commutative, two-dimensional, linear 
algebras, see Theorems 6, 7, and 8. This yields all quadratic differential 
systems, up to affine equivalence, in the affine plane. It is easy to 
show. Theorem 9, that there are just six geometrical types of quadratic 
differential systems with isolated critical points in the plane. Repre¬ 
sentation for these six geometric types are pictured in Figures I through 
VI. Finally there is a brief dlscmssion of quadratic differential systems 
in the real projective plane and in higher dimensional spaces. The standard 
summation notation is used throughout. 
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§2. THE ALGEBRA CORRESPONDING TO A (^ADRATIC 
DIFFERENTIAL SYSTEM 

DEFINITION. A quadratic differential system Is 
<■/) ^ , 1 = 1, 2, n , 

where the real constants ajj^ are normalized so that a^j^ = a^j. 

DEFINITION. The related real linear algebra of the quadratic 

differential system Is defined by the multiplication table for a basis 

u^, Ug, as = ®'jk^i* Clearly the n-dlmenslonal algebra 

Is commutative but It may not be associative. 

THEOREM 1. Two quadratic differential systems 

e/) = ai^Jx>' 




~ ^ > 2 , 


are equivalent under a non-singular linear trans¬ 
formation 

x^ - 

if and only if their related algebras "i and '?\ , 
respectively, are isomorphic. 

PROOF. Suppose = b^”^ carries the system r;-' Into (p . 
Write B^b^ = b^B^ = the Kronecker symbol, so = B^x^. Then 


f‘. b;*‘ . Bi.;.b»v. svv 


s„l ,1 _ i^r, s„l 

Now consider the related algebras with multiplication tables 
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The linear transformation of 5 onto 
is now shown to be an isomorphism. 


^1 defined by 
For 


and 




A 


''i -ui 




^^3 




But 


bf = b^bfa^ 
jk i j k rs 


Conversely, if there is an isomorphism between and 


which is expressed in terms of the given bases by 


u., 


^>13 A' 


then 


the linear transformation 

Here we say that 
equivalent. 


and 


carries into (p, as required. 

rp are affinely (or linearly) 


It is of interest to relate the algebraic properties of ?i to 
the behavior of the solution curves of cp * The next three theorems give 
certain general results in this direction. 


THEORM 2. The qiiadratlc differential system 
(?) 1> j» k = 1, 2, n 

has an Isolated critical point at the origin if and 
only if the related algebra has no nilpotent ele¬ 
ment e 0 for which e • e = o. 


PROOF. If (p has another critical point P than the origin 
0,' then the line OP consists of critical points since cp is homo¬ 
geneous. Take OP to be the x^-axis and then the coefficients of cp (in 
the new coordinates) satisfy a^^ = o for i= 1, 2, ..., n. But then the 
first basis vector u^, for the related algebra ?i , satisfies u^ • u^ = 0. 

Conversely if e • e = o, take a linear transformation of the 
x-space so that e = u^, the first basis vector of ':*( . Then a|^ = 0 
and the x^-axls consists of critical points of . Q.E.D. 

THEOREM 3. The quadratic differential system 

cp) x^ » ajj^V 1, h k = 1, 2 , ..., n 

has a solution which is a ray to or from the origin 
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If and only If the related algebra vi has a non-zero 
Idempotent (l.e., an element e ^ o for which 
e • e = e). 

PROOF. If has a ray solution, say the x^-axls, then a|^ = 

for ± ^ 2, 3, n. Thus the basis vector u^ In -n satisfies 

u^ ' f’or some \ ^ o. Take e = 1/x u^ . Conversely if \>i has 

an Idempotent, say u^ • u^ “ then a^^ = 0 for 1 = 2, 3# ..., n 
and a^^ ^ = i so the x^-axls Is a ray solution of • Q.E.D. 

COROLLARY. If n = 1, 3, 5, 7, • • • Is odd, and If (p 
has an Isolated critical point at the origin ( 
has no non-zero element e • e = o), then ep has 
a solution ray( i'l has an Idempotent element). 

PROOF. This is an immediate consequence of the topological re¬ 
sult that the sphere cannot support a continuous, non-vanishing, 

tangent vector field. Q.E.D. 

THEOREM 4. The quadratic differential system 
(p) X = ajj^'^x^ 1, j, k= 1, 2, .••, n 

has an Invariant r-plane, 1 ^ r < n, through the 
origin if and only if the related algebra n has 
an r-dlmenslonal subalgebra. 

PROOF. Say the r-plane spanned by the coordinate axes of 
x\ x^, ..., x^ Is Invariant under the flow of Then a^j^ = 0 for 

^ ^ ^ ^ k ^ r. Thus the basis vectors u^, Ug, ..., u^ 

of span an r-dlmenslonel algebra. The converse also follows from the 

same observation. Q.E.D. 

If VI has an r-dimensional Ideal then, in a certain sense, (p 
has a projection on an (n-r)-dimensional quadratic differential system. 
However If vi splits as a direct product, then so does cp, as Is In¬ 
dicated in the next theorem. 

THEOREM 5« Let (p be a quadratic differential sys¬ 
tem with related algebra vi . If there exist Ideals 'i' 

and If, Intersecting only In zero and spanning vi , 
then cp Is affinely equivalent to a product differ¬ 
ential system of the form 
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if ‘'#•2; •••, r 




1 , j, k « r + 1, ..., n . 


PROOF, We require that *= 0 for i ^ r with j > r or 
k > r; and for i > r with j < r or k < r. Choose a basis u^, Ug, 
u^, ^+1^ ^ ***' ^ a basis for 

the ideal 'i\ and •••' ^ is a basis for the ideal cs . Then 

the multiplication tensor ajj^ has the desired properties, Q,E,D, 


§3. EXAMPLES AND APPLICATION OF QUADRATIC 
DIFFERENTIAL SYSTBVIS 


In the study of the potential flow from a doublet we aire lead to 
the differential equation 

JZ = zLzI ^ ., 

dx 2 xy 


whose solution curves describe the streamlines. The equl-potential lines 
are the orthogonal trajectories which thereby satisfy 



The quadratic differential system 


, *22 

X = 2 xy, y = y - x 


corresponds to the algebra 4 ) of Theorem 8 , which is the complex numbers. 
Next consider the quadratic differential system 

X = yz - x^ 

• 2 

y = xz - y 

• 2 

z = xy - z 


which occurs in a solution of the Einstein gravitational field equations, 
cf, [ 9 ], The corresponding algebra has a basis of idempotents e^, e^f ®3 
with 
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” i ®3^ ®1 • ®3 


2 > ®3 ‘ ®3 

i ®2> ®2 * ®3 


‘ 2 


There is just one (independent) nilpotent of index two, namely, 
e, + eg + e3. 

Next consider the Jacobi elliptic functions^ u = sn t, v = cn t, 
w = dn t for a fixed parameter value of on o < k < 1 . Then 

du 


dv dw 

— - vw, ^ = -uw, ~ 

dt dt dt 


k^uv . 


This corresponds to an algebra with basis e^, eg, e^ of nilpotents such 
that 


Let 





k J ®2' 


and then 


and 


= 0, Eg . Eg = 0, E3 . E3 = 0 


2 E 3 , E, 


-i V 


®3 = 2 


Thus for all k, the corresponding quadratic differential systems for 
the elliptic functions are linearly equivalent. 

One of the major applications of quadratic differential systems 
occurs in Interaction processes which depend on collisions of entities. 

For example, second order chemical processes, or biological interactions 
are often of this nature. 

Following Volterra [ 18 ], we consider n> 2 species a^, Cg, ..., 
of creatures with populations N^, Ng, ..., respectively. Say that 
the members of each have mass and also assume that each species 


The author wishes to thank Professor G. Blrkhoff for calling attention 
to this example and for discussing with him the topic of quadratic differ¬ 
ential equations. 
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has a natural net birth-death rate e^. Assume that when Individuals of 
species and aj meet, there is a certain probability that the member 

of will destroy and eat the member of Jj. Then the fluctuations of 

the populations with time t can be studied by the differential system 


dNj_ 



I ^ ) ”i 


for i “ '1, 2, •••, n. Here the a^^j are real biological constants and 
the conservation of mass requires that 


^. -iii . 

One computes easily p^N^ + pgAg + ... + <= SVn' 

which leads to a first integral in certain important cases. For example, 
if « Eg = ... = * 0 we have a quadratic differential system with 

an integral p^N^ + ... + p^N^^ =* const, which is a hyperplane. 

To be more definite consider the case of two interacting species. 


N 

N 


1 


2 



^1®'21 


- N, 


)”i 


Then an integral is 




In case « o we have the 


^1 “ 


exp I I . const. 

I Pi -* 

quadratic differential system 

Ng - - P^rN^Ng 


for 



> 0 . 


P, > 0, Pg > 0, 7 
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This corresponds to the algebra 3 ) of Theorem 6. 

As a second example of Volterra*s theory consider the problem 
of the three fish. There are three species with populations 

Ng, respectively. We assume that the net birth-death rates 

= Eg = = 0, that is, each species is in equilibrium with the en¬ 

vironment whenever the other two species are removed. Assume that the 
first type of fish eats the second type, which eats the third, which 
eats the first. Then a^g > 0, ag^ > 0, a^^ > 0 . The resulting quadratic 
differential system corresponds to an algebra with a basis of nilpotents 
©2' ®3 such that 

• e^ = 0 , eg • eg = 0 , e 3 • e 3 = 0 

e^ • ®2 " • ©3 = “ Be^ + Ee3, eg • e3 = Deg - Fe3 . 

Here the positive constants A, B, C, D, E, P are given by 



Volterra*s theory can be modified to apply to military situations, 
where it is termed Lanchester's law [^], but here the conservation of mass 
is no longer required since civilized warriors do not (as yet) eat one 
another. 

Finally we point out that by increasing the dimension of the 
space of dependent variables we can make a differential system with non- 
homogeneous quadratic polynomial coefficients into a quadratic differential 
system. For example, consider the damped harmonic oscillator with the 
equations of motion x + hx + cDx=o, for positive constants h and m. 
In the affine phase space this is written 

X = y, y = - oj^x - hy . 


Consider the differential system in the real projective plane, with homo¬ 
geneous coordinates (x, y, z) and write the differential equations in 
an affine plane "at infinity" where x ^ 0, In this affine plane use the 
coordinates 


V 


z 


2 

X 
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and then 


• *2 2 

z » - zv, V = - 0) - 2hv - V • 

Nov Introduce a new coordinate w and consider the quadratic differential 
system in 

• • 22, 2*« 

Z * - ZV, V = - Oi W - 2hvw - V , W » 0 • 

The solutions of this enlarged differential system, in the plane v = 1 , 
are solutions for the harmonic oscillator. 


§4. REAL COMMUTATIVE ALOEBRAS OF DIMENSION TWO 


LEMMA. Let he a real 2 -dimensional commutative 

linear algebra. If does not contain a (non-zero) 

nilpotent element with square zero, then con¬ 
tains an idempotent e with e • e = e o. 


PROOF. For some basis u^, Ug of 'n we have 
u^ • Ui = aj^u^ + a^^Ug, u^ * ^2 “ ®'12^1 ®'12^2' Ug • Ug « 0 - 22^1 ®’22^2* 

If a^^ = 0 , then a] ^ 5 ^ 0 and take 


*11 


which is Idempotent. If agg = 0 , then a|g / 0 and one could take 


e = ^ Ug 
®'22 


which is idempotent. 

Thus suppose ^ 0 and 
polynomial aggX^ + ( 2 a]g - a 2 g)x^ + 
real non-zero root x^. Thus 


8^2 Consider the real cubic 

(a]^ - 2 a^g)x - a^^. This has a 


2 2 
^ 22^0 




*11 




2 * 12*0 




If ^ a^, = a^gX^ + 2a]^x^ * a], - 0, 

is nilpotent which is Impossible. Then E • E » XE 
J . rt«l ^ ^ ^*22^0 Define the Idempotent 


=^11 


then E » u^ + x^Ug 
where 

© * 1 /X E. Q.E.D* 
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We first classify the quadratic differential systems in the plane 
where the origin is not an isolated critical point. Here the related alge¬ 
bra contains a non-zero nilpotent element with zero square, that is, a 
nllpotent of index two. 

THEOREM 6 . There are ten (types of) real commutative 
2 -dimensional algebras which contain a nllpotent of 
index two. 


1 ) 



®i 

= 

0 , 

®2 


®2 

= 

0 , 

®i • 

®2 = 

0 


2) 



®i 


0 , 

®2 


®2 


0 , 

®i • 

®2 = 

®2 


3) 



®i 


0 , 

®2 


®2 


0, 

®i • 

®2 = 

®1 ^ ®2 


4) 

®i 


®i 

= 

0 , 

®1 


®2 


0, 

®2 • 

®2 ■ 

®2 


5) 

®i 


®i 


0 , 

®1 


®2 


0 , 

®2 • 

®2 ' 

®1 


6) 

®i 


®i 


0 , 

®1 


®2 


Oi, 

®2 

• ®2 

= keg, real 

k 0 

7) 

®i 


®i 

= 

0, 

®1 


®2 

= 


®2 

• ®2 

= e, + 2eg 


8) 

®i 


®i 

= 

0 , 

®1 


®2 

= 

®2> 

®2 

• ®2 

- ®l 


9) 

®i 


®i 


0 , 



®2 

= 

©2> 

®2 

• ®2 

- - ®l 


10) 

®i 


®i 


0 , 

®1 

• 

®2 

= 

©2> 

®2 

• ®2 

= ke, + eg, 

real k ^ 

The 

first three algebras 

each 

have 

a basis of nil- 



potent elements of index two whereas the last seven 
algebras each have just one Independent nilpotent 
or index two. In Cases 6 ) and 10 ) the algebras are 
distinct for distinct values of the parameter k. 


PROOF. First assume that the algebra has a basis of nilpotents 
of index two, say e^ and eg. Then we need only determine the real con¬ 
stants c, d in 

®1 ’ ^ ^®2 

If c = 0 , d = 0 we have the first Case 1 ). If c = 0 , d / o, then a 
scalar change in e-j yields the algebra 2 ). If c o, d = o we again 
obtain an algebra isomorphic with 2 ). If c^o, dj^o let 


and compute • Eg = + Eg, which yields the Case 3 ). 

The Case 1 ) has a zero multiplication and hence is different 
from 2) or 3). In the algebras 2) and 3 ) the only nilpotents of index 2 
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are scalar multiples of e^ and e^. The algebra 3 ) la distinguished from 
3) by the property that the product of two independent nilpotents is a 
nilpotent of index 2. 

Prom now on assume that the algebra has just one independent 
nilpotent e^ which we take as the first vector of a basis, e^ arjd Og. 
Write e^ * ®2 “ *^®2* c = d = 0 , then e^ • eg = 0 , If c = 0 , 

d / 0, replace e^ by i/d e^ and then e^ * ®2 ^ ®2* ^ c / o, d = o 

replace eg by i /c eg to obtain e^ • eg = e^. If c 7^ 0 and d 7^ 0 

let E^ = i/d e^, Eg = o/d e^ + eg to obtain E^ • E^ = 0 , E^ ‘ ^2 “ ^2* 
Thus one can always select a basis e^, Cg for which e^ • e^ = 0 and 
®l * ®2 ®1 * ®2 ®l' ®1 * ®2 “ ®2* Exactly one of these 

alternatives must hold. For only in the first case does e^ (which is 
the unique nilpotent up to a scalar multiple) annihilate the algebra upon 
left multiplication; in the second case e^ generates a 1-dimensional 
ideal and this is not so in the third alternative. 

Now take a basis in the algebra with e^ • e^ = 0 , 

e^ • eg = 0. Write eg • eg = fe^ + gOg for real constants f, g. By 

a change to a new basis, still preserving the properties e^ *6^ =0, 

®1 * ®2 ^ ^ we can always obtain ®2 * ®2 ” ®2 ®2 * ©2 “ ®1* These 

yield the algebras 4 } and 5 ) above. They differ in that A) contains an 
idempotent whereas 5) does not. 

Now take a basis in the algebra ',‘i with e^ • e^ * 0, 
e^ *02 = 0^. Take a new basis E^ = a / o# and Eg = X.e^ + eg 

so that • E^ = 0 and E^ • Eg = E^. Write eg • Sg = fe^ + gSg and 
then 

. Eg = ^ E, . gEg . 

If g = 0, choose a = 1, \ ^ I'?l ^ which makes Eg nilpotent and this 

is not allowed here. Thus g/o. If g7^2, we can obtain 

Eg • Eg = gEg. If g = 2, one obtains either Eg • Eg = E^ + 2E2 or 

Eg • Eg = 2Eg. These yield the algebras 6) and 7 ) above. The algebra 7 ) 

has no l-dimensional, subalgebra, other than that generated by a nilpotent 
element, and so 7 ) is different from every algebra in 6). If k - 2 in 
6) then every element generates a 1-dimensional algebra whereas if 
k 7^ 2 there is only one (up to scalar multiples) non-nilpotent element 
which generates a 1-dimensional subalgebra. Now consider the Case 6) 
with k 7^ 2. Here the 1-dimensional space generated by eg is dis¬ 
tinguished. But then e^ • eg = e^ normalizes eg so that k is an 
invariant of the algebra and distinct values of k determine non-lso- 
morphic algebras. 



MAHKUS 


PinaJ.ly take a basis in corresponding to the third alterna¬ 

tive: 

®1 ‘ ®i • ®2 ' ®2 • 

Write eg • eg = + ge^. Replace eg by 0 . Then 

Eg • Eg » + ng^g. If g = 0, we can obtain algebras 8) or 9 )* 

If* g P o> we obtain algebra 10). In this last case we exclijde k = 0 
since this yields an algebra with a basis of nilpotents. 

In the algebras 8), 9) and 10) the idempotents ore^ each de¬ 
fine a linear transformation upon multiplication of . Moreover only 
e^ produces an eigenvalue of + 1 and that for the eigenvectors bOg, 
b 0. Thus if there is an isomorphism of algebra 8) onto 9 ) or 10) 
it must carry e^ to e^ and eg to bSg. This distinguishes between 
algebras 8), 9), and 10). Also for distinct values of k in the alge¬ 
bras 10) we obtain non-isomorphic algebras. Q.E.D. 

The only algebras occiirrlng in this Theorem 6 which are associ¬ 
ative are 1 ), 4 ), 5 ), and 6), for k = X. The algebra 6) for k = 2 is 
power associative and all the remaining algebras of Theorem 6 are not 
power associative. The necessary and sufficient condition for the power 
associativity of real commutative algebras is the Identity * 

(x^ • x) • X, cf. [1], and a direct computation yields the desired 
result. 

THEOREM 7 * Every real commutative 2-dimensional alge¬ 
bra , containing no nilpotents of index two, and 
with a basis of idempotents^ is isomorphic with ex¬ 
actly one of the following: 


1) 

• 




®2 • 

®2 = 

®2' ®1 • 

®2 = 

0 

2 a) 


®i * 


t ' 

®2 • 

®2 = 

®2' ®1 • 

®2 = 

®2 

b) 

®1 • 

®i = 

2 e. 


®2 • 

®2 = 

®2' ®1 • 

®2 

= ®2 

c) 


®i = 

<xe. 

1 ' 

®2 • 

®2 = 

®2' ®1 • 

®2 

= eg, 


for 

0 < a < 

1 

and 

a > 

2 



3 a) 

®i • 

®i = 

2 e. 

1' 

®2 • 

®2 = 

a®g, e, 

' ®2 

= e, + Og, 


with 


0, 

P 

^ 2 





b) 

®1 • 

®i = 

aei 

1' 

®2 • 

®2 ' 

P©2> e, 

• ®2 

= ®, + ®2 


with 

a 4 

0, 

a 

1^ 2 , 


0 , P 2 , 

OP 

/ 4, Of + P ji op 


and 

2 

- < 

P 


+ a 

on o( < - 

1 

and on a > 2. 


Distinct values of the parameters yield non-isomorphic 
algebras. 
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PROOF. Take a basis and Eg of idempotents in 


Then E^ • E^ = cE 


dEg. 


2 '""1 

0, we have Case 1) of the theorem. 


If c = d 
If 0 = 0 and d 0 write 




i E,, eg = Eg 


to obtain an algebra of the form. Case 2, e^ • e^ = ore^, eg • Og *= ©2^ 
e^ ' ®2 “ ®2' parameter restrictions on a will be explained later. 

If c ^ 0 and d = 0, the algebras are isomorphic to those of Case 2. 

If c 0 and d ^ 0 , let 


©i 


5 ^ 1 ' 


■'I " d “1^ ^^2 

to obtain an algebra of the form, Case 3 , 


- E 
c 2 


©1 


ofe 


3 © 2 > 


The condition that there are no nilpotents Imposes no restriction 
on Case 1, but requires a ^ 0 in Case 2 , and a 0, p ^ 0, ap ^ 4 in 
Case 3 » 

Next we show that no algebra of one of the above three types 
1 ), 2), or 3) is Isomorphic with an algebra of a different type. 

In Case i ) the only idempotents are e^ and eg and their 
product is zero. This characterizes Case 1). In Case 2) the only Idem¬ 
potents are 


5 ®1' ®2’ 


and 




Here the idempotent eg generates a 1 -dimensional ideal, yet it does not 
annihilate the algebra upon multiplication. Thuse Case 2) differs from 
Case 1). In Case 2) we distinguish the subcases 2a) where a = i, for 
only in this case does the corresponding idempotent ©i - ©2 ®^30 gen¬ 
erate an ideal. Also the subcase 2b), where a = 2, is the only algebra 
of 2) which contains just two idempotents. 

In Case 3 )> the idempotents are 


2 

a 




MARKUS 


1 98 


and 



If or + p ^ Qfp, it Is easy to see that no idempotent generates a 1 -di¬ 
mensional ideal. Thus Case 3) differs from 1 ) and 2). Finally we show 

that e^ • = ae^, ®2 * ®2 ^^ 2 * ®i * ®2 “ ®l ®2 ^ 4 ^7 
ofp ^ 4 is an algebra of Case 2) in case a + p = ap. Here there are idem- 
potents 


E, = 


i = g - P e + ^ ~ ^ e 

2 If - ap 1 It - ap 2 


If Of = 2 and Of + p = ap, then p = 2 so ofp = 4 which is impossible. 
Thus Of y 2 and also p 2 . Compute 0 . But E^ generates a 

1 -dimensional ideal and thus we have an algebra of Case 2). The subcase 
3 a), Of = 2, is distinguished in that there are just two idempotents. If 
p = 2 (so Of ^ 2 ) we again have Case 3 a). 

We next study the restrictions on the parameter of in Case 2) 
and (of, p) in Case 3 )/ so as to have a unique form for each possible 
algebra. 

Thus consider e^ • e^ - ofe^, ©2 * ®2 ® 2 ^ * ®2 ^ ®2 

cx ^ 0 , of^ 1, a ^ 2. Here e^ is the unique idempotent which generates an 
ideal. Using 


and eg 
and 


- e, 
a 1 


(1 - 


as a base for the algebra we find that the algebras with values a 


Of 

a - 1 


are Isomorphic and that no other value of the parameter yields an isomorphic 
algebra. Thus we pick out a single representative for each algebra of 
Case 2 c) by demanding 


Thus 0 < a < 1 and of > 2 enforces a one-to-one correspondence between 
parameter values a and isomorphism classes of algebras in 20). 

Consider Case 3 a) with of = 2 (so p 2). There are just two 
idempotents 
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The product of these idempotents is 


e,) . 


Thus Isomorphic algebras Li 3 a) must yield the same value for 

i + i . 

P 2 

Thus p is different for different algebras. The case P « 2 
is isomorphic to an algebra with a = 2 and p 7^ 2 • 

Now turn to Case 3b): 

• e^ = oce^, ©2 ' ®2 " ^®2' ®l * ®2 “ ®l ®2 


with 


a ^ 0, a ^ a, e 0, P 2, ap It, 0 ( + P 5 ^ Qtp . 

There are three idempotents 


P 


and 


3 " 4 - ap ^ 4 - ap 


The table 


El • Ea = i E, ^ ’ 

T-i -n Of + P — OfP -Cl j. _1 T? 

El • E 3 = 4 - g T" ^ 5 ®3 ' 

E, . E, = J- E, + V" E ' 

2 3 p 3 4 - ofp 2 


shows that the algebras of 3h) with parameter values (a, p) 
or (P, Of), or 

" ( rrtfs ’"') 


( ^ r. £6— , P \ or r P, — ^ } 

\a+p-ofp / ^ of+p-ofp/ 


(so a ^ 2) 


(of> P)/ 
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are isomorphic. Also these are the only isomorphic parameter sets. 

To obtain a unique parametrlzation of the algebras in 3b), we 
must find a fundamental domain, in the (a,p)-plane with the deletions 
a 4 0, a 4 2f ^ ^ 0, p 2, Qfp 4 , a + p ofP under the group generated 

by the transformations 

T : (or, p) - ( ot, ~ ) 

\ a + ^ - ap / 

and 

R ; (a, p) -(p, a) . 

We compute = I, the identity. Also RTR = TRT. Call 

Z = RT (first T then R) and = I, RZ = Z^R. Thus the group con¬ 

sists of six elements I, Z, Z^, R, ZR, and Z^R. 

Use the fact that 


4 - gp 
g + p - ap 


is a raonotonic decreasing function of p, for each fixed g. A careful 
study of the geometry of the six transformations of the group I, Z, Z^, R, 
ZR, Z^R shows that every allowable point of the (g,p)-plane is equivalent 
to one and only one point of the fundamental domain 


2 


g - 1 


1 P ^ 


2 + g 
g 


with g > 2, and 


2 

g - 1 


^ P < 


2 -t- g 
g 


for g < - 1. Q.E.D. 

A long computation based on the identity x^ • x^ = (x^ • x) • x 
shows that algebras i) and 2a) of Theorem 7 are associative but that none 
of the other algebras of Theorem 7 are power associative. 

THEOREM 8. A real commutative two-dimensional algebra 
, with just one Idempotent and no nilpotent elements 
of index two, is isomorphic with exactly one of the 
following: 

1 ) e^ . e^ * e^, e^ • eg = 0, eg • eg = e^ + ge^, 

with 0 ^ g < 2 
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2 ) 


®l 

= 

®i 

' ®1 

• ®a 

- ®1 

®2> 

eg • eg = fe^ , 


with 

f 

< 

- 

1 





3 a) 


®l 



, e, 

• ®2 

= ^2^ 

®2 

• ©2 = ©1 

b) 

®1 * 

®1 



’ ®1 


“ deg, 

®2 

. eg = e^ + geg, 


with 

d 


0 , 

g > 

0. g 

< 4(1 

- 2 d) 

c) 

®1 • 


= 

®i 

' ®l 

• ®2 

= 1 02' 

®2 

• ®2 = - ®1 

d) 

®1 • 


= 



■ ®2o 

= deg. 


• ®2 “ - ®i + gSgJ 


with 

d 


o> 

d ^ 

g^ 

4 4dS 

g" 

< 4 ( 2 d - 1 ), g ^ 0, 


• 

®l 

= 

®1 

> ®l 

• ®2 

= eg, e 

'2 

®2 “ ■ ®1' 


Distinct values of the parameters yield non-Isomorphic 
algebras. 

PROOF. Let e-j be the Iderapotent element of . Then there is 
a basis 0^,62 in vi such that exactly one of the following three 
cases holds: 

CASE 1; e^ • Og = 0 

CASE 2: e^ • eg = ©1 + ©g 

CASE 3 : ©1 • ®2 “ d / 0. 



To 

see this 

write e. • ©o “ 

+ dOg. If c = d 

= 0 we have 

Case 1. 

If 

c ^ 0, d 

= 0 replace 

CD ' 
ro 

II 

1 

0 

_CD 

+ 

CD 

ro 

to obtain 

Case 1. 

If 

o' 

II 

0 

^ 0 we have 

Case 3 * 

Finally suppose 

c / 0, and 

d 0. 

Here 

replace 

©2 dy 







Eg =- 

-2- e, . 
- d ’ 

- ®2 



(if d 1 ) to Obtain Case 3 again. If d = 1, c 0 use 



to obtain Case 2. Thus every vi lies in Case 1, 2, or 3 . 

Also an algebra can fall in just one of these three cases. 

For in '.’I the element is distinguished as the unique idempotent. 

The linear transformation T^ : of multiplication by e, has 

a n\ai space In just Case l. In Case 2 T^ has just one independent eigen¬ 
vector, e^. In Case 3 T^ has two independent eigenvectors. 

Now consider an algebra of Case 1. We consider three sub¬ 

cases designated by: 

1 A) ©2 • ®2 " S©2 g 9 ^ 0 



202 


MARKUS 


IB) ©2 * ®2 “ f > 0 

I C) eg • eg = + + geg for g 0. 

Suppose = e^, * ®2 ®2 * ®2 " ^®i ®®2* 

case lA) Is inadmissible since it allows a basis of idempotents in "H . 

If g = 0, f ^ 0 then there are nilpotents unless f > o. If g 0, 
f 0 we have Case 1C), upon replacing eg by = |f I'^'^^eg. 

In Case IB) replace eg by Eg = f'^'^^Og to obtain the result 
e^ • e^ = e^, e^ • ^2 E^ • E^ - e^ which is listed in the theorem. 

In Case IC) the possibility eg * ©2 ^ “ ®1 ®®2 allowed since 

it admits a basis of idempotents. Also in case ©g • eg = e^ + geg 
we must have g^ < ^ to prevent a basis of idempotents. But the values 
+ g and - g yield isomorphic algebras under the automorphism 

e^ -e^, eg -> - Og. Therefore every algebra '■n of Case 1 is listed 

under 1) in the theorem. 

It is easy to check that each algebra of i) has exactly one idem- 
potent and no nilpotent of index two. Also in an algebra of 1 ) the 

element e^ is distinguished by e^ • e^ = e^. Also the subspace Xeg 
is the null space of multiplication by e^. The condition 

®2 * ®2 ®1 **' ®®2 pair (eg, - Og). But then the restriction 

g > 0 shows that no algebra in i) corresponds to two distinct admissible 
values of g. 

Now consider Case 2), e^ • = e^, e^ • ©g = e^ + ©g, 

®2 * ®2 " ^ ^®2* ^ ^ we replace ©g by 

- f ®1 ^ ®2 

to obtain e^ • e^ = e^, • Eg = e^ + Eg, Eg • Eg = he^. Therefor© we 

can always take g = O in Case 2. If f > - i there are two independent 

idempotents in '.’i and so we are lead to the Case 2) listed in the theorem. 

Each algebra vi of Case 2) has no nilpotent of index two and 
only one idempotent. ^In an algebra vi of 2) the element e^ is dis¬ 
tinguished by e^ • affine space {©g + oce^] is distinguished 

by the relation ©^ • ©g = e^ + ©g. But the only member of {©g + ae^} 
whose square is a scalar multiple of e^ is ©g, which is thereby dis¬ 
tinguished in VI . Thus distinct values of f yield non-Isomorphic alge¬ 
bras in Case 2). 

Now consider Case 3, • e^ = ©^, e^ • eg = deg, 

©g • ©g = fe^ + geg, with d o. If f = o there is either a nilpotent 

of index two or two idempotents in vi so we must have f / o. Replace 

©g by Eg = IfP^'^^Og and thereby we can assume that f = + 1 or 
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f « - 1 , Further we separate the case where the operator , of multi¬ 
plication hy e^, is the identity, that is d « i. We are then lead to 
three subcases of 3 : 

I) e^ • e^ * e^, e^ • ©g * eg, Og • Sg « + e^ + gOg 

II) e, • o, - e,, e, • Sg = dOg, eg • - e, + geg, 

d ^ 0, d ,< 1 

III) e, • e, - e,, e, * Sg » deg, eg • eg - - e, + gOg, 
d 0 , d / 1 . 

An algebra 9r of Case 3 has a distinguished element with 
e^ • e^ * 10 ^ e Thus the operator T^ is an algebraic Invariant and in 
31 ) it is the identity# Case 3 II) is distinguished from 3 III) in that 
the eigenvector Og has a square with Og • eg = e^ + gOg, Instead of 

eg • eg « - e^ + gSg. 

In 3 I) the possibility Og • Og » e, + gOg is eliminated since 
such an algebra always has a basis of Idempotents. Also the possibility 
eg • Og «= - e- + geg is restricted since if g^ « 4 there are nllpotents 
whereas if g^ > 4 there are two Idemix^tents. 

Thus take g^ < 4 and define new basis vectors E^ = e^, 

Eg « Xe^ + jiOg where 4 > 0 and X are defined by 


X 


2 


2 4 

^ “ 4 - g2 • 


Then one computes directly « E^, E^ • Eg = Eg, Eg • Eg = - E^, 

which is algebra 4) in the theorem. This algebra is the complex numbers. 

We next show that in 3 II) the admissible values of the para¬ 
meters are g^ < 4(i - 2d) and g « 0 , d = . Use (ae^ + Peg)^ « 

(cr^ + P^)e^ + ( 2 apd + p^g) 0 g to show that there are neither nllpotents 
nor idempotents, with P 0, for g^ < 4(i - 2d). But if g® > 4(1 - 2d) 
then there are two idempotents and so this is not admissible. If 
g2 . 4(1 « 2 d) there are two Idempotents in ?r unless g « 0 , d * ^ . 

Now the Interchange of eg and - eg replaces g by - g and so we can 

take g ^ 0 . Thus algebras of 3 II) are those of Cases 3a) and 3b) in 

the theorem. 

In Case 3b) the arithmetical condition g^ < 4(i - 2d) shows 
that d ^ 1 , d ^ . Thus 3a) is different from any €ilgebra in 3b). In 
an algebra sr of 3b) we can distinguish the Idempotent e^, then the 

pair {eg, - eg) by ©2 * ®2 * ®l 8 ^ ® 

one algebra for each admissible parameter value. 

Next consider the oases 3 III). We shall show that the admissible 
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values are exactly those where d o, d / i, g 7^ + 2d, < 4 ( 2 d - 1) and 

also g = 0, d = . Use (ae^ + Pe^ * (ot^ - + ( 2 a 3 d + p^g)eg. 

Since g 7^ + 2d, there are no nllpotents of Index two. Since 
g^ < 4 (2d - 1), or g = 0, d = ^ , there are no Idempotents other than 
e.. Now suppose d 7^ 0, d 7^ i hut * 4 d^ or g^ > 4 ( 2 d - i ) (ex- 
ceptlng g=o, d=^). If g = 4 d there are nllpotents of Index two. 

9 ^ 

If g > 4 ( 2 d - 1) then there are Idempotents other than Sg (provided 
we exempt g = 0, d = ^). Therefore we have the algebras of Cases 3c) and 
3d) In the theorem. 

Finally we must note that two parameter values In 3d) define 
non-lsomorphlo algebras. For such an algebra first distinguish the 
Idempotent e^, then the elgenspace of eg, then the pair {eg, - eg). 
Interchanging eg and - eg replaces g by - g and since g ^ 0 
there Is a unique algebra for each admissible parameter value. Q. E. D. 

Only the algebra 4 ) In Theorem 8 Is associative. Moreover none 
of the other of these algebras in Theorem 8 Is even power associative. 

In Theorems 6 , 7, and 8 we have found all real commutative alge¬ 
bras of dimension two. An Interesting by-product of our classification 
Is the following result. 


COROLLARY. The only real commutative two-dimensional 
algebra which Is power associative, yet not associ¬ 
ative Is; 



This Is a Jordan algebra, that Is, It satisfies the 
Identity (uv)u^ = u(vu^). 


§5. QUALITATIVE BEHAVIOR OF QUAIHATIC DIFFERENTIAL 
EQUATIONS IN THE AFFINE PLANE 


We shall study the topological behavior of the solution curve 
familites for quadratic differential systems In the plane, with an isolated 
critical point at the origin. Thus we shall utilize the algebras listed 
In Theorems 7 and 8 . 

Consider the algebra 1 ) of Theorem 7 : 


This corresponds to the quadratic differential system 
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Corresponding to the three idempotents e^ + e^, and e^ there are 
three lines through the origin which define solution curves- The compu¬ 
tation 


9 = ^ (y - x) 

X + y r 

where e = arctan y/x, displays these ray solutions along the lines 
X = 0 , y = 0 , and y - x = 0 . We designate a ray solution by + if the 
radial velocity is positive and - if the radial velocity is negative. 
For each sector between the ray solutions we write an arrow to the right 

-if the angular velocity is positive and an arrow to the left <- 

if the angular velocity is negative. Thus the differential system 

• 2*2 

X = X , y = y 

is represented by the combinatorial scheme 

where the first + (in the order of reading left to right) represents the 
positive half-axis solution. 

The combinatorial scheme of each quadratic differential system, 
with an isolated critical point and a finite number of solution rays in 
the plane, is defined similarly. The combinatorial scheme is only speci¬ 
fied up to a cyclic ordering; thus 

also represents 

X = X , 7 = . 

DEFINITION. Two quadratic differential systems, ^ and c,'>q, 
with isolated critical points in the plane, are called geometrically 
equivalent in case has the same cyclic combinatorial scheme as 

or as cj>2 transformed by an orientation reversing reflection. 

DEFINITION. Two autonomous differential systems and Sq 

on a differentiable manifold are called topologically equivalent in 

case there exists a homeomorphlsm of the onto itself carrying each 
critical point of onto one of directed (but non- 
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parametrized) solution curve of onto one of and conversely 

carrying the solution curves of c'?2 onto those of If is 

orientable and the homeomorphism is orientation preserving, then 
and Sq are o-topologlcally equivalent. 

LiEMMA. Let and he quadratic differential 

systems, with isolated critical points and finitely 
many ray solutions in the affine plane. Let and 

Gg he their corresponding cyclic comhinatorlal schemes, 
as above. Then and 4)^ are o-topologically 

equivalent if and are the same. 

PROOF. This is an immediate consequence of the general theory 
of separatrix configurations developed in Theorem 7*1 of [ 14 ]. Q.E.D. 

It should be noted that topologically equivalent differential 
systems can fail to be equivalent lander a differentiable homeomorphism. 

THEORPM 9 . Each q-uadratlc differential system, with 
an isolated critical point in the affine plane, is 
geometrically equivalent to exactly one of the 
following six differential systems: 

I. X = x^, y = y^ which represent Cases 1 ), 2 a), 

2c), and 3b) for a > 2, 0 < p < 2, 4 - ap < 0, 
and 3b) for «<-!, - i<p<0 in Theorem 7 • 

II. X = 3 x^ + 2 xy, y = y^ + 2xy, which represents 

Cases 3 b) for or > 2, 0 < p < 2, 4 - ap > 0, and 

3 b) for Qf<- 1 , o<p<i, in Theorem 7 • 

III. X « 2 x^ + 2xy, y = - y^ + 2xy, which represents 
Cases 2b), 3a) for P < 0, and 3 a) for P > 2, 
in Theorem 7 « 

• 2 * 2 

IV. X = 2x + 2xy, y = y + 2xy, which represents 

Cases 3a) for 0 < p < 2 in Theorem 7 - 

All of the above have four or six directions of 
approach to the origin, and next there are systems 
with just two directions of approach. 

V. X = x^ + y^, y = y^ which represents Cases 1), 

3 a), and 3b) of Theorem 8. 

VI. X « x^ - 2 y^ + 2xy, y » 2xy which represents 
Cases 2), 3c), 3d) and 4 ) of Theorem 8. 
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PROOF. By examination of 


we sketch the solution curves and find the schemes for the quadratic 
differential systems as follows. 

In Theorem 1 , we find 

2 a) <- + -+ <-- <-+ <- 

2b) -+ <-<- 

2c) -+ <- + -+ <-- <-for all a 

3 a) -+ <- + <--for 3 < 0 

<- + <- + --- <- for 0 < p < 2 

-+ <-<-for P > 2 

3b) <- + -+ <- + -- <-- <- 

for a> 2 , 0 <p< 2 , if-ap> 0 , and for 
Of < - 1, 0 < 3 < 1 

for Qt> 2 , o< 3 < 2 , 4 -a 3<0 and for 
a<- 1 , -1 < 3 < 0 . 

In Theorem 8 , we find 


1 ) 

- 

+ 

<- 

for 

all 

g 



2 ) 

<- 

+ 

-- <- 

for 

all 

f 



3 a) 

- 

+ 

<- 






3 b) 

- 

+ 

<- 

for 

all 

d 

and 

g 

3 c) 

<- 

+ 

-- <- 






3 d) 

<- 

+ 

-- <- 

for 

all 

d 

and 

g 

k) 

<- 

+ 

-- <- 







An examination of these combinatorial schemes, and those corre¬ 
sponding to the above differential systems after an orientation reversing 

X _- X, y- j, yields the geometrical classification stated 

in the theorem. Q.E.D. 

A necessary and sufficient condition that quadratic differential 
equations and with Isolated critical points in the plane, be 

topologically equivalent is that they have the same separatrix configura¬ 
tions, of. [^k], An examination of Figures I through VI shows that I and 
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Fig. I. Fig. U. 



Fig. UI. Fig. IV. 



* 


Fig. V. 


Fig. VI. 
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III are topologically equivalent and also II and IV are topologically 
equivalent. Thus there are only four topologically different planar 
quadratic differential systems having isolated critical points. 

§6. QUADRATIC DIFFERENTIAL EQUATIONS AND LINE 
ELEMENT FIELDS IN REAL PROJECTIVE SPACE 

Consider a quadratic differential system in the affine n-space 
i ^ 

(?) d^ “ Z i » 1 , 2 , ..., n . 

Now (? defines a non-directed line-element field in R^, with the 

critical points of Q deleted. We shall only consider (? with isolated 
critical points in R^ in this section. 

Now jr can be extended to a unique differentiable line element 
fiel.d on the real projective space P^, with a minimal set of critical 
points occurring on the P^”^ at infinity. We define linear equivalence 
of two line-element fields and on R^, and topological equiva¬ 
lence of and on either R^ or P^ just as was done for 

differential systems (except that here the solution curves have no direction 
or sense). 

THEOREM 10. Let (?^ and be quadratic differ¬ 

ential systems, with Isolated critical points in R^. 

Let the corresponding line-element fields be 
and jC^ in R^. If (?^ and are linearly 

equivalent in R^, then so are X’^ and Con¬ 
versely if and X^ are linearly equivalent 

in R^, then is linearly equivalent to (^g, 

or to the quadratic differential system c (J?g ob¬ 
tained by multiplying each coefficient of (?2 
the fixed positive number c. 

PROOF. If (?^ and (?g are linearly equivalent in R^, then 

certainly X^ and x^ linearly eqxiivalent in R^. 

Next suppose that after a linear transformation of R^, X^ 
coincides with X^* Then there are two quadratic differential systems 

4 ) 2 ) 1 - 1 , 2 . •••, n , 
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and the transform of say 

» P^(x) , i * 1 , 2 , n , 

which yield the same line-element field. Therefore P^(x) » x(x)?>^(x) 
where X(x) 9 ^ o in R^ - ( 0 ), the space R^ with the origin deleted. 
Since 

n 

\(.xf - ^ [P^(x) 

1=1 

we see that x(x) is a real analytic function on R^ - {0}. By the 
identity theorem for power series, x(x) is a constant in a neighborhood 
of each point and is therefore everywhere constant in R^ - (0). Thus 
x(x) « Xq. 

Since and - Qy are linearly equivalent, we can take 

Xq = C > 0. Q.B.D. 

THEORM 11 . Let and be quadratic differ¬ 

ential systems, with Isolated critical points in R^. 

Let and be the corresponding line-element 

fields In the real projective space P^. If and 

(^2 linearly equivalent in R^, then and 

j ^2 topologically equivalent in P^. 

PROOF. A linear transformation of R^ onto Itself can be ex¬ 
tended to a projective transformation of P^ onto itself. This pro¬ 
jective transformation is a homeomorphlsm of P^ onto itself which carries 
the solution curves of onto those of >^'’ 2 # since is a unique 

extentlon of Q.E.D. 

It may hajjpen that a topological equivalence of and 

in R^ can not be extended to a topological equivalent in P^. We shall 
not classify line-element fields in P^; not even in the projective plane 
p2. 



§ 7 . QUATRATIC DIFFERENTIAL EQUATIONS IN 3-SPACE R^ 

We shall only investigate real commutative 3 -dimensional algebras 
which are the direct product of a 2-dlmensional algebra and the real numbers 

R. 


REMARK. Let be a real commutative 2 -dimensional algebra 
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THE LINE-ELEMENT FIELD FOR x *= y « y^ IN 



FIGURE VII 

and R the real numhers. Then 9 i x R contains a nllpotent of index two 
if and only if ?( does. This is easily seen from the multiplication 

(e^, ) • (eg, Xg) = (e^ • Sg, ^ ^ 

THEOREM 12. Let and ?ig he real commutative 

2 -dimensional algebras containing no nilpotents of 
index two. Then x R is isomorphic with 

?r 2 X R if and only if ^ is isomorphic with g. 

PROOF. Assume ^ x R is isomorphic with x R. Now n ^ 
(or ?f ^ X 1 ) is a 2-dimensional ideal in x R. We shall consider 
the image j of ^ in 2 ^ 

Let e^, eg, e^ be a basis for 91 g x R such that e^, Gg are 
a basis for 9t g. Take e^, eg so that ^ g has one of the oanoniocLL 
forms for coramutative 2-dimensional algebras found in Theorems 7 and 8, 
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and also demand * ®3 “ ®2 * ®3 “ ®3 * ®3 ** ®3* 

If 9J ^ and ?t 2 are each Isomorphic with the algebra iS. , 
having a basis of orthogonal idempotents (algebra l) in Theorem 7 )^ then 
the theorem holds. 

Consider the 2-dimensional subalgebra sr in g x R. If 
91 e 91 2 X e^ the theorem holds. Otherwise choose a basis 
u - ofe^ + Peg + 763 and v » fie^ + tjeg + ^e^ of 9r | • Since 91 1 is 

an ideal u • - 763 must lie in 9 i . Then 

1 ) 7 » ^ o 0 in which case 9 i * = 91 ^ and the theorem holds, 


2) 7 0 (or 5 0) and e^ is in 9 i j. 

In the second case choose a basis w = Xe^ + ^eg and e^ for 9 i j. In 

fact w • w * vw for some real v 0, so 9 i j * ts • In this case 
9( ^ - C£ . 

Now repeat the argument for the Image 9(2 of 91 g in 9 [ ^ x R 

to show that either 9 r ^ » 9 t ^ x 1 or else 9 i ^ = (T . in any case 

91 ^ 2 * 

Thus we have constructed an infinite class of quadratic differ¬ 
ential systems in R^, with isolated critical points, such that no two 
of them are linearly equivalent. 
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IX. SUR UNE PROPRISrE DE L*ENSIMBLE DES TRAJECTOIRES 
BORNEES DE CERTAINS SYST^MES DYNMIQUES 

Georges Reeb 


Nous exposerons la remarque (cf. thSor^me 1) qul fait I’objet 
de la prdsente note sur un caa partlculler, les gdndralisatlons dont cette 
remarque est susceptible etant Immedlates. 

Considerons la variStd A bord 3j^ x I (oii I est l^lntervalle 
[ - 1 + 1 ] et oCi Sj^ est la sphdre A n dimensions munie de la structure 
d*espace de Rlemann usuelle) et dAsignons par E un champ de vecteurs 
sur Sj^ X I (de classe ) vArifiant les proprlAtAs sulvantes: 

(1) E ne a’annule en auc\m point de x I. 

(11) Sur S^ X {- 1} le champ E est dlrlge vers I'lnterleur 
de S^ X I, tandls que sur S^ x {1) 11 est dlrlge vers 
l*exterieur de S^ x I. 

II est Clair que de tels champs E existent. Parml les trajectolres de E 
nous pouvons distlnguer les trajectolres entrantes (c. ad. celles qui 
rencontrent S^^ x C- i)) et les trajectolres sortantes (celles qui 
recontrent S^^ x (1)). Deslgnons la reunion des trajectolres entrantes 
par R et la reunion des trajectolres sortantes par S. Les ensembles S 
et R sont ouverts et homSomorphes a 3^^ x [O, i ] si S n R = 0. 

Nous designerons par H 1* hypo these suivante: 

(H) S n R - 0 . 

Le complementalre compact de S n R est note A. L* ensemble A mArltA 
d'etre appelS 1'ensemble des trajectolres bomees de E. 

Si H est vArlflAe, 1'ensemble A joult d'un certain nombre 
de proprlAtAs dont void quelques unes des plus importantes: 

(l ) H(A) » H(Sj^) (en homologie de 5ech) 
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(La proprl6t6 (i ) eat evidente si on remarque que S et R sont hom^o- 
morphes a 3^^ x [O, i ] ©t que l*homologie de S^/A verifie 1*excision 
compldte). 

(2) 1* ensemble A admet des transformations, homotopes a 

l^ldentlte^ sans points fixes . 

(La propritet^ (2) est Evidente puisque A est un ensemble 
de trajectoires born^es). 

La remarque que nous avons en vue r6suite de (1) et ( 2 ): 

THfeOR^ME 1 . 31 n est pair et si H est verifies, alors 

A n’est pas homeomorphe a un polyedre, ni loc£Q.ement 

connexe. 

En effet si A 6tait localement connexe le theorems d© points 
fixes lui seralt appllcables done x(A) = 0 et 11 y auralt contradiction 
avec x(A) = x(Sj^) = 2. 

Le theorems met en Evidence une proprlete topologlque de A, 
assez int^ressante sous reserve d*etabllr les deux points suivants: 

(1) H est verifies par certains champs E m^me si 
n ©St pair. 

(11) si n ©St Impair, 1* ensemble A peut-etr© un polyedre. 

Nous aliens maintenant construlre deux exemples qui apporteront la preuve 
de ces deux points. 

1 • Exemple montrant que si n est Impair 11 se peut 
que A solt un polyedre 

Un tel example est trds facile A fabriquer et correspond a un 
phenomAne bien famlller. Solt u un champ de vecteurs de class© sur 

Sj^, ne s*annulant en aucun point de 3^^. On dSfinlra E(x, t) par ses 
deux coraposantes dans 3^ x I, a savoir; 

E(x, t) = [u(x), |t I ] 

Id 1’ensemble A se rSdult a 3^ x ( 0 ). 

2- Exemple montrant que H peut-etre verlflee 
m^me si n est pair 

Nous aliens decrire cet exemple dans le cas partlculier ou 
n « 2 , 1© cas general pouvant etr© calqujS assez slmplement sur le cas oti 
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n » 2 . A cet effect on consid&rera Sg x I comme l*e 3 p€Lce obtenu en 
recollant oonvenablement (le bord x (1) 6 tant recoll 6 aur x (-1)) 

q\iatre exemplaires de Sg x I; nous dSflnirons E dans chacun de ces 
exeniplalres, d*ou le champ E total. 

Mals au prSalable Introdulsons dans Sg un axe polali*e et un 
syst^me de coordonnees spheriques (0 latitude, 9 longitude). Les 
calottes d§finies par 

seront designees respectivement par et ; la zone - 1 0 ^ 1 

est notSe B. On designers par e le champ de vecteurs de coiiiposantes 
(cT, cos 0 ); ce champ est analytique et admet les parall&les de Sg comme 
lignes Int^grales. Une rotation de ^ autour d*un dlamStre Equatorial 
de Sg transformera les coordonnees (e, 9 ) et les elements , 

B, e en nouveau systEme de coordonnees et de nouveaux elEments qui seront 
notes ( 0 , 9 ), Tq, f^, B, e. Nous dEfinissons malntenant E dans les 
quatres exemplaires de Sg x I: 

(i) Premier exemplaire ; 

Les composantes de E sont: 


(®o' 

1 - t) 

Si 

( 0 , 

9 ) € B 

(®o' 

1 

CD 

+ 

-P 

si 

(0, 

9) € 


(1 - t) - (0 + 1 )) 

si 

( 0 / 

9 ) e 


On remarque que sur Sg x {- 1) le champ E est dirigE vers I’intErieur de 
Sg X I. Les trajectoires de E ne traversent pas B x { 1 3 mais elles 
traversent x { 1 } et x { 1 ). 

( 11 ) Deuxldme exemplaire ; 

Les composantes de E sont: 

<®o B . 

(Bq ((1 + t) + (e - 1 )) si (6, t) Tg 

(e ((1 + t) - (e + 1 )) - ) 3l ( 0 , qj) e r, . 

0 2 2 2 

On remarquera que t = 1 Implique E(x, 1 ) = (<y, l )• 
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(Hi) TrolsHme exemplalre ; 

((t + l) 0 ,, — ■ — ) al ( 0 , $) e B 

((t + 1 ) + (0 - 1 )(l + t)) 3l (0, 9) € Tq 

((t + 1) - (0 + i)(i + t)) 3l (0, 9) € 

(Iv) Quiatrldme e 3 :eimDlalre ; 

( 2 ep - - ) 3l ( 0 , 9 ) e B 

( 20 ^, 2(0 - 1 ) + (t + 1 )) 3 i ( 0 , 9 ) e 

( 20 ^, - 2(0 + 1 ) + (t + 1 )) 3i ( 0 , 9 ) e 

Lo Champ E qua nous vsnons d© d^finlr n’ost pas exact©m©nt d© 
class© (©n ©ffet s\ir les zones d© recollement ©t sur B n (r^ U ) x I) 

1 © champ E ©at seulement d© class© C^). Cependant notr© exempl© 
conserve sa valeur dSmonstrative; 11 serait d * ed-lleurs facile, en 
modlfiant leg&reinent les definitions analytlques, d© donner ©ffeotlvement 
un exempl© d© class© (Voir ©galement la dernier© phase d© cett© note). 

Pour voir qu© notr© ©xempl© Stahlit ©ffectivement la propriety 
voulu© 11 sufflt d© remarquer qu© les trajeotolres da E qul ©ntrent 
par B X {- 1 ) sont arretSes d^s 1© hord du premier ©xemplair© d© Sg x I, 
tandis qu© les trajectoires qui entrant par (r^ U ) x {- 1 3 traversent 
les deux premiers ©xemplaires d© Sg x I mala sont arretees au bord du 

trolsiem© (pare© qu© lea calottes et ont St 6 cholsles suffisamment 

petltes). 

II reste une dernldr© reraarque: les examples ci-dessus sont 
peut-etre critlquables pare© qu’im© legdr© modification d© E peut 
©ntralner la non-valldite d© H; on peut facllement parer d. c© dernier 
inconvenient comm© 1 © suggdre dans le cas o'Ci n ©st impair 1 ’example du 
champ: 

(u(x)t, (t + I)(t - i)) . 

Si n est pair on -peut Sgalement fedre un© construction euialogue. Cett© 
demlSre remarque, combine© avec 1© theorem© d ’ approximation de Velerstrass 

©tabllt 1© fait sulvant: le theordme 1 reste valable mem© si 1© champ E 

est 3 iq)po 3 e a nalytlque . 



X. ON LAGRANGE STABLE MOTIONS IN THE NEIGHBORHOOD 
OF CRITICAL POINTS 

Pinchas Mendelaon 

1 . ¥e consider an autonomous system of ordinary differential 

equations 

( 1 . 1 ) 1^) » (1*1, 2, n) , 

defined in some region n in the n-dimensional Euclidean space E^ and 
having a unique solution there. 

We shall employ the standard vector notation: the n-tuplet 

x^) will he denoted hy x* 

Let P be a point of n. The (unique) trajectory or orbit, of 
system (l«l ), which passes through P, is denoted by Tp; its i)ara- 
metrization by (the time) t is assumed to be chosen in such a way that 
rp(o) = p. The positive semi-orbit {rp(t) | t ^ o) and the negative 
semi-orbit (rp(t) | t ^ o) are designated by rj and fp, respectively. 

Let £D be an open subset of n and let H(a>) be the boiandeucy 
of (0 in ft. A point p € H(a)) is said to be a point of egress from the 
set CD (with respect to the system (l.l ) and the set ft) if there exists 
an > 0 such that rp(t) € cd for all - t).| < t < o. If, moreover, 
there exists an ^2 > fp(t) c ft - 5 for all o < t < rjg, 

then P is said to be a point of strict egress from co. 

Consider co fixed. The set of all points of egress from cd will 
be called E. The set of all points of strict egress from co will be 
called E*. Clearly E* C E. 

If P € CD and Pp <7 CD, then Pp must Intersect EC H(cd); we 
denote the first such jx^lnt of Intersection by ? (note that the open arc 
of the semi-orbit Pp between P and ? is conteilned in cd). 

2 . The following theorem, due to T. Waiewskl {[3] 9 [^]) vill be 
used in the sequel: 
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THEORM (T- Wazewski). Let every point of egress from 
0) (with respect to the system (l. 1 ) and the set n) 
be a point of strict egress, and let a certain set Z 
satisfy the following conditions: 

( 1 ) Z C CD U E 

(2.1) ( 11 ) Z n E Is a deformation retract of E 
( 111 ) Z n E Is not a deformation retract of Z, 

then there exists a point e o) n Z such that 

Tp C CD. 

o 

The above theorem, sometimes referred to as Wazewskl*3 principle, 
was formulated by A. Plls [2] In a somewhat more general form. His state¬ 
ment of the principle Is as follows: 

THEOREM (A. Plls). Let E = E* and let certain sets 
Z, E^ satisfy the following conditions: 

( 1 ) C E 

(2.2) (11) ZC CD U E^, Z 7^ ♦ 

(111) E^ Is not a quasl-lsotoplc deformation re¬ 
tract^ of Z U E^ In a> U E^, 

then there exists a point P^ c cd n Z such that 
either Pp C cd or P^^ e E - E^. 

The results contained In this note will be obtained by a suitable 
application of Wazewskl's principle In the neighborhood of an Isolated 
critical point of system (1.1 ). 

3 * Let ® be a system such as (l.l) and let 0 c n be a (not 
necessarily Isolated) critical point of Let a> be an open topological 
n-sphere containing 0 in its Interior; we assume <d small enough so 

Let I denote the closed unit interval [O, 1]. A set A Is a quasl- 
lsotoplc deformation retract of a set B In the topological space E If 

there exists a continuous mapping <p : B x I -E having the following 

properties: 


(1) 

<p(p, 0) = p 

for all 

P € 

B. 




(11) 

f{?, s) = P 

for all 

P € 

A 

and 

any o s 

^ 1- 

(111) 

<I>(P, 1) £ A 

for all 

P € 

B. 




(Iv) 

■Pg : B- 

E defined by 

^s 

(p) 

« cp(P, s). 

P € B, 


s fixed, is a homeomorphlsm for all 0 ^ s < i. 
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that 0) C G. The sets EC H(a)) and E* C H(cd) are comprised, €is above, 
of the points of egress and the points of strict egress from co, 
respectively. 

THEOREM. The equality E « E* Is a sufficient con¬ 
dition for the existence of a seml-orblt (other than 

0 ) wholly contained In oi. 

PROOF. We always have E* C E. If E Is empty the equality 
E* » E holds trivially. In this case It follows from the definition of 
E that no motion which starts in m can Intersect H(a)) when continued 
In the positive direction. In other words, every orbit which passes 
through a point Q c o) satisfies C 

Similarly, If H(a)) - E Is empty and E « E*, every point of 
H(cd) Is a point of strict egress from a>; therefore no motion which 
starts In m can Intersect H(a)) when continued In the negative direc¬ 
tion. Every orbit which passes through Q c m satisfies r^C 

We may therefore assume that E » E* la a non-empty proper sub¬ 
set of EM. 

The set E may be connected, or It may be disconnected; In the 
latter case we denote Its components by E^ where cr reinges over some 
Index set ^ . We shall treat'these cases separately. 

Suppose first that E Is disconnected. Then E - 
the cardinality of % Is at least 2. 

Let P be any point of oo other than 0 . Let P^ be an 
arbitrary point of and let be a polygonal path with the following 
properties; 

( 1 ) has P for its Initial point and P^ for Its 

terminal point. 

( 11 ) The set except for Its terminal point P^, Is 

contained In a> - 0. 

Let Z - ^ Clearly the set Z is connected. Further¬ 

more, it follows from the above construction that Z n E » 
and that 0 / Z. 

Thus Z n E = E Is (trivially) a deformation retract of E. On 
the other hand, Z n E — being disconnected — is clearly not a deforma¬ 
tion retract of Z, which Is connected. Wazewskl’s theorem may therefore 
be applied to the set Z and we conclude that there exists a point Q c Z 
such that the semi orbit r^C This completes the proof In the case 
when E Is disconnected. 
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Assiane next that E has only one component. Let P be an 
arbltraiy point of E. Let Hg(0) be the surface of a sphere of radius 
8 and center 0; 8 is assumed small enough so that Hg(0) C o). Let it 

be a polygonal path with the following properties: 

(i) The initial ixjint of ic is on Hg(0); its terminal 
point is P, 

(ii) The set it, except for its terminal point P is 
contained in to - 0. 

Let Z « Hg(0) U It U E. Clearly ZnE»E and Z/^. Let 

co^ « 0) - 0. Then H(tD^ ) = H(a)) U 0. Since 0 is a critical point, 0 

is not a point of egress from (with respect to the system ® and 

the set n). Hence the set E* of points of egress from is identical 
with the set E. Clearly E, as a consequence of the Jordan-Brouwer 
Separation Theorem, is not a quasi-isotopio deformation retract of Z U E 
in 0)^ U E. Conditions (2.2) are satisfied, with E^ = E; there exists 
a point Q € n Z such that C C co. This completes the proof 
of the theorem. 

We recall that a trajectory Tp is said ^ be positively stable 
in the sense of Lagrange, or simply L'*’-stable if Tp is compact; it is 
L*"-stable if Tp is compact. Thus the theorem proved above furnishes a 
sufficient condition for the existence of an L"^ or L“-stable motion in 
the neighborhood of the critical point 0. It is of Interest to contrast 
this local condition with the global one derived by the author [1], namely 
that the system 9 have no Improper saddle points^. 

4. In the event that system (l.l) is of class C^ we can em¬ 
ploy the theorem proved above to derive sufficient conditions, expressed 
analytically, for the existence of Lagrange stable motions in the neighbor¬ 
hood of the critical point 0. The particular analytical expressions ob¬ 
tained will depend on the choice of the set cd. Two examples will be worked 
out by way of illustration. 

(4.1) Let 03 be the open sphere of radius \ and center 0. 


The system ♦ is said to have an improper saddle point if there exists 
a sequence of points (Pj^) C ft and two sequences (t^^) of real 

numbers satisfying the following conditions: 

(1) (n= 1, 2, ...) . 

(ii) + 00 as n-+ w. 

(ill) Pj^ —> P e ft as n-+ «, 

(Iv) Tp (t^) -Q € n as n-+ oo. 

■‘‘n 

(v) (Pp (tj^)) has no limit point in ft. 
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VTe assume, without loss of generality, that 0 is at the origin* Let 
p * (x^ + ••• + The condition E - E* means that every point of 

egress from cd is a point of strict egress; in other words, p » p(t) 
along any orhit which intersects o) cannot have a relative maximum on the* 
surface p - X. This, in turn, is certainly the case if for every 


P € H(a)) such that; 

(a) P is not a critical point; and 


(b) ^ 

dt 


we would have 

dt^ 


>0. In fact, this last statement is actually stronger 


than the statement E = E and could he weakened somewhat if necessary. 
In terms of the notation employed for system (l .1) we have: 


(it.ii) p®» £ 

1-1 

n 

(4.12) ^ = g = 1 ^ 

1-1 

1-1 i,j-i 

Thus the sufficient condition under consideration obtains the following 
form: 


&fl 


- 


COROLLARY 1. Let X > 0 he arbitrary. If for every 
regular point P(x^, * P(i) such that 


n 



i-1 


and at which 




i-1 


pp 


0 
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there holds the inequality 





+ 


z 




ilfj.(x) 




> 0 , 
X 


then there exists a semi-orbit wholly contained in 
the open sphere of radius X and center 0. 

(4*2) Next let co be an open box with sides parallel to the 
coordinate axes; i.e., the open set defined by the inequalities 
- X^ < Xi < Xj_ > 0, > 0, (i = 1, n). Following the same line 

of reasoning as in (4*1 ) we obtain 


(4.21 ) 


COROT.iTtARY 2* Liet Xj|^ > 0^ ^ 0^ (i = 1^ •••» 

be arbitrary. If for every regular point P(x^, 
Xn) = P(x) lying on the i^^ face of the 
boundary of to (i.e., such that 
or x^ = at which x^^) = o, 

there holds the inequality 


L ax, 

j=i -> 




> 0 , 


then there exists a semi-orbit wholly contained with¬ 
in the box - (i = 1, n). 

Other topologically equivalent choices of a> will result in 
still further analytical expressions for the above sufficient condition. 

Columbia University 
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XI. THE LOCAL THEORY OF PIECEWISE CONTINUOUS 
DIFFERENTIAL EQUATIONS 

I. IDEAL SYSTEMS ' 

J. Andre and P. Seibert 
INTRODUCTION 

The theory of automatic control, which is an important field of 
modern engineering, gave rise to the investigation of a class of differ¬ 
ential equations which, until very recently, have not been studied by 
mathematicians; these equations Involve piecewise continuous functions. 
Among the previous contributions to the subject we mention a paper of 
Solncev [10] which gives a stability theory for two-dimensional piece- 
wise continuous systems, the monograph of Flugge-Lotz [5] who investigates 
various piecewise linear systems and stresses mainly the engineering point 
of view, two notes by the authors [la], [lb] concerned with n-dlmensional 
piecewise linear systems, a number of recent papers on the problem of 
optimal control (e.g., those of Bellman, Glicksberg, Gross [2], Boltyanskil, 
Gamkrelidze, Pontryagin [3], [6], [9], Krasovski! [8], Bushaw [if]), and 
a paper of Krasovskil [7] on stability in the large of piecewise continuous 
systems. 


The present paper gives a generalization of the two above-mentioned 

notes by the authors. The systems under consideration sire piecewise of 
2 

type C and the set of discontinuity is assumed to consist of certain 
hypersurfaces of class C^. The latter are called the "switching spaces" 
of the system, their points "switching points".^ The precise hypotheses 
eind the definition of a solution will be given in §l. In §2 we study the 


It will be noted that in most of the papers on optimal control ([2], [3], 
[6], [8], [9]) the right hand sides of the differential equations considered 
de^nd discontlnuously on t and not, as in the other papers (including 
the present one), on x. However, since the problem treated in these 
papers is to find optimal switching times for a given initial point, the 
solution of this problem for all initial points is actually equivalent to 
that of finding certain switching spaces in the sense considered here 
(provided, the uncontrolled system is autonomous). The systems studied 
by Krasovskil in [7] (which are generalizations of these occurring in the 
control problems) have right hand sides which also depend discontlnuously 
on t. 
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behavior of the solutions near the switching spaces and give a classifica¬ 
tion of the switching points. The latter consist of three principal 
types: transition points (i.e., points at which a solution traverses the 
switching space), end-points (at which two solutions "end", (i.e., are 
not continuable beyond the point), and 3tai*ting points (at which two 
solutions "start", i.e., are not continuable into the past). At 
switching points of some of the other classes (which are less frequent) 
solutions may fuse or flburcate. In §5 we describe qualitatively the 
entire sets of solutions passing through giveh closed subsets of a 
switching space. For this purpose we introduce "local flows" (in §4) 
which are defined on compact subsets of the phase space and can be con¬ 
sidered as "local dynamical systems" in analogy to the concept of local 
groups. The system of solutions around the switching spaces can then be 
conceived as a complex of local flows, connected with each other by 
certain neighborhood relations. 

The second part of the paper will be devoted to systems with 
switching delay. These formally belong to a class of difference-dlffer- 
entieil equations.^ They are distinguished from the systems considered in 
the present part of the paper (also called "ideal systems") by the prop¬ 
erty that the discontinuous function changes sign shortly after the tra¬ 
jectory has reached the switching space, rather than at the exact moment 
of transition. They usually represent a better approximation to physical 
reality than the ideal systems and, in contrast with the latter, their 
solutions are continuable indefinitely into the future, i.e., they have 
no end-points. 

§1 . THE CONCEPT OP PIECEWISE CONTINUOUS DIFFERENTIAL 
EQUATIONS AND THEIR SOLUTIONS 


1 . The system (S). Consider m real single-valued functions 
s^(x), defined in E^ (n-dimenslonal euclidean space) and satisfying 
the following conditions. 

(a) The functions s^(x) are of class C^ (i.e., they possess 
continuous i)artl6l. .derivatives of first, second and third order). 


(b) At no point of E^ 
simultaneously with its gradient 

ds 


does any function 


^^1 . 


s^(x) 


vanish 


^ Strictly speaking, this is true only for systems with "constant time 
lag", not for those with "thi*eshold". 
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Ifoder these conditions the sets 

(1.1 ) : s^(x) « 0 

(^ = 1, m) are smooth hyper surf aces of E*^. We Introduce the follow¬ 

ing notations; 

m 

s(x) = (s^ (x), S^(x)) . 

We now consider the domains into which the space Is decomposed 
by the hypersurfaces S^. Denoting by sgn(of^, •••> cx^) the vector 
(sgnof^, sgn Qfjjj) = (of^/lofj, 1 (X^j |) (or^ real, ^ o), we can 

associate to every point x c 3 ^ - § a vector e(x) by setting 

(1.2) e(x) «= sgn s(x) . 

Furthermore, we associate to every vector e with coordinates + 1 an 
(oi)en) domain^ 

(1.3) Dq « {x € E^ - g : e(x) « e) . 

Apparently, every such domain is bounded by hypersurfaces 3 ^. 

Finally, we associate to every vector e (for which is 

^ i) an n-dlmensional vector function f(x, e) which is defined and of 
class C^ throughout E^ ^ and which does not vanish on the boundary 
of D3. 

After these preparations we consider the differential equation 

(1.4) X « f(x) (x = (x,, ..., x^), • = d/dt) 

where the vector function f(x) is given by 

(1.5) f(x) •* f(x, e) for X 6 Dq 


^ which may be empty or disconnected. 

^ As long as we restrict ourselves to ideal systems, it is sufficient 
that f(x, e) is defined in an open set containing the closure 
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and undefined on §. Using (1.2) and (1.5)# we can write (1.4) In the 
form 

(3) x = f (x, sgn s(x)) . 

2. The Concept of Solution . Given a point p of a domain 
there exists exactly one solution of the differential equation 

(3, e) X = f(x, e) 

which passes through p at the time t = 0. ¥e denote It by x(t, p). 
Since the system (S) coincides with (S, e) for all x e the func¬ 

tion x(t, p) Is also a solution of (S) If it Is restricted to a 
t-interval I for whlch^ 


x(I, p) C Dq 

holds. We now extend the concept of a solution of (S) by the following 
definition: 

DEFINITION 1.1. We call a (single valued) vector function x(t), 
defined in an Interval I, a solution of the system (3) If It satisfies 
the following conditions: 

It Is continuous throughout I. 

2° For every tel, such that x(t) e [which Is equivalent 
to e(x(t)) = sgn 3(x(t)) = e], the function x(t) Is differentiable and 
satisfies equation (S, e). 

3^ The set of values tel for which x(t) e g holds, has 
no cluster point in I. 

A solution according to this definition satisfies equation (S) 

In the ordinary sense for almost all values tel. In the second part 
of the paper we will extend the notion of solution in order to Include 
eiLso certain paths contained entirely in g which are related to a 
phenomenon In the theory of discontinuous control (after end-point motions). 

§2. SWITCHING POINTS AND THEIR CLASSIFICATION 

3. Topological classification of switching points . The liyper- 
surfaces 3^ are called the switching spaces of the system (S). Points 
in a switching space, or switching points, will usually be denoted by u. 


x(I, p) denotes, as usual, the set {x(t, p)5t€l ' 
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Unless the contrary is stated, it will always be assianed that u belongs 
to exactly one switching space S^, and we will therefore drop the 
index n. Under this assun 5 )tion u belongs to the boimdaries of exactly 
two domains which we denote by Dq+ and D^-, respectively. The 

corresponding vectors e'*' and e" differ only in their n-th coordinate 
which we assume to be + 1 in e"^ and - 1 in e". The solutions of 
the equations ^ 

X « f(x, e") 

+ 

with the initial value u will be denoted by x“(t, u). 

We first classify the switching points u with respect to each 
of the cruves x'^(t, u) and x“(t, u) by introducing the following 
definitions: If the limits 

+ + + + 

( 3 . 1 ) 77 = 11m e,(x”(t, u)), 7p = lim e (x“(t, u)) 

both exist, the point u will be called 

+ « i 

an A-polnt (with respect to x“(t, u)) if 7 ^ = + 1 > 7^ = + ^ 

+ + 

an E-point if 7 ^ * + 1 > 7^ * + ^ > 

+ + 

an L-polnt if 7 ]" ® 7^ ” ^ I # 

t t + 

an R-point if 7^ = 72 = “ l 

In the case of an A-point there exists a t-interval B = ( 0 , p) 
for which e^(xi(t, u)) = + 1, and consequently xi(B, u) C 0^+. Since 
x-(t, u) satisfies (S, e-) and this equation coincides with (S) for 
X € Dq+, the function x-(t, u), restricted to the interval B, is a 
solution of (S). Analogously we find that for some interval (-a, 0 ) 
the same function does not satisfy (S). 

^ In the case of an E-point the situation is vice versa, i.e., 

x'Ct, u) satisfies (S) for small negative values of t, but not for 
small positive values. 

+ 

If u is an R-polnt, x”(t, u) is a solution of (S) in a 

certain open neighborhood of t = 0 , while in the case of an L-polnt there 

+ 

exists an Interval arotind 0 in which x"(t, u) does not satisfy (3). 

Consider now the case where some of the limits (3*1 ) fall to 

exist. This situation occurs whenever the intersections of one or both 
+ 

of the cuDTves x”(t, u) with 3 cluster at u. We call u 
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* I 

an A -point if 7 ^ exists and is equal to + 1 , 

* t 

an E -i)olnt If 7 ^ exists and is equal to + 1 , 
an L -point In eGLl other cases, 

# ‘N* # 

It is easy to see that A -, E L -points have the above stated 
properties of A-, E-, L-points, respectively, except that x^(t, u) 
usually satisfies equation (3) in certain intervals clustering at t = 0 
and contained (In the case of A - [E*] -points) in the semi-nel^borhoods 
which are void of solutions in the case of A- [E-] points. 

We now extend the classes A, E, L by the sets A*, E*, L*, 

respectively. The set of all X-points u (X « A, E, L, R) with respect 
+ + 

to x^Ct, u) will be denoted by X“. Then the complete topological 
classification of the switching points is obtained by considering the 

intersections of the sets X"*" and Y”(X, Y * A, E, L, R). Since the 
points of the sets X*^ n Y^ and X” n Y"** are of the same topological 
character with respect to the solutions passing through them, the sets 
of topologically equivalent switching points are given by the expressions 

(3.2) XY « (x"^ n Y*") u (X" n y^) 


(X, Y = A, E, L, R). The symmetry relation XY = YX reduces the number 
of these classes to 10 , 

4. Behavior of solutions at switching points . If u Is of 
type AE, there exists a unique solution with u as Its initial value 
which is defined in an open interval around t = 0 . This solution, 
which we denote by x(t, u), Is given by 


x(t. 



u) 

u) 


for t ^ 0 
for t ^ 0 


in the case a e A"*" n E“, and vice versa If u e A“ n E"^. At the point 
u the solution crosses the switching space; u is therefore called a 
transition point . In the topological behavior of the solution x(t, u) 
there is no difference between a transition point and a point at which 
f(x) is continuous. (Vld. Figure 1 , also for the following cases. 

If u is an AA - [EE-] point, the positive [negative] half 


T 


Dotted lines represent half trajectories which are not solution of (3). 
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M + 

trajectories of x“(t, u) are both solutions of (S), so that the unique¬ 
ness theorem fails to hold in this case* Apparently> these two half 
trajectories cannot be continued beyond u into the past [future]. An 
AL - [EL-] point Is the Initial point of exactly one solution of (S) 
which is defined only for t ^ o [t £ 0]. We call the AA- and AL- 
points starting pointS j the EE- and EL- points end-points * 

If u is an AR - [ER-] point, both x‘*’(t, u) and x"(t, u) 
are solutions of (S), one being defined only for t ^ o [t ^ 0], the 
other for positive and negative t-val\ies. This implies the existence of 
two solutions actually passing through u. Assiane, e.g., u c A'*’ n R" 

[u e E'^ n R"]. (In the case u c A“ n R'^Cu c E“ n R"^] the situation is 
analogous.) Then 


(t, u) = x"(t, u) 


and 


f x"(t, u) for t ^ 0 [t ^ 0] , 

x«(t, u) * 

^ I x^(t, u) for t > 0 [t ^ 0] , 

are both solutions of (S) passing through u* Since for t ^ 0 [t ^ 0] 
these two solutions are identical, the situation can be described as a 
bifurcation [fusion] of trajectories.^ 

Through an LL- point there apparently exists no solution of 
(S)* - If u is an LR- point, there is exactly one solution [either 
x'’‘(t, u) or x“(t, u)] with u as its initial value. It is defined for 
positive and negative values of t and does not cross the switching space* 
Apart from the transition (AE-) points, the LR- points are the only 
switching points at which the existence and uniqueness theorem holds in 
thO strict sense. - If, finally, u belongs to the set RR, both 
x‘^(t, u) and x"(t, u) are solutions of (S) around t = 0. This implies 
the existence of altogether four solutions passing through u, the latter 
therefore being a point of fusion and of bifurcation simultaneously. 

5 , Normal and exceptional switching points . Beside the topological 
qualities of a switching point which we analysed in the preceding setion, 
it is of significance whether the curves x (t, u) associated to the point 
u are tangent to S or not. We Introduce the following notions: 


i.e., the restrictions of x~(t, u) to t ^ o [t ^ o]. 

^ The concept of solutions Introduced in the paper Andrfi-Selbert pa] 
was slightly less general than the one we use here. According to the 
former, there exist fusions of trajectories, but no bifurcations. 
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A point u € S will be called a normal avltchlng point If 

neither of the curves x"(t, u) are tangent to the switching space S 
at u, otherwise an exceptional point > In partlculair, all points of the 

^ ^ ^ - 1 - - 1 - I T_ 1 rfll 1 - 

types A , E , L are apparently exceptional. The same Is true for all 
points of the types LX, RX (X = A, E, L, R), since for all of these at 

least one of the curves x”(t, u) fails to traverse S at the point u. 

Denoting the set of all normal points by S®, we therefore have the In¬ 
clusion 

(5.1 ) S° ^ AA U AE U EE . 

The sets of normal starting, end-, and transition points will be denoted 
by A, E, T, respectively; 

( 5 - 2 ) A = AA n S°, E = EE n S®, T » AE n S° . 

We call an exceptional point u of first order , if only one of 

the curves x“(t, u) is tangent to S at u and the contact is of 
order; in all other causes we say u is of hirfber order . 'By 3* we de¬ 
note the set of all exceptional points, by S" that of all exceptional 
points of higher order, and by 3^ = 3* - 3” the set of exceptional 

points of first order. The intersections of any subset- Q of 3 with 

3°, 3’, 3", 3^ will be denoted by Q®, Q’, Q", Q^ . ^ 3ince at points of 

+ 

types LL, LR, RR both curves x^Ct, u) are tangent to 3, we have the 
relation 


(5.3) 


LL U LR U RR C 3" . 


Determination of the type of a switching point . In order to 
state the criteria for the type of a given switching point u e 3 * 3^ it 

is sufficient to assume s e C^, f e C^ instead of the stronger conditions 

^ + 

formulated in §1.1. Then the functions x“(t, u) which satisfy the equa- 

tlons X « f(x, e") are of type C 
Taylor expansion; 

d 


and we can apply the following 


s^(x“*(t, u)) « ^ s^(x"(t, u)) 


t + l/2 s (x"('r, u) 




T^at 


( 6 . 1 ) 


C^(u)t + 1/2 C2(9t, u)t^ 


(0 < 0 < 1 ) 


^ In the case of the sets A, E, T [vld. (5-2)] we omit the superscript 

0. — It sho\ild be noted that the sets 3°, S’, S", 3^ comprise only 
that part of 3 which is not contained in any other switching space. 
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Here 

+ ji + 

c7(t, u) « S— 3 (x”(t, u)) 

1 dt^ ^ 

and 

+ + 

cj(u) = cj(0, u) (i = 1 , 2 ) . 


For the present purpose It Is sufficient to examine the signs of the co- 
+ + 

efficients c^(u) and c“(u). An obvious calculation yields the follow¬ 
ing formulas;^ 


( 6 . 2 ) 


(6.3) 


c7(u) = f(u, e“) ^ 9 

• dx 

c“(u) = f(u, e“) 

+ tin, e-) (|j f(u, e-) ) ^ 3 ^(u) ; 


Here ^ denotes the gradient when applied to a scalar and the Jacobian 
dx 

matrix when applied to a vector; 



The oj^erator 

the gradient, 
theorem: 


^ , applied to a aceHar, denotes the Jacobian matrix of 
Ix^ 

Prom the formula ( 6.1 ) we immediately obtain the following 


THEOREM 6 . 1 . If u is a point of the switching space 

S (and of no other switching space), the following 
2 

implications hold: 


^ » we denote the oijeratlon of transposition. 

^ The upper [lower] signs - in the superscripts corresponds to the 
upper [lower] signs <, >. 
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c’(u) > 0 

implies 

■f* 

u € A" , 


+ ^ 
C^(u) ^ 0 

implies 

+ 

U € E“ 

+ 


+ 


+ 

0 

1 

n 

0 

and 

o~(\i) 

^ 0 together imply u e R” 

+ 


+ 



c“(u) « 0 

and 


^ 0 together imply u c L- 



+ 

+ 


The coefficients 

07 (u), 

, CgCu) are given by the 


formulas ( 6 . 2 ) and ( 6 . 3 ). 

In particular, u Is 

a normal transition ix)lnt if c|(u) and c!j'(u) 
are either both positive or both negative, 

a normal starting point if c|(u) > 0 and 
c^(u) < 0 , 

a noiroal endpoint if c|(u) < 0 and c^(u) > o. 

Unconsidered in this theorem remain only those exceptional points 
of hl^er order which Involve contacts of higher than first order [i.e., 
at least 3 -point contewjt]. 

The three last Implications require only the hypotheses 
f€C°, seC^. If these are satisfied, the functions c* are continuous 
and we obtain the following corolleuTy:^ 

COROLLARY 6 . 1 . The sets A, E, T of normal switching 
points are oi)en relative to S. 

Since every point of S^ Involves a contact of first order, we 
conclude from the third and fourth Inipllcatlon in Theorem 6.1 and from the 

+ 12 

continuity of CgCu) (assuming again f e C , s c C ): 

COROLLARY 6 . 2 .^ The set of exceptional points 

of first order consists of the sets (AL)\ (EL)^, 

(AR)\ (ER)^, all of which are open relative to S*. 

^ The boundaries of the sets A, E, T may contain parts of intersections 
of S with other switching spaces. The latter, however, being closed 
sets, do not affect the validity of Corollary 6 . 1 . 

2 

All sets with superscript 1 consist of exceptional points of first 
order. 
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'§ 3 . TOPOLOGICAL PROPERTIES OP THE CLASSES 
OP SWITCHING POINTS 

7 * The exceptional classes . Let u be an exceptional point of 
3 ( ■ 3 ^) [vld. § 2 . 5 ]. Then the conditions 

r 

S (u) = 0 

1 ^ ^ d 

C- (u) * f (u, e ) ^ 3 (u) = 0 
\^ ' dx 

hold, the second either for e'*’ or e" [vld. (6.1 ), (6.2)]. The func- 
+ ^ 

tions 3 ^(u) ajnd c^(u) are of class C . Therefore, if the Jacobian 
matrix 


Jr(u) = ^ (s (u), c“(u)) 

I 6x ^ ^ 

of the system (7*1 ) is of rank 2, it follows from the implicit function 
theorem that the set of all exceptional points in a certain neighborhood 

of u constitute an (n-2)-dimensional dlTferentiable submanifold of S 
+ 

[or, if c”(u) both vanish, the union of two such manifolds]. We in¬ 
troduce the following terminology: 

+ 

If the matrices J“(u) are of rank 2 at all points of S [or 
of a part Q of S] satisfying the corresponding conditions (7.I ), we 
say, the system ( 3 ) satisfies condition A on the switching space S [or 
on the subset Q]. 

We can then state the following theorem: 

THEORM 7 . 1 . If condition A is satisfied on a subset 
q} of the switching space S, the set Q* of ex¬ 
ceptional points in Q consists of (n-2)-dlmensional 
differentiable submanifolds of S if it is not 
empty. Every point u e Q* possesses a neighborhood 
N such that Q* n N is contained in the union of at 
most two of the connected manifolds constituting 
Q* (namely, one (connected) component of each of 


^ It is assumed that Q contains no points of switching spaces other than 



PIECEWISE CONTINUOUS DIPEERENTIAL EQUATIONS 


237 


the sets {u c Q* : c|(u) » 0 ) and {u e Q* : c“(u) « 0 )). 

If, In peLrtlcular, U la an exceptional point of 
first order (vld. § 2 . 5 ), the set Q* n N Is contained 
In a single (connected) manifold. 

We nov establish a similar theorem for the set S" of exceptional 
points of hl^er order [vld. § 2 . 5 ]* Every point u c 3 ” satisfies one 
of the two following sets of equations: 


( 7 - 2 ) 

3^ (u) » o|(u) « c^(u) = 0 , 


+ + 

(7.3) 

S^(u) - c‘(u) = C2(u) « 0 

(the latter either for 

°1 ® 1 ^* Denote by J2(u), J^Cu) the 


Jacobian matrices of these systems: 

Jg(u) = — (3 (u), o|(u), o"(u)) , 

JjCu) = ^ ( 3 ^(u), o"(u), 0“(u)) . 

We say, condition B Is satisfied on S [or QC 3 ], If the matrices 
+ 

J2(ii)^ rank 3 at every point of S [or Q] satisfying 

the corresponding set of conditions ( 7 * 2 ), ( 7 * 3 )* 

Then, In analogy to Theorem 7 * 1 , we obtain 

THEOREM 7 . 2 . If condition B Is satisfied on a sub¬ 
set^ Q of the switching space 3 , the set Q" of 
exceptional points of hl^er order In Q consists 
of (n- 3 )-dimensional differentiable submanifolds of 
Q* If It Is not empty. Every point u c Q" possesses 
a nelghborhod N such that Q” n N Is contained in 
the union of at most three of the connected manifolds 
constituting Q" • 

REMARK 7 . 1 . By comparing the number of (scalar) equations enter¬ 
ing Into the conditions A and B with the number of Independent vari¬ 
ables, It Is easy to see that, in general, both conditions hold In the 
entire switching space. 


T 


Vld. Footnote on p. 236 
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REMARK 7 * 2 . Since S" Is of lover dimension than S' (pro¬ 
vided that condition B is satisfied on S' and the latter is not 
emptj), S^[= S' - 3"] is apparently dense in S': 

(7.4) s'” = S' . 

8 * The classes of normal svltchlng points * For the following 
considerations we assume conditions A and B to be satisfied through¬ 
out the switching space 3. Then the following lemma holds: 

+ + 

LEMMA 8 . 1 , If o]‘(u) = 0 and CgCu) ^ 0 hold, 

the function c“ assumes positive and negative 
values in every neighborhood of u. 

PROOF. Under the assumptions c|(u) «= 0 , CgCu) > 0 the curve 
x'‘’(t, u) is contained in the set 5^+ for |t| < 8 and 8 sufficiently 
small [vid. ( 6 . 1 )]. Nov assume that c| is non-negative in a nel^bor- 
hood N of u relative to S: 

(8.1) c|(v) ^ 0 for V € N , 

and talce N so small that 

(8.2) 02 (v) > 0 for V € N . 

Then, due to the continuous dependence of on the initial values, there 
exists a neighborhood N.| C N of u such that, if I denotes the inter¬ 
val ( 0 , 8 ) and 8 is chosen small enough, the set x'’’(I, N.| ) contains 
no point of S outside N. Then ( 8.1 ) and ( 8 . 2 ) Imply 

x'^d, N^)C D^+ . 

Since x'*'(I, ) is a homeomorphlc Image of the product set x I and 

N.| is an open set on the hypersurface S, the set x'^(I, N^ ) apparently 
contains a s^mi-nelghborhood (H- n 0 ^+ of u (^ : neighborhood of u). 

On the other hand, it follows from the hypotheses (and ( 6 . 1 )) that 

x*’(t,u) C Dq+ tends to u for t-> - 0 , which leads to a contradiction. 

If c| < 0 la assumed in N Instead of c| > o, the preceding 
argument needs only to be modified by considering the intervaO. (- 8 , o) 
instead of (o, 8). - For the coefficients c^, the proof is exactly 
the same. 
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We now consider the boijndarles relative to 3 of the sets A, 

E, T and denote them by ^E, 

Prom Theorem 7*1 and Lemma 8.i ve easily obtcLln the following 
pair of Inclusions: 

(8.3) (AL)’ U (AR)’ £ 8A n dT , 

(8.4) (EL)’ U (ER)’ ^ as n &T . 

ConBldor, e.g., the case u « (A'*' n L“)’. [The other cases are treated 

In ohvloxis analogy.) Here c| > o, = o, c~ > o [Theorem 6.1 ]. 
According to the lemma there exist points v, w e S arbitrarily near u 
with c|(v) > 0, c^(v) > 0; c|(w)> 0, c^(w) < 0. This Implies v e T, 
w € A [Theorem 6.1]. 

After these preparations we can prove the following theorem: 

THEOREM 8.1. If the conditions A and B are 
satisfied on the switching space 3, one of the 
following statements Is true, provided that 3 
Intersects no other switching space: 

(a) 3 consists entirely of normal switching 
points of one type, l.e., 3 » A, E, or T. 

(b) The sets T and A U E are both non-empty 
and their boundaries 8T and 8 (A U E) 
coincide. Thus the closure T of T 
separates A from £ and the components 
of A and E from each other and, con¬ 
versely, the coinponents of T are separated 
from each other by A U E. 

If 3 Intersects other switching spaces 3^^, the 
preceding statements hold for every coii5)onent of 
3 - n 3). 

PROOF. We first show that the set of exceptional points 3* Is 
empty If ail normal points are of the same typo* (The converse Is obvious 
because 8A, 8E, 8T^ S'.) Corollary 6.2 yields 

(8.5) s’ C (AL)’ U (AR)’ U (EL)’ U (ER)’ . 

From (8.3), (8.4) It follows that all sots on the right-hand side of (8.5) 
are empty, hence 3^-0. Finally, (7*4) linplles 3* - 0, so that we have 
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the case (a). 

Suppose nov that S* and therefore also S^ are non-empty. 
Then It follows Immediately from (8.3), (8.4), and (8.5) that both T 
and A U E are non-empty. The same relations in 5 )ly 

(8.6) (dA)’ C C 5T, (St)’ Q a(A U E). 

Observing that ^A, ^E, dT are closed subsets of S and using (7.4) 
and (8.6), we obtain 

SA - SA n 3' ^ SA n s’ = 8A n s’ - (Sa)’ ^ St - ST 
and the analogous relations 

as ^ ar and ar ^ a(A u E) . 


Hence, 

(8.7) S(A U E) = ST , 

which yields the separation property of case (b). 

The extension to the case where S Intersects other switching 
spaces is Immediate. 

§4. LOCAL FLOWS 

9- Definitions and elementary properties . As we have seen in 
§2.4, the qualitative behavior of the solution of a system (3) differs in 
many respects from that of a dynamical system in the usual sense, defined, 
e.g., by the solutions of differential equations satisfying a Llpschitz 
condition. In order to study families of solutions of (S) qiialltatively, 
we introduce the notion of "local flows". 

DEFINITION 9 . 1 . Let Y be a compact connected topological space. 
Denote by t^, t.| two continuous maps of Y into the negative and positive 
helves of the real line (both including o) respectively, and by I(y) 
the interval [tQ(y), t.|(y)]. Then a continuous mapping <p of the set 
ft - {(y, t) ; y € Y, t c I(y)) onto Y defines a local flow = (Y, I, qp) 
if 9 has the following properties; 

(a) y € Y, t € I(y) implies I((p(t, y)) « I(y) - t » 

[tQ(y) - t, t^ (y) - t]. 

(b) 9 ( 0 , y) = y holds for all y e Y. 
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(c) If y € Y, t e I(y), t + t* € I(y), the relation 

q)(t + t*, y) = <p(tS <P(t# y)) holds. 

(d) q)(t, y) is a topological mapping of the set 
(y e Y : t € I(y)) for every fixed t. 

In the case where Y is a k-dimensional manifold with boxandary^ 
we call P a local Ic-flow . 

The seta <p(I(y), y)) [y fixed] are called the paths of the 
local flow; we denote them by 7 ( 7 )* The set U p 7 (p) (PC Y) will 

be denoted by 7 (P). It follows from (a) and (c) that 

q € 7 (p) Implies rCo.) = rCp) • 

To every point y € Y we associate two points 

7o = y)> y, » T(t^(y), y) 

and define a pair of seta Y^, Y^ by 

We call Yq and Y^ the entrance and exit set of . Apparently, the 
paths of are in one-one correspondence with the points of each of 
the sets Y^, Y^; and y^ (y) are the end-points of the path through 

y* 

PROPOSITION 9-1 • The entrance and exit set Y^, 

Y^ of a local flow are connected sets. 

PROOF. Since the mappings t^, t^, q> are continuous, so are 
y^ and y^. Therefore the sets Y^, Y^, which are Images under y^ and 
y^ of the connected set Y, are connected. 

PROPOSITION 9*2. The mapping cp(t, y) is univalent 
(as a function of t for every point y c 

^ I.e., a Hausdorff space with the property that each of its points 

possesses a neighborhood which is homeomorphic either to an open k-sphere 

or to a seml-k-sphere x^ + ••• + < 1, x^ ^ 0 . 

^ It should be noted that Definition 9*1 excliodes the case where I(y) 
is the whole real line. Therefore, in particular, critical points 
[<p(t, y) * y] are excluded due to condition (a). 
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PROOF. Suppose that <p(t^, y) - <p(t^, y). Then obviously 
<p(- tS 9(t\ y)) - <p(~ tS <p(t^> y)) holds, ^y applying (b) and (c) 
ve obtain 

<p(o, y) * y « 9(t^ - y) . 

Finally (a) yields I(y) » I(y) - (t^ - t^ ), l.e., t^ « t^ . 

PROPOSITION 9 . 3 . Consider a dynamical system^ [or 
flow] defined on a ftnlte-dlmenslonal manifold X 
by the mapping function ®. Let C be a compact 
connected subset of a hypersurface without con¬ 
tact with the paths of the flow.^ Then there ex¬ 
ists a number T > 0 such that ® defines a 
local flow on the set Y « ®([0, T], C). 

PROOF. Choosing T so small that Y is contained in a neigh¬ 
borhood H of the ItLnd mentioned in footnote 2, it is clear that eveiy 
point y € Y possesses a unique representation y = *(t, y^) (y^ € C, 
t € [0, T]). Then, if we define I(y) - [- t, T - t], the conditions 
of Definition 9*1 are obvlo\isly satisfied. 

So far only interior properties of local flows have been con¬ 
sidered, l.e., properties which do not depend on imbedding of Y into 
a larger space. Nov ve are going to study properties which depend sub¬ 
stantially on such an Imbedding. We therefore assume Y to be a sub space 
of a topologio€Ll space X. Closure, Interior, and boundary of Y will 
always be understood relative to X. 

DEFINITION 9 . 2 . A local flow * (Y», I», q)») is called a 
subflow of the local flow = (Y, I, q?) if Y’ ^ YC X, I’(y) - 
{t € I(y) : 9 (t, y) e Y’) for all y € Y* and 9 * is the restriction of 
9 to the set n* « {t, y ; y c Y», t c I»(y)}* 

If Is a subflow of we write 

PROPOSITION Consider a local k-flow - (Y, I, 9 ) 

^ l.e., a continuous mapping of the product space X x I (I; real line) 

onto X which satisfies the conditions (b), (c), (d) of Definition 9.1 
In which Y and I(Y) are replaced by X and I. 

^ In this context we mean by a ’’hypersurface without contact" a hypor- 
surface H of X with a neighborhood N siach that H does not contain 
more than one point of any component of the Intersection of any path with N. 
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and denote by 3(Y the boimdary of Y. If a path 
7 of SF contains a point p c dY not lying in Y^ 
or Y^, the entire path r is contained in 3Y. 


PROOF. To every point p e Y we associate the set^ Qp * 

9(- tQ(p), Yq) [which is a (k-1)-dimensional manifold with boundary]. 

Since t^ ^ and t^ are continuous, given two numbers a c o), 

p 6 (0, t^(p)), there exists a neighborhood Q^ of p relative to Qp 
such that 9(t, p') is defined for all t c I * [or, p] and all points 
p' € 0 ^. If p is an interior point of Q^ (i*e., possesses a nel^bor- 
hood relative to which is homeomoiphlc to a (k-1 )-sphere), it is 
also an Interior point of the set 9(1, Q^) (since the latter is a 
homeomorphlc image of the product set I x Q^) and therefore of Y. The 
converse is also true. Indeed, consider a sequence of points p^ e Y 
tending to p. Then (again using the continuity of t^) tQ(p^) - tQ(p) c I 
for sufficiently large n, while, due to the continuity of 9, the 
points 9(tQ(p^) - tQ(p), p^) ultimately belong to Thus 

p^ € 9(1, 0^). Therefore, the intersections of Y and 9(1, Q^) with a , 
sufficiently small neighborhood of p coincide. This Implies the equiva¬ 
lence of p € ^Y and p € ^Qp. 


Now consider two points p c ^ and q * P) c I(p)). 

Then p € and, choosing Q^ as before (with t^ e I), 9(tq, y) maps 

0 ^ homeomorphic€Q.ly onto ^ ^ Implies 

q € SY which proves the propHDsition. 


DEF’INITION 9.3. A subflow = (Y*, I», 9 * ) of a local k-flow 
= (Y, I, 9) is called a face of if Y* is contained in the 

boundary of Y. We also say, is incident with and use the 

notations 


and 


. gr » ^ n ^.^^2 ^ C ^ Q ^‘*^2 • 

i^parently, a face of a local k-flow is a local (k-l )-flow. 

PROPOSITION 9 . 5 . Consider a local k-flow - (Y, I, 9 ) 

^ If 9(- tQ(p), y) is defined only on a subset Y^ of Y^, we mean by 
9(- tQ(p), Yq) the set 9(- ^^(p), Y^). 

^ The symbol denotes the collection of all faces of 
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and a local (k-1 )-flow * (Y*, I*, cp*) which 

satisfy the conditions; 

(1 ) I*(y) = (t € I(y) : q)(t, y) € Y*) 

for all y € Y* n Y. 

(2 ) The restrictions of 9 and 9 * to the 
set (t, y ; y € Y n Y’, t c I*(y)) are 
Identical• 

( 3 ) The entrance [exit] set Y^TY^’] of 

Is contained In the boundary of the entrance 
[exit] set Yq[Y<j] of /T". 

Then 

,‘7* C ^ 

PROOF. Assume condition ( 3 ) to be satisfied, e.g., for Y^ and 
Yq. Then It follows by an argument analogous so that In the proof of 
Pi^osltlon 9*4 that 


r(Yo) » Y' ^ dYC y . 

Conditions (1 ) and ( 2 ), therefore. Imply that >4^' la a siibflow of 
and the proposition follows. 

DEFTNITION 9.4. We call two local k-flows = (Y^, , 9^ ), 

- (Yg, Ig, 99 ) coherent If Y^ n Yg 0 and there exists a (k-1 )- 
flow = (Y^ n Yg, I^g, 9^2^ 

^^12 C n d.9^2 

and I^g does not reduce to a single point for any y. 

Apparently, Y^ n Yg - 3 y^ n ^Yg, I^g(y) = (t e (y) : 

9^(t, y) e Y^ n Yg) = (t € Ig(y) : 9g(t, y) e Y^ n Yg), and 9 ^ “ <P2 = 

In the set (t, y : y c Y^ n Yg, t c I^g(y)) [vld. Definitions 9.2 and 
9.3]. 

DEFINITION 9 . 5 . A local flow .7- « (Y, I, 9 ) Is called the 

union of the flows = (Y*, I*, 9 *) and .7^" = (Y”, l", 9 ”), if 

and are both subflows of and Y Is the union of Y’ and 

Y”. We use the notation 




Obviously the \mlon of local flows Is associative In the sense 
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that ur one of the sums ^ U u SF^ U U SF^), 

SF^ U (SF^ U SF^) exist, they all exist and ape equal. 

PROPOSITION 9 * 6 . The necessary and sufficient condition 
in order that two coherent local flows * (Y^, I^, 9 ^) 
and ‘^2 “ ^^ 2 ^ ^2* ^2^ possess a union is that 

(9.1) 7 i(Y^ n Yg) - 72(Y^ n Yg) « n Yg. 

Here 7 ^, 72 denote the paths of FF^, SF^» 

PROOF. Apparently, (9.1 ) lnplles 

( 9 . 2 ) I^ - Ig on Y^ n Yg . 

If (9*1) la satisfied, we define I and q> on Y « Y^ n Yg hy 

, , r I, (y) for y £ y , 
i(y) - , 

l- igCy) for y € Yg 

. , r 9 l(t, y) for y € Y,, t e I, (y) , 

'P (t, y) = i ^ 

^ 92 (t> y) .for y € Yg, t € IgCy) . 

[On Y^ n Yg the equality 9 ^ » 93 holds due to the coherence property 
(vid. the remark following Definition 9*4)•] Then (Y, I, 9 ) obviously 
satisfies the conditions (a), (b), (c)of Definition 9*1. Condition (d) 
follows easily from the following lemma: 

Consider two compact sets A^, Ag in a topological. sx>ace X and 

two homeomorphic mappings 9 -| i A^ -> Aj, 9 g i Ag -A^ (A[, A^ ^ X)- 

Ass\mie 9 ^ * 93 on A^ n Ag. Then the majjping 

9i on A^ 

9 « J 

L 92 on Ag 

is hameomozphic if and only if 

(9«3) A| n A^ « 9(A^ n Ag) . 

Indeed, (9.3) is necessary and sufficient in order that 9 is 
one-one. The continuity of 9 is obvious; therefore, since Alj and Ag 
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are con^jact, q) is homeomorphic If (9*3) is satisfied. 

For every t the mappings <Pj(y) =• 9 j(t, y) (j « 1, 2) of the 
sets Aj - {y € Yj : t € Ij(y)) satisfy the hypotheses of the lemma and 
condition (9*3) due to (9*1), so that 9 satisfies (d). 

We now assijm© the existence of a union = (Y, I, 9 ) *= 

^ U Consider an interior point y of Y^ and suppose that 

I(y) Dl^(y)« Then, by Definition 9.2, on© endpoint y^ of 7 ^( 7 ) would 
belong to Y^ ^ Yg ^ ^Y^. Consider the path 7 through y^ of the common 
face of and ."T'g [vid. Definition 9.4]. Since 7 is contained in 

^Y^ n 7 ^(y) and does not reduce to a point, a whole arc of 7^(y) 
would lie on 3Y^, in contradiction to Proposition 9.4. Thus I(y) = I^(y). 

Now consider a point j e n Yg ^ ^(Y^. Every nei^borhood of 
y contains an interior point y^ of Y^. Since I (y^ ) = (y^ ) and 

the endpoints of I and depend continuously on y, we conclude that 

also in this case I(y) = I^(y) holds and, in the same manner, I(y) - 
12 ( 7 )^ 30 “that ( 9 . 2 ) follows. 

Now consider two points p e Y^ n Yg, q = 9^ (t, p). Then, since 
9 ^ and 9 g are both restrictions of 9 ^ 92 ^^, p) = q holds. Thus 
q € Y^ n Yg and (9*1 ) follows. 

PROPOSITION 9 . 7 . If two local flows (Y», I', 9 ') 

and (Y", I", 9 ") are linked by the relation 



they possess a union (Y, I, 9)^ where Y, I, 9 are 
defined by 

Y « Y* U Y” , 

r [tQ(y), t{(y) + t"(y{(y))] for y e Y» , 
I [tQ(y) + t^(yo(y)), t"(y)] for y € Y” , 

r 9' (t, y) for y 6 Y» , 
y) for y.y" . 


The proof follows easily from the definitions of the sets Y^, Y^. 
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§5. THE QUALITATIVE PICTURE OP THE SOLUTIONS 
NEAR A SWITCHING SPACE 

10- Local flo ¥3 around sets of normal svltchlug points . Through¬ 
out this chapter U will denote a compact connected subset of S - S” 

[vld. §2.5], containing no points of switching spaces other than S. 

Consider first the case U C T. Since U is compact, there 
exist two numbers a (< o), p (> o) such that the functions x^(t, u) 
satisfy (S) in the intervals I"^ = [ 0 , p] and 1“ = [a, 0 ], respectively, 
and define local flows on the sets x(I“, U). Moreover, x(t, u) 

defines a local flow U on x(I, U) (I * 1“ U I"^) [vid. 

Proposition 9«7]* 

In the case U C A [E ] the set U is the common entrance 
[exit] set of two local flows defined by solutions of (S) on the sets 

X (I", U) [x”(I”, U)], respectively, where I"*" = [ 0 , p], I” = [a, 0 ]; 

-a, P > 0 and sufficiently small. 

The ambiguity occurring in connection with starting and end 
points can be eliminated by a modification of the phase space E^, namely 
by ’’cutting” it along the sets A, E and replacing every point u € A, 

E by a pair of points u”, situated on either ’’edge” of the cut. More 
precisely, this procedure can be described as follows: Denote by V the 
set 


V A U E 

and consider an open set X C satisfying the condition X n S = V. 

Then complete the set X - V (with respect to the euclidean metric), and 
finally replace by the space 

D* - (bP - X) U (X - V) , 

where the closure is to be understood in the sense of the new topology, de¬ 
fined by the Cauchy sequences in X - V. Obviously, the construction of 
the space D does not depend on the choice of X. Denote by cp the 
continuous mapping of D* onto E^ which leaves every point of E^ - V 
fixed. Each point v € V possesses two images imder y * 9 "^ which we 
denote by y*(v) = v“ and which are distinguished from each other by the 
property 
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Apparently, through every point p c D* there exists exactly one 
solution of ( 3 ). This we denote by x(t, p). 

11 • Local flows around the sets (AL)^ and (EL)^ « If U Is 
a subset of (ALV, It Is easy to see that It Is contained In one of the 
sets A'*’ n L“ and A" n L"**. Indeed, In the opposite case the connectedness 
of U would Imply the existence of a point 

u € u n A"^ n L“ n A" n , 

which we could, e.g., assume to belong to A'*’ n L”, This would imply 
> 0 [vid. Theorem 6.1]. Since, however, every neighborhood of u 
would contain points of A“ n L"*", on which c| = o, c| could not be con¬ 
tinuous. Therefore, without loss of generality, we may assume 

UC A"^ n L“ . 

Relation ( 8 . 3 ) implies ^A n Moreover, U Is contained 

in the Intersection of the boundaries of two components of A 

and T: 

(11.1) UC. n ar, . 

This follows immediately from the connectedness of U and from Theorem 
7 . 1 ,^ according to which every point u e U [C, sM li©s on the boundary 
of exactly two components of 3 ®. 

For every point u € U the relation 

(11.2) x“(t, u) € Dq+ (0 < lt| ^ t') 

holds for sufficiently small t* [Theorem 6.1]. If v e A^, we have 

(11.3) x“(t, v) € Dq- (0 < t < t^(v)) 

for small t^(v). The continuous dependence of x” on the initial value, 

together with (11.2), implies the existence of a neighborhood N of u 
such that 

(11 .i^) x'*(t*, N) C 


T 


We again assume condition A to be satisfied 
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holds. We now restrict v to n N. Because of (11.3) and (ii,4), we 
can choose t^(v) In such a way that x“(t^, v) c S and (11.3) holds 
for V € N n . Since U Is compact, there exist a connected compact 
set , containing U and contained In U U and a (continuous) 
function t^ defined on such that 



fA, 

for 

t = 

0 , 

(11.5) 

X (t, v) e / D - 

for 

0 < 

t < t, (v) , 


1-1 

for 

t = 

t^ (v) 

holds for all 

V € .9y - U. [It is 

sufficient 

that is contained In 


the union of a finite number of sufficiently small open sets N^ (satisfy¬ 
ing, in particular, (11.4)) which together cover U. ] Moreover, we can 
assume to be a (n- 1 )-dimensional manifold with boundary (because A^ 

Is an open subset of the hypersurface S). Since U^ (AL)^ emd 
U U A,, (11.1) Implies 

U ^ ar, C T, C s - (A, U (AL)’ ) ^ 3 - (A, U U) ^ 3 - . 

This, together with U C # yields 

(n.6) UC • 

By cutting the space along A, as described in the preceding 
section, the set is split Into two "sheets" * T(r”(t"^). Since 

Is compact, the mappings i(r~ : are homeomorphlc. This Implies 

the compactness of .9^ and, together with (il. 6 ), the relation 

(11.7) n . 

Then It follows Immediately that 

(11.8) .'?!* n - u . 

After these preparations it Is easy to analyse the local flows 
around U. According to (ll.5), the solutions of (S) define a local 
n-flow * (Y“, I~, x“) on the set 

Y" = {x(t, v)} ^ > I“(v) * [0, t,(v)] for V e c9r‘ . 

ter(v),V€.i^ 

Using the notations of §4 (and Indicating by a s\jperscrlpt - the related¬ 
ness to ^^“)/ t^ (v) » t^(v) holds for v e Since t^ (v) —> 0 



250 


ANERE AND SEIBERT 


with V —U, It follows that 


(11.9) ^ y-U • 

Since x‘*'(t, v) € D^+ holds for all v e U U A^ U and small 

t and U Ylj' Is a compact subset of U U U T^, there exists an in¬ 
terval Iq [ 0 , t ] (t > 0 ) such that 

x'^CIq, U Yj) c . 

As a consequence of (i 1 . 9 )> the inequality t“(v) < t* holds for all v € 
If is sufficiently small. Therefore, the solutions x(t, v) of (S) 
define a local flow with the entrance set U Y^ = Y^ and the 

Intervals of definition 


(11.10) 


[ 0 , t ] for y € 


+ , . r ^ i lo- 
I (v) = j ^ . 

MO, t + t^ 


“(v)] for V € Y“ . 


Now we split up the local flow into two subflows and de¬ 
fined on the sets xd'*’, and x(I''^(v), v), respectively. Then 

Y^ =» Y^ holds and, due to Proposition 9!?^ " U is a local flow 

which we denote by IS x). Since Is an (n -1 )- 

dimensional manifold with boundary, and are both local n-flows. 

Denoting by the (n -1 )-flow defined on xd^, U), (11.7) together 

with Proposition 9*5 implies 

C n . 

Prom this and ( 11 . 8 ) it follows that and are coherent. 

Finally, if v € Y^, Proposition 9 «T and (11.10) yield 

I*(v) = [t“(v), t* + t~(v)] 

f 

which, together with (11.9), implies 


I*(u) = [o, t ] = 


(u € U) . 


Since also (u) =* I , condition ( 9 . 1 ) of Proposition 9«6 is satisfied 
1 ^ 1 

for the flows and their \mlon thus being a local flow: 


Vld. remark following Definition 9 » 5 - 
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u u (sr^ u ■^~) - u .s^®) u .9"" 

- sr* - <if~ . 

This yields the following theorem: 

THEOREM 11.1. Consider a connected compact subset U 
of (AL)^ [= AL n S^; vld. §2, Sections k and 5], 
on which condition A la satisfied [vld. §3*7]* 

Assume the phase space to be cut along the set A 
of starting points. Then U Is contained In a 
compact connected set Y which Is an n-dlmenslonal 
manifold with boundary and has the property that 
all solutions of (S) which contain points of Y 
form a single local flow on Y. The entrance 
set of consists of U and the two "edges" 

of the cut along A n Y. The paths originating 
on [or on In the case UC A” n L"*"] 

traverse the switching apace exactly once. The 
exit set Is contained In D ^ [D (Vld. 

Figures 2,3). e e 

The case UC (EL)^ Is exactly analogous and can be reduced to 
the one considered above by reversing the sign of t. 

12. Local flows around the sets (AR)^ and (ER)^ . If U Is 
a subset of (AR)^ It can be assumed without loss of generality that it 
Is contained In A'*' n R”. [The proof is analogous to the corresponding 
one In the preceding section.] Denote again by A^, T^ the components 
of A, T which are adjacent to U. Let and be compact connected 
sets satisfying the conditions 

U C C U U A^, U C C U U T, . 

We can assume and to be (n-1 )-dlmenslonal manifolds with boundary 
SIS. will again be replaced by two *'sheets" SS^. 

Throu^ every point u e U there exist exactly two solutions 
x^ (t, u), XgCt, u) of (S). Since U is con 5 )act, the inclusions 

(12.1) x^(t, U)C Dq- (. t, < t < tg; t 0) 

and 
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( 12 . 2 ) 


u) c -[ 


°e- 




for 

for 


- t, < t < 0 , 

0 < t ^ 


hold for sufficiently small positive numbers t^, tg, t^ [vld. § 2 . 6 ]. 

Due to the continuous dependence of x* on the Initial values, it follows 
from ( 12 . 1 ) and ( 12 . 2 ) that the solutions of (S) define three local 
flows ^7^, on the sets x(I,, 7^^), xdg, TT), x{l^, 

respectively, where I^ * [ 0 , t^]/ Ig * [“ tj, t^], I]^ * [O, tg], 

0 < tj < tj (j = 1, 2 , 3) and <9^ and TT are sufficiently small. The 
local (n-ll-flows defined on the sets XgCl^, U), x^([- tj, o] U), 
x^(I|^, U) we denote by S7 2 .V relations (ll.l) and 

( 11 . 7 ) obviously hold also in the case under consideration. Since (ll.l) 
implies U C Proposition 9.5 yields the incidences 

.^,2 C_ n .^33 C_ .‘^34 c s-^4 • 

The first of these implies the coherence of the local flows .7^ and ^^g.^ 
Moreover, due to Proposition 9»7, the unions •^23 ‘^12 and 

Finally, a local flow which is incident with the (n-1 )-flows 
.^22 and .*^24 obtained by considering a hypersurface H without 
contact^ with the solutions of (3, e‘), which contains U, and a 
compact connected subset C of H n the boundary of which contains 

U. Then, denoting by I 3 the Interval [- tj, tg], every arc x^d^, p), 
where p e C, intersects C only at p. Consequently, the solutions of 
(S) define a local flow -.^3 on the set x (I 3 , C), Since U the 

incidence relations 

.‘-^23 C_ a.^3, 

follow. Therefore, ^7^ and ‘^3 as well as S7^ and are co¬ 

herent.^ We therefore have the result; 


However, the union of S7^ and 77^ is not a flow [vid. Proposition 9-6]. 

^ This situation can be described as a ’’bifurcation" of the flow .^23 into 
77^^ and .7^^. 

^ Vld. p. , footnote 1 . 

^ The set x''’(I, U), e.g., has this property if I is a suitable inter¬ 

val around t = 0 . 

^ Again (due to Proposition 9 * 6 ) neither of the unions is a local flow. 
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THEOREM 12.1. If U is a compact connected subset 
of (AR)^ [= AR n S^], satisfying condition A, and 
the space is cut along the set of starting points, 
splitting it into two "sheets'* there exists a 

compact connected set Y which is an n-dlmenslonal 
manifold with boundary containing U and has the 
following property; The solutions of (3) which 
contain points of Y constitute a complex of four 
local flows ^7^, separated from each 

other by (n-l )-flows '^'^23* '*^34 

= 1, 2, 3) is incident with ^7'^ and 
and the two latter are coherent. Upon 
reaching the set U, the flow '^^23 ^l^^cates 
into and in the sense that the exit 

set of <"^23 entrance sets of .^^2 and 

are all equal to U. The local flows .7^ 
and originate on and respectively. 

The paths of >7^ (or, if U C A" n R"**, of ^7^) 
and only these traverse the switching space. 

Figure 4 gives a symbolic picture of the local flows and their 
interrelations. 

The analogous result for the case U C (ER) ^ is again obtained 
by reversing the orientation of the paths. 
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XII. ASYMPTOTIC STABILITY IN 3-SPACE 
Courtney Coleman 
1• Consider the system, 

(1) g + g(x, t) 

dt 

where f^“^(x) and g(x, t) satisfy the following conditions; 

a) Both are n-vector functions of the n-vector x. 
g may depend on t. f^®^(o) = g(0, t) = 0. 

b) In some neighborhood, D, of x = 0 and for all 
t greater than some t^, f^™^(x) and g(x, t) 
are continuous in x and t and satisfy a 
Lipschitz condition in x* 

c) f ^ (x) is a homogeneous function of degree m — 

(m an integer > l) in D; i.e., f^®^(x) = 

c™f(x) for any consteuit c > o and for all 

X in D. 

d) g(x, t) = o (||x|l“) uniformly-in t in D. 

Malkin [1] and Mas sera [2] have shown that if the trivicG. solu¬ 
tion, X * 0, of the system of first approximation, 

(2) dx . f(Bl)/3j) 

dt 

is asymptotically stable, then so is the trivial solution of (1). The 
problem, then, is to find conditions ensuring the asymptotic stability 
of the trivial solution of ( 2 ). This will be done for n * 3 (see the 
theorem below) using some of the results obtained by the author [3]• For 
n = 2 such conditions can be found Implicitly in a number of papers — 
e.g., see Forster The conditions are simply that the origin be an 

attracting focus if the function h(x^, Xg) * Xgfj™^ - x^fj^’^ has no 
real zeros, and that 


257 



258 


CQL04AN 


^ < 0 (r^ 

dt 


+ x^) 


on the zeros of h if they exist. 

It should he noted that for m = 1 and for any n the theory 
of characteristic roots holds. Clearly, if m is even, there can be no 
asymptotic stability. Hence, m is assumed odd. ^ 

2. Let n = 3, m > 1* Let r = (x^ + + x^) , y = - x. Then 

( 2 ) becomes in r, y, 

a. ^ . (y, 

dt 

b. ^ - (y, , 

dt 

where ( , ) indicates scalar product. Let r°^“^(t)dt = dx. Then ( 3 ) 
becomes, 

^ = (y, f^“^(y))r 

dx 

^ = f^“^(y) - (j, f^“^(y))y • 

dx 

If y(x) is a solution of (4b) and r(x) is a solution of (4a) 
in which y stands for y(T) (the solution of 4b), then (r(x), y(x)) 
is a solution of (4). Similarly for (3a, b). System (4) is more suitable 
for our purposes since no solution of (4) may have a finite "escape time" 
while a solution of ( 3 ) may. Ignoring the differing parametrizations, the 
trajectories in 3-3pace of ( 3 ) coincide with those of (4); for the only 
difference between the two systems is the factor r“"\ which is positive 
everywhere except at the origin. This implies in addition that the tra¬ 
jectories of the two systems agree in the sense of parametric description. 
If all the trajectories of (4) close enough to 0 tend to 0 as 
limit with increasing x and if none tend to 0 with decreasing x, then 
the same is true for the trajectories of ( 3 ) and hence of ( 2 ). Since sys¬ 
tems ( 2 ), ( 3 ), (4) are autonomous, to* prove asymptotic stability it is 
sufficient to show that' there is a neighborhood D C D such that for any 
trajectory r of (4) which cuts D n(r) (the omega limit set of r) con¬ 
tains 0 only and A(r) (the alpha limit set of r) has no points in D . 
Actually for systems ( 2 ), ( 3 ) and (4) D and D* mi^t as well be all of 
3-space. 


a. 

(4) 

b. 
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The following properties of system (k) and Its trajectories were 
observed In [3]* 

P I. Each trajectory 7 : y = y(T, y^, of (4b) 

lies on the unit sphere S^. The Poincare- 
Bendlxson theory can then be applied to 
ciir) and A(7). 

P II. Each trajectory 7 of (4b) determines a cone 
3 ( 7 ) generated by rays throu^ 0 and the 
points of 7 - 3 ( 7 ) Is an Integral surface 

of (4). 

P III. On 3 ( 7 ) each r of (4) is given by 

T 

K • exp J (y, f^®^(y))dT j • y(T) , 

where K is an arbitrary positive constant. 

P IV. If X(p) is a ray on 3 ( 7 ) through 0 and 

and p, then all trajectories of (4) on 
3 ( 7 ) cut x(p) at the same non-zero angle 
in the same sense (except in the trivial case 
that 7 is a singulcLT point of (4b)). 

The following general properties of a system of autonomous 
differential equations, 

( 5 ) 35 = h(x), X an n-vector, 

dt 

and its trajectories will be needed. All functions are assumed analytic. 

P Va. If N(p) is a small enough nel^borhood of the 

non-crltlcal point p in the normal hyperplane 
to the trajectory of ( 5 ) through p, then the 
trajectories of (5) through the points of N(p) 
cross N(p) from one side to the other in the 
same sense. 

P Vb. If 3 is a smooth surface in x-space and C 
a simple smooth 6irc on 3 such that all tra¬ 
jectories of ( 5 ) cutting C do so crossing 
C from one side of 3 to the other and not 
tangent to 3, then there is a neighborhood 
N(C) in 3 of C such that the same is true 
for all points of N(C). 



260 


CaLEMAN 


P VI. The A limit set (ft limit set) of a 
bounded trajectory of ( 5 ) Is closed, non¬ 
empty and connected# If a point belongs to 
a limit set of some trajectory, then so does 
the full trajectory through the point. 

In the proof of the theorem that follows frequent use will be made of 
PI - PVI. Unless required for clarity specific reference will not be 
made. 


THEOREM. Sijppose 

a) (y, f(y)) <0 on all zeros of 
f^“^(y) - (j, f^“^(y))y 

and 

T 

b) J (y, f^“^(y))dT < 0 for each periodic 

o 

solution y(T) of (4b) (T Is the period 
of y(T)). 

Then the solution x = 0 of ( 1 ) for n = 3 
is asymptotically stable. 

PROOF. It Is sufficient to show that under assumptions a) and 
b) ft(r) contains only 0 and A(r) has no finite points for any tra- 
Jectoiy r of (4). 

In the following 7, 7*, 7^, 1 » 1, ..., k, denote trajectories 
of (4b) on 3^ and P, 1 = 1, ..., k critical points of (4b) on 3^. 
3 ( 7 ^), 3(Pj^), ... denote the Integral surfaces determined by y^, P^, ... 
r, r*, Pp, r^, l « 1 , ..., k denote trajectories of (4) on the Integral 
surfaces 3 ( 7 ), 3 ( 7 *), S(P), 8 ( 7 ^), ... respectively. The Poincare- 
Bendixson theory states that a limit set of a trajectory 7 of (4b) on 3^ 
Is one of the following: 


(L 1 a.) 

7 

Itself, where 7 is a single point; 

(L 2b.) 

7 

Itself, where 7 is a closed curve; 

(L 2a.) 

a 

critical point P, not 7 ; 

(L 2b.) 

a 

•if 

closed curve 7 , not 7 ; 

(L 3 ) 

a closed graph G : P., U 7^ U ... U P^^ U 7^ U 
where A(r3L) = Pjj+, = • 


The various combinations of these possibilities for A( 7 ) and ft ( 7 ) must 
now be considered. 
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A. (L la.) for A( 7 ) and hence for 0(7)* Hrpothesla 

a) ensuires that for the ray trajectory r of (if) 
throu^ y, n(r) contains 0 alone and A(r) is 
Infinite. (See P III). 

B. (L 1 b.) for A(7) and hence for 2(7)- Here hy¬ 

pothesis b) ensures that n(r) consists only of 
0 and A(r) is Infljilte (See P III and [ 3 ]). 

C. (L 2 a.) for A(7) and for ft( 7 )* Vniether or not 

A(7) = ft(7)# A(r) Is Infinite and ft(r) contains 
just 0 . (See P III, Iv and [ 3 ])* 

D. (L 2a.) for A(7) and (L 2b.) for ft(7). Let 

A(7) = P. Then Tp Is as In A above. By (P VI) 
for any r on S(7), A(r) cannot contain any 
point of Tp \anles3 It contains Tp Itself. 

This Is Impossible by (P Va.) which also Implies 
that A(r) cannot contsdn 0 alone. Hence A(r) 
has no finite points. On 8(7 ) B. above obtains. 
Hence ft(r) has no finite points, or contains 0 
and at least one r on 8(7 ), or contains 0 
alone. Let p be any point of 7 . Let 

T 

J il*9 f(y*))dT = - K < 0 , 
o 

where 7* Is given by y = y*(r), y*(r + T) - 
y*(T). Let a be an arc (bounded on one end by p) 

p # 

of the great circle on S through p normal to 7 . 
Let 7 be given by y - y(r) and let d denote 
Euclidean distance. If y(T) Is on a for some t, 
denote by T^ the smallest positive number such that 
y(T + T^) Is on a. If the length of a Is small 
enough, T^ Is defined for all x for which y(T) 

Is on a; and If y('^Q) Is on 0, then 

max d(y(T), 7*) 

(for all T ^ Xq) and 




|T - T^l (y(x) on 0) 
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ai»e so small that 


t+T^ 

f (jf f(y)dT ^ - K /2 < 0 (yCx) 


on 


a) . 


But this can be done for every point of 7 *. Hence, 
ft(r) can contain 0 alone (recalling that r 
Is given by 

T 

K exp J (y, f(y))dTj • yCr)) . 

'^o 

E. (L 2 a.) for A(y) and (L 3« ) for n(r). As in D, 
for any r on 3(7) A(r) contains no finite 
points. We must show that ft(r) contains 0 alone. 
In the first place for any or Tp on the cone 

S(G), A(rj_) and A(rp ) have no finite points and 

and n(rp ) contain 0 alone. For, each 

S( 7 j_) or S(P^) is covered by cases A. or C. 
above (Figure 1 ). Hence, as in D, for any r on 
3 ( 7 ), fi(r) has no finite points, contains 0 and 
at least one or fp on 3(G), or else con¬ 

tains 0 alone. The first two alternatives must 
be excl\jided. 



First a simple closed curve 
without contact C is constructed 
on 3(G). such that one of the 
components of the coii 5 )lement of C 
on 3(G) has 0 as a boundary 
point and is bounded. Let be 

any point on 3 ( 7 ^). Suppose each 
on 3 ( 7 ^) tends to 0 with 
increasing t tangent to r and 

to infinity parallel to fp with 

2 

decreasing t (see C. above and 
[3]). Let 



FIGURE 1 
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Considering all rays as being directed toward 0, let 0 < e(q) < « be the 
angle defined by the field vector at q and the directed ray X,(q) for 
each q on 8(7^ ). 0(q) is a continuous function of q as q varies 
along any continuous curve on 8(7^ )• Define eCr) as any positive con- 
tlnuoTis function of t such that 

11m r [(y, f^®^(y)) + e(T)]dT « /n 

T->« llq^ll 

o 


where q^ , is some point of Fp . There are many ways of defining sCt). 

For example, since by hypothesis (a) (y, f(y)) is negative and bounded 
away from 0 for t large enough, e(T) could be taken as 


(t+1 -1 


_ . in iiSli - (y, f(y)) 

7 


for T large enoiagh. 

Define the c\irve C^Cq^, q^, t) as 

q^U I llq^ll exp J [(y, f(y)) + e(T)]dTj- • yCt) 


, dr 

for T ^ Tq. C^ Is then a smooth arc bounded by q^ and q^. ^ at 

any point q, <1 / Qq' 'll' c|(qQ, q,, t) Is greater by the positive 

quantity e(T) than ^ given by ( 4 a). Ifenoe the angle ♦(q) defined 
dx 

by the directed tangent to C^Cq^, q^^ t) at q and the directed ray 
x(q) is greater than eCq)* Then c|(qQ, q.|, t) is an arc without con¬ 
tact. In a similar way, C^Cq^, q^, t) for t ^ on Tp^, can be 

defined as a smooth curve without contact bounded by q^ and q^. After 
small changes in Cij* and c| near q^, if necessary, define C.j (q^, q^) 
as C^UC|. C.j(q.j, q^) is then a smooth curve without contact on 8(7^ ) 
bounded by q^ on Pp and qg on Pp • All trajectories on 8(7^ ) 

cross C^(q^, q^) into the region on 8(7^ ) bounded by 0, Pp^, Pp^, and 
C/qi> q^)* Note that q^ and q^ are arbitrary points on Pp^ and Pp^. 

In like fashion a curve without contact is constructed on 

each 8(7j^). 8inco the boundary points of each may be chosen 
arbitrarily, the C^*s may be connected to form a simple closed curve C 
on 8(Q) with the desired properties. (8ee Figure 2.) 
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Nov, let N(C, a) be the sur¬ 
face generated by the normals of 
length a to S(G) along C. The 
normals are taken in the oon 5 )onent 
of the complement of 3(0 )U0 which 
contains r. By (P Vb) and a 
compactness argument, for a small 
enou^ N(C, ff) is a smooth (except 
on the boundaries) non-self-inter¬ 
secting surface without contact 
bounded by C and the curve generated 
by the ends of the normals. 

Let 0* be a smooth simple 

p 

closed curve on 3 enclosing 0 
and cut by 7 . There is a such 

that for all t ^ y(T) lies in 
the region on 3^ bounded by 0 and 
by 0*. Let the maximal distance between 0 and O' be so small that the 
cone (not an integral surface), S(G‘) determined by G’ and 0 is cut 
by N(C, c^) in a simple closed curve. For example, G* ml^t be con¬ 
structed by using arcs of fixed length (sufficiently small) of great 

o 

circles of 3 noimal to the and then joining the subarcs around the 
In some smooth fashion. 

Let R be the region bounded by 3(G), 3(G*), and 0 . 
be the subregion of R bounded by S(G), S(G*), 0 and N(C, a), 
all 



Let R 
For 





f (7> f(y))dTj- 



7(r) 


is In R. Furthermore, if r is in R* for some t, it is in R* for 
all greater t. For evidently r could not leave R* via 3(G’), S(G) 
or 0 . It could not leave through N(C, a) because by construction of 
N(C, ff) all trajectories cutting the interior of N(C, a) enter R . 

Hence in this case using (P VI) n(r) contains only 0 . 3uppose it is 
not known that r Intersects R . Let p be a point of r corresponding 
to some Tg, Tg ^ T^. Then for some k, o<k<1,k*p is in R. Then 
the trajectory k • r: 


{k . r (t^) 


exp 


f (7f f’(y))ci'rj- • y(T) 
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must lie In R for all t ^ Xg and ft(k • r) contains o alone. 
(P III) this Implies that ft(r) consists of just o (see Figure 3 ). 



/ 

/ 


FIGURE 3 

F-I. The remaining combinations of possibilities for Air) and 
ft( 7 ). are not discussed since in each case the argument is similar to the 
preceding. 

Thus, in every case Air) and 11 ( 7 ) have the desired properties 
and the theorem is proved. 

3 . EXAMPLE 
Consider the system 

p 2 ^ 

( 5 ) _ „ . + aXgX^ + bxg + ggCx, t) » f^Qix) + g 2 (x, t) 

dx- 

- ax| + tagXj + g 3 (x, t) = fjCx) + g 3 (x, t) , 
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Where a < o, h < 0, u > o, x « (x^, x^). Suppose that g » (g^, g^, g^) 

satisfies the hypotheses given in Section 1 for m = 3* 

In r, y coordinates ( 5 ) become 


( 6 ) 


(a) ^ = r(y, f(y)) 

Qt 

(b) ^ = f(y) - (y, f(y))y , 


where f = (f^, fg, fj) and r^dt - dx. It la not hard to verify that the 
only roots of f(y) - (y, f(y))y = 0 are (+ 1, 0, 0), (0, + 1, 0), 

(0, 0, + 1) and that (y, f(y)) < 0 on each of these roots (a and b 
must be negative). Projecting the hemisphere 73 > 0 from the origin onto 
the plane = U ve obtain 


( 7 ) 


dz^ 

dr 


4(z?/3 - Z,) 


dt 


where 


yi(' - y? - 


-i 




This is just Van der Pol*s equation, and there is a unique periodic solution, 

2 2 

for n small enough, which is near the circle; z-j + Zg * 4 . Thus, there 
is a unique periodic solution to (6b) on the hemisphere y^ > 0 (and, of 
course, another on the hemisphere y, < 0). This solution is near the 
— 1 /2 ^ 

circle 73 * 5 ' on the two sphere. But then (y, f(y)) is approxi¬ 

mately - ^^y^(yl^3 - 1/5) + i/ 5 a + byg which is negative for |a| large 
enough, a < 0. Hence, 


T 

f (jf f(y))dT < 0 

o 

where T is the period of the periodic solution. Similarly for the 
periodic solution on the hemisphere 73 < 

The theorem then applies, and the solution x » 0 of (5) Is 
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asyruptotically stable. 

k. RIMAEKS 

A. The two conditions given in the theorem for asymptotic 
stability are usually easy to apply. The first is 
always easy, and the second condition can be verified 
without knowing either a precise expression for a 
periodic solution of ( 4 b) or its exact period — 

as was seen in the above example. 

B. The two conditions are in a certain sense nec¬ 
essary for asymptotic stability. That is, if 
either of the inequalities is reversed, the 
critical point of (2) at the origin is not even 
stable. It is evident that if one of the two 
inequalities is replaced by an equality, the 
trivial solution of (l) may or may not be 
asymptotically stable, depending on the form 

of g(x, t). 

C. If m = 1, the linear case, the two conditions are 
equivalent to the condition that the characteristic 
roots of the matrix of coefficients of the linear 
terms have negative real parts. The proof of this 
fact is not difficult, but is a little long because 
of the necessity of considering the various possible 
canonical forms for the matrix. The proof will be 
omitted. 

D. Zubov [ 5 ] has given conditions for asymptotic stability 
for m = p/q(p, q Integers, q odd) where n is 
arbitrary. His conditions do not seem easy to use 
Inasmuch as one must have a priori bounds on the 
solutions x(t) of (1 ) for which ||x(o)|| = 1, 

namely ||x(t)|| < At"®, A, a positive constants. 

RIAS, Baltimore 
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XIII. EXISTENCE AM) UNIQUENESS OP THE PERIODIC SOLUTION OP 
AN EQUATION POR AUTONOMOUS OSCULATIONS 


Rui Pacheco de Plguelredo 


I. PRELIMINARY REMARKS 


Consider the differential equation 

(1) X 4 -R(x)+X = 0 

where R(x) is a real-valued function having a piecewise continuous de- 
rlvatlve and from now on the dot on a variable denotes differentiation 
with respect to t. Both (l) and its alternate form 

(2) y + r(y)y + y = 0 


where y = x and r(y) = R*(y)> have been widely used to represent the be¬ 
havior of physical systems undergoing self-sustained oscillatory motion. 

In this paper we propose a general set of conditions for the ex¬ 
istence and uniqueness of the periodic solution of (1). 


The results of this paper are from a part of the author*s doctorate thesis 
at Harvard Tfciiverslty and were presented at the annual meeting of the 
American Mathematical Society in Philadelphia on January 20, 1959 * It is 
a pleasure to thank Professor P. Le Corbelller of Haj*va3?d for his very 
valuable advice throu^out this reasearch, and Dr. P. Huckemann, now at 
the Mathematical Institute of the University of Giessen, Giessen-Lahn, 
Germany, for his careful reading of, and very useful remarks on the 
original manuscript of this thesis. This work was supported in part by a 
grant from the Junta de Investiga^Ses do Ultramar, Portugal. 

** For such a function, it can be readily shown (cf. the author's thesis) 
that the two-dimensional system equivalent to (1); x = y, y = - R(y) - x 
possesses locally a unique solution everywhere on the (x, y) plane. This 
and the continuity of the right-sides of this system assure (see reference 
[ 1 ]) that the Poincai^-Bendlxson theorem is applicable to this system 
under the above assumption. 
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Noting that r(y) (» R*(x)) represents the damping In the physi- 
oal system, we may describe our existence conditions simply as follows: 

(l) has at least one periodic solution if, for small |x|, the damping In 
the system is negative and provided that, for large |xl, the damping la 
positive for positive x and greater than a negative minimum for negative 
X (or vice-versa). We further show that the periodic solution la unique 
(except for translation in t) if R(x) satisfies some additional re¬ 
strictions . 

Among the previous contributions on this subject, notable are 
those of Llenard [2] and Levinson and Smith* [ 3 ]. In the present conditions, 
we remove the restriction of these authors that, for large x , the 
damping In the system be positive for both positive and negative x, and 
in particular we do not require R(x) to be odd. 

It Is convenient to replace (l ) by the equivalent system 
(3a, b) X = y, y = - R(y) - x 

which is a special case of the two-dimensional autonomous system 
(^a, b) X = X(x, y), y = Y(x, y) 

where X and Y are real continuous functions defined on the real (x, y) 
plane and such that ( 4 ) Is assured of possessing locally a unique solution 
everywhere on this plane. Some of the well known definitions and results 
of the Polncare-Bendlxson theory [i ] relative to ( 4 ) will be now briefly 
recalled, the terms defined being assimied to refer to ( 4 ) unless otherwise 
stated. 

A point of the (x, y) plane is said to be critical if both the 
right sides of ( 4 ) vanish there and It Is said to be regular otherwise. If 
x(t) and y(t) constitute a solution of ( 4 ) then for a given t they 
define the x- and y-coordlnates of a representative point P(t) on the 
(x, y) plane for this solution. The set {x(t), y(t)) for all real t, 
that Is the curve on the (x, y) plane which is the locus of all the 
representative points for this solution, is called an orbit . Uniqueness 
of the solutions of ( 4 ) Implies that no two orbits can Intersect. A closed 
orbit (that la an orbit which Is represented by a closed curve In the 
(x, y) plane) made of regular points only Is periodic (l.e.. It Is such 
that only a finite change in t Is required for a representative point to 
describe a complete circuit on It), and vice-versa. In particular a 


Levinson and Smith actually considered the more general equation 
y + r(y, y)y + g(y) « 0. Their resiats may be readily particularized to (2). 
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periodic orbit is said to be a stable (unstable) limit cycle if it is 

approached asymptotically by its neighboring orbits as t-> « (- »). 

If these remarks are particularized to the system (3)^ it is clear that, 
for the purpose of this paper, it is sufficient to determine the conditions 
for the existence and uniqueness of a periodic orbit of (3)* 

In order to establish the existence conditions ve sheJ.1 need 
the conclusions of the following section and also the following general 
resiat [4]. 


LEMMA 1 (Polncare-Bendlxson). If an orbit of (4) re¬ 
mains for t- 00 in a finite region K of the 

(x, y) plane and if K is free of critical points of 
(4), then either this orbit is periodic or it approaches 
asymptotically a limit cycle as t -oo. 

2. AN AUXILIARY AUTONOMOUS SYSTEM OP TWO FOCI 
OR OP A FOCUS AND A NODE 

Consider the piecewise linear autonomous system 


(5a, b) 

X * y. 

y » - R, (y) - X 

where 



(6a) 

R, (y) = 1 

1 

x> 

lA 

0 

(6b) 

' PsJ - 7 (y > 0 ) 

Here, p^, pg 

and 7 are positive constants and 


The patterns of the orbits of this system for pg ^ 

are illustrated respectively in Figures l(a), (b) and (c), where we make 
use of the well-known results for the (x, y) plane solutions of a linear 
second order differentleil equation in t with constant coefficients. 

Since 0 < < 2, the origin o of the (x, y) plane is an 

unstable focus for the parts of orbits of (5) lying in the half-plane 
y 0. Hence the arc of an orbit of ( 5 ) beginning at an arbitrary point 
A on the positive x-axls, when followed in the clockwise (increasing t) 
direction, although getting farther from the origin, must necessarily 
turn and meet the negative x-axis at some point B. Then from the well- 
known results alluded in the preceding paragraph, the ratio of the distances 
OB and OA is 
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where 


( 10 ) 




K f’a 


Prom (7) and (9) there Is 


00 

OA 




"1 

OA 


which shows that as OA increases from 0 to the ratio OC/OA de¬ 

creases monotonically from « to the value 



which is positive and less than unity. Hence there is one euid only one 
position of A, say A', at which A and C coincide, this occxirring 
when the ratio (li) is unity, that is, when 


2 


- ^ h - li 

? O). ~ 2 co^ 

e - e 

In virtue of ( 11 ), it is clear that the resulting closed orhlt 
A* BA* is a limit cycle of (5) to which all the other orbits of the 
system tend as t —> «• 

We next assume that P2 > 2 (see Figures l(b) and (c)). Then, 
whatever the position of the point B on the negative x-axis, the orbit 
through AB always tends to F when followed clockwise frcxn B, since 
now F eicts as a stable node for the arc BP. Thus as A varies its 
position on the positive x-axis from 0 to there is only one position 

of A corresponding to a closed orbit of the system, namely when A co¬ 
incides with F. All other orbits of the system tend to F (and hence 
approach the closed orbit FBF) as t -«>. 

The above conclusions may be sijmmarlzed as follows: 

LEMMA 2 . Under the conditions stated, the system (5) 

has in the (x, y) plane one and only one closed 
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orbit which is approached hy all the other orbits 
of the system as t -». 

3. ON THE EXISTENCE OP A PERIODIC SOLUTION 

We now state the following result for the original equation (l): 

THEOREM 1 • The eqioation (1 ) has at least one periodic 
solution of 

(a) R( 0 ) = 0 

(b) R’( 0 ) exists and is negative 

and provided there is a Jq > ^ such that 

(c) R»(x) > 0, min (x > y^) 

(d) 2 > - min R*(x) < R*(- x), (x ^ - y^) 

except for the values of x at which R’(x) undergoes 
simple discontinuities. 

REMARK. Below it will be necessary to compare the slopes of the 
elements of orbits, through a point P in the (x, y) plane, of two 
systems and Eg of the form 

(13) E^ : X = y, y = - P^(y) - X 

(1^) Eg : X = y, y = - PgCy) - x 

where P^ and Pg are real, continuous (piecewise differentiable) func¬ 
tions. Por this purpose we let z denote the distance from the origin of 
the (x, y) plane to a point on an orbit of E^ and Eg, i.e.. 


which after differentiation with resjject to t and combination with (13) 
or (l 4 ) gives 

(15) 2 « - I P 4 (y)y, i « 1, 2 

z 

This shows that at P, if y > 0 and P^ < Pg, z is larger along the 
element of orbit of E^ than along that of Eg, in other words, when 
taken in the direction of increasing t, the first of these elements 
intersects the second one outward or away from the origin. The same is 
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the case if y < 0 and F^ > Fg# the opposite being true if y > 0 and 
F^ > Fg or y < 0 and F^ < Fg. 

PROOF. Consider the two-dimensional system (3) equivalent to 

( 1 ). 

Since R(y) is continuous on - Jq ^ 7 ^ 7^, |R(y)| is bounded 
by a positive constant M there. 

It will be convenient to introduce the variable 

(l6) u = X + M . 

The conditions (c) and (d) of the theorem allow us to define the 
positive constants pg and satisfying 

(1T) Pg = min R‘(y), (y ^ 7q) 

(18) 2 > p^ < Pg 

(19) Pi ^ - “in R*(y), (y - 7^) • 


Finally, let 

(20) 7 = p^y^ + 2M . 

p^, pg and 7 thus defined satisfy the conditions assumed for 
these constants in (6) and hence by Lemma 2 , the system 

(21) u = y, y = - R,(y) - u 

(22a) r - p y, (y ^ o) 

Ri(y) = i 

( 22 b) Pgy - 7 ^ (y > 0 ) 

has a unique orbit in the (u, y) plane and therefore in the (x, y) 
plane. We label this orbit Tg. 

Now consider the annular region K (see Figure 2) in the (x, y) 
plane bounded outside by Tg and inside by the circle defined by 

(23) = 6 

Where 6 la a sufficiently small positive constant such that R*(y) < 0 
In the Interior of and on r^. 
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FIGURE 2 


Let (21) and (22), after combination with (16) and (20), be re¬ 
written as 

( 24 a, b) X = y, 7 = - F(y) - x 

(25a) r - p.y + M, (y ^ 0 ) 

F(y) = ■{ 

(25b) P2(y - y^) - M, (y > 0) . 

Then since |R(y)| ^ M for 0 ^ |y| ^ 70 according to (17) 
and (18) we have 

(26a) For y < 0: R(y) ^ - p^y + M = F(y) 

(26b) For y > 0; R(y) > PgCy - yo) - M = F(y) 

where the rightmost terms in (26a) and (26b) arise from the definitions 
(25a) and (25b). It follows, from (26a) and (26b) (when considered together 
with (3) and ( 24 )) and by virtue of the remark just preceding this proof, 
that the elements of orbits of (3) on r^, taken in the direction of in¬ 
creasing t, remain in K. 

Also, according to the conditions (a) and (b) of the theorem. 
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R(y) < 0 for y > o and R(y) > 0 for y < o. Moreover (23) Is a 
solution of the system i = y, y = - x. Hence, by the remark just re¬ 
ferred to, the elements of orbits of (3) on r^, when taken In the 
direction of Increasing t. Intersect outward from the origin and 

hence into K. 

Thus an arc of orbit of (3) starting at a point on K cannot 
leave this region for increasing t. Moreover, the origin of the (x, y) 
plane, which is the only critical point of (3), Is external to K. Hence 
by Lemma 1 , K contains at least one periodic orbit of (3)* This con¬ 
cludes the proof. 


k. UNIQUENESS OP THE PERIODIC SOLUTION 

We now make the following proposition: 

THEOREM 2 . Assume that the conditions of Theorem 1 
are satisfied for the equation (1 ) and let there 
exist a y^ > 0 such that 

(a) R(y^ ) = R(o) = 0 

(b) X R(x) < 0 , (0 < |x| < y^) 

(c) R(x) >0, (x > y,) 

(d) R'(x) ^ (i<o, i>y,) 

except at the values of x where R*(x) undergoes 
simple dlscontlniiities. Then (3) has a periodic 
solution which Is unique except for the translations 
in t. 

REJ 4 ARK 3 . As before, instead of (1), the equivalent system (3) 
will be considered. 

Figure 3 Illustrates the direction, for increasing t, of the 
elements of orbits of (3) under the conditions of this theorem. In this 
and the following flgurss^ “ R(y) Is also shown plotted along the axis 
of the abscissae. It follows from ( 3 ) that, for Increasing t, the ele¬ 
ments of orbits of (3) above the x-axis are directed rightward and those 
below It leftward; the ones at the left of - R(y) are directed upward 
and those at Its right, downward. The curve - R(y) Itself Is intersected 

* By evident changes In the proof It can be shown that the result of this 
theorem holds If the conditions (a), (c) and (d) are replaced respectively 

by (a) R(-y,) » R(o) = 0, (o) R(x) > o, (x < - y,), (d) R'(i)>^R(x), 

(x < - y^, X > 0). 



278 


HE PIGI3EIRED0 



by every orbit horizontally and the x-axls Is crossed vertically. 

Let r In Figure k represent an arc of orbit of (3) that 
describes a complete clockwise turn around the origin, leaving the positive 
^“■ 8 x 13 fit A and meeting this axis again for the first time at some point 
I. Then nowhere on r is an element of r along a radial direction. In 
fact, this follows directly from the discussion in the preceding paragraph, 
for that part of r that does not lie in the region between the curve 
- R(y) and the y-axls (indicated by the hatched area in the Figure). To 
show that the same holds for the arcs PG and BC of r that lie in 
this region, consider first PG. In the y-lnterval on which PG is de¬ 
fined there is a N > 0 such that H(y)/y ^ N. Since an orbit through P 
of the linear system x=y, y = -lfy-.x, when followed clockwise from 
P, does not approach a radial direction in this y-interval, the arc PG 
cannot certainly approach a radial direction (since R(y) ^ Ny). Similar 
argument holds for BC, but in this case one follows BC counterclockwise 
from C to B. 

If P(Xp, yp) and Q(Xq, y^) are two points on an orbit of (3), 
we shall often need to relate their distances OP and OQ from the origin 
of the (x, y) plane. For this purpose (3) is reduced to a single first- 
order eqiiatlon in x and y and then integrated to give 

00 ? - 0 p 2 . (x| + y|) . (x| + y|) = - 2 ^ R(y) dx 


(27) 
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where the rl^tmost term Is a line integral computed on the orbit from P 
to Q. 

PROOF. Since the conditions of Theorem 1 are satisfied, (3) 
has at least one periodic orbit. It remains to be proved that this periodic 
orbit is unique under the present set of restrictions. 

Condition (b) of the theorem clearly implies* that the periodic 
orbit must be partly above and below the band |y| ^ y^. 

Consider the arc of an orbit of (3) ACDPI (see Figure 5 ) which 



FIGURE 5 

starts at a point A on the positive x-axls and continues clockwise from 
A intersecting: the curve - R(y) for y < 0 at C, the negative 
x-axis at D, the curve - R(y) for y > 0 at F, and again the 
positive x-axis at I. Clearly, C and F are respectively the minimum 
and maximum of y for this arc. 

If C and F (the y-coordlnates of which are denoted by Jq 

* This follows from application of (27) to the arcs of orbits of ( 3 ) 
lying in the band |yl taking into account the condition (b) of the 

theorem. 
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and yp) are Inside or at the edges of the hand |yl y^i A is 
certainly at the left"" of I. Let AqC^DqFqIq be the arc ACDPI such 
that min (- y^^, y^^) = y^ • Th© proof of the theorem now proceeds via 
the following lemma. 

LEMMA 3. As the position of the point A moves right- 
ward on the positive x-axls from k^, the ratio of 
the distances OI/OA decreases monotonlcally. 


PROOF OF LEMMA 3 . Syppose A^ and A^ are two points on the 
positive x-axls such that A^ Is to the right of A^ and A^ Is to the 
right of (or coincides with) A^. The corresponding arcs of orbits 
A^C^D^F^I^ and A^CgD^Fglg vlll be denoted by and and the 

quantities associated with these arcs will be indicated respectively by 
the subscripts 1 and 2 . The lemma Is proved by showing that 


(28) 


01 ^ 


01 , 


OAg 


OA, 


Let the left- and right-side intercepts of y » y^ with 
be denoted respectively by and , and those with respectively 

by Eg and Hg. Assume that OE^ and OH^ when produced In the 
directions from 0 to E^ and Intersect Tg respectively at 

and 

Now the change in the radial distance of a representative point 
moving clockwise on will be compared to that on r^. For this pur¬ 
pose, each of the parts Into which Is divided by the points 

and will be considered together with the corresponding part on r^. 

Consider first the arcs A^C^D^ and AgCgDg. 

Introducing the polar coordinates z (already defined) and 9 
(which Is the angle measured In the clockwise direction from the positive 
x-axls), we write 

(29a) X = z cos 0 


(29b) y = - z sin 9 

with which (3) may be expressed as the single first order equation 

z R sin 0 


(30) 

T 


dz 

do 


Z + R COS 0 


See footnote on preceding page. 
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vhere R = .R(- z sin 0). 

(30) may be conveniently rewritten in the form 


(31 ) 


d0 


(log z) 


R sin e 
z + R cos 0 


Consider now two differential elements ds^ and ds^ belonging 
respectively to and AgCgDg and lying along the same radial 

direction, as Indicated in Figure 5 * For both these elements the terms in 
0 in the right side of (31) are the same. 

Eartial differentiation of (31 ) with respect to z gives 


( 32 ) 


(^ z - R) sin 0 

— — (log z) » -^ 

8 z d 0 (z + R cos 0) 


The denominator in the right side of (32) does not vanish at any 
point on A-|C^D^ and A^CgDg. For if it did, then (30) would imply that 
the element of A^C^D^ or AgCgDg, there, is along a radicQ. direction, 
and, as remarked earlier, this is not possible. 

Also, for the elements ds^ and dSg 


( 33 ) 


sin 0 > 0 


and, according to (29b), 

{3>*) ^ Z - R = R'(y)y - R ^ 0 

OZ 

the ri^t-most member of ( 3 ^) resulting from the condition (d) of the 
* 

theorem. 

(33) and (3^) together with (32) imply that 
(35) (log z)]^0 

and since dSg is at a greater radial distance than ds^, ( 35 ) shows that 
the rl^t side of (31 ) is less (or equal) for dSg than (and) for ds^, 
or symbolically; 

■y ■ . . . I 

Note that since y < 0, multiplication by y changes the sign of the 
inequality given in the condition (d) of the theorem. 
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/ R 3ln 9 1 - / R sin 9 1 

^ L z + R 003 0 j - L z + R cos e J 

dSg da^ 

Integrating (31) along and AgC^Dg, making. In this in¬ 

tegration, the differential elements of these arcs along the same radial 
direction correspond, and using (36), ve obtain 


/ d log z - / 

OAg 0, 


R sin e 
z + R cos 0 


z + R cos e 




( 37 ) 


and hence 




d log z 


(38) 


0 D„ OD, 


Next we consider the arcs and D^Eg using a modification 

of Li§nard *3 [ 2 ] approach. 

Now J is taken as the Independent variable (in the line in¬ 
tegration to be performed) and a differential element ds^ on is 

made to correspond to the element dSg of DgEg having the same 
y-coordlnate, as shown in the figure. 

Let (x‘, y') and (x", y") denote the coordinates of ds^ and 
dSg. Since x” < x’ < 0 (see Figure 5)), y' = y'* " y > O; and according 
to the condition (b) of the theorem, R(y') = R(y") = R(y) < 0 , we deduce 
from (3) (by reducing (3) first to a single order equation in x and y 
and expressing dx in terms of the other variables); 

( 39 ) cix* > dx" > 0 
and 

( 40 ) R(y) dx* ^ R(y) dx" ^ 0 . 

Then integrating ( 4 o) along D^E^ and DgEg in the way indicated 
in (27)^ ve have: 
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OE^ - OD^ - - 2 J R(y) to' > - 2 J R(y) to" 

' ° 2 ^ 


D,E, 


(41) 


a£ - odi 0 


or simply 

(42) OE^ - OD^ ^ Oe| - OD^ ^ 0 

which may he rearranged as 


(43) 




01 ^ 


OD? 


Ol| 


Since, according to (^ 2 ), both sides of (^ 3 ) ai^ non-negative and 
because ODg ^ OD^ we derive from (43) 


(44) 


OE? Orf / OeS 


0 ^ 


OET OK / OJE \ Oil- 


and therefore 

(45) 


OE 2 OE, 


For the arcs E^E^ and HjHg of Tg, R(y) > o (since y>y, )• 
Hence applying (27), separately, to each of these arcs, we get 


(46) 



1 


(47) 



The arcs E,P,H, and E 3 P 2^3 treated In the same way as 

A,C,D, and AgCgDg. For those arcs (33) la negative and (34) la positive. 
Hence, the right side of (32) la again negative and therefore, aa In ( 38 ), 
there is 



284 


DE PIODEIREDO 


(U8) 


OH3 OH, 


Finally, deeiling with the arcs 
way as with and 152 ^ 2 ' deduce 


and 




in much the same 


ih9) 


OH2 ^ OH^ 


Multiplying together separately the left and right sides of (38), 
(45), ( 46 ), (47), ( 48 ) and ( 49 ), the result (28) is established. 

CONCLUSION OP THE PROOF OP THEOREM 2 . It follows from the above 
lemma that if the points A and I coincide, they can do so only once . 
Since (3) has at least one periodic orbit (since it is assumed to satisfy 
the conditions of Theorem 1), A and I must coincide at least once . 

In other words, (3) possesses one and only one periodic orbit and this 
orbit corresponds to the periodic solution of (l). This completes the 
proof of the theorem. 
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APPENDIX 
E. Pinney 


Errata to "Nonlinear IlLfferentlal Equations Systems", Contributions 
to the Theory of Nonlinear Oscillations, vol* III> PP» 3 l" 5 o* 
Princeton University Press, l 95 o* 

I. In formulas (2.7), ( 3 . 3 ), ( 5 . 1 ), (8.1^), ( 9 . 13 ), (10.I), 
(10.7), (10.8) replace 

. r-*^ - by G^^^( 2 j) . 



II. 

sign by 

^3 ■ 


III. 

(2.9) 



IV. 

(2.11 ) 

ct 

where 

C is a 

D(z). 

Then 


Ql.(z) « - (z - Zj) ^Dj^(z)/[D(z)D(z)] 


dz , 


a«l 


dt 


- X ■ ali 




m m 



D(z) 


(A^p - 




Of 


^ u^(t)/[Di„(z)/D(z)] dz 

o Of-I ^ 
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By the first term on the right vanishes because its integrand has 

no poles inside C* Therefore 

V. Replace equation (2.13) by 

(2.13) ^la ■ - “/ Pi„(z)/D(z)] dz . 

c 


VI. Replace the material below equation ( 2 . 14 ) and above equa¬ 
tion (2.16) by, ”To evalviate note that as z -> 

VII. Change formula number (2.16) to ( 2 . 15 )* 

VIII. Line 11, p. 36 ahovild read, ’’degree m - 1 or < m - 2 
according as ... .” 

IX. Replace "inserting (2.16) into (2.15)," by "inserting (2.15) 
into (2.13)^”* 

X. Omit lines 15-18, p. 36. 

XI. Replace line 19 , p. 36 by "Solving (2.5) for and 

Inserting in (2.11)," 

XII. Replace lines 4 and 5 , p. 37 by 


yi(t) 


^ p Dj_(z) 

2 nl D(z)j 5 (z) 


Ee^^B(z) + 


I 


e^(t-T) 


U(z,T)dT] dz 


The Integrand has poles at the chetracteristlc roots only, so by the theory 
of residues and (2.9)^ 


^Zj(t-T)u(zj^ j. . 
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